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INTEGRAL CALCULUS 


Chapters 


I®) Definite Integrals 


2 Reduction Formulae 
‘ (For Trigonometric Functions) 


Reduction Formulae Continued 
(For Irrational Algebraic and 
Transcendental Functions) 


De 


7. 


Beta and Gamma Functions 


Dirichlet’s and Liouville’s Integrals 


Double and Triple Integrals 
(Multiple Integrals, Change of Order of 
Integration) 


Areas of Curves 


Rectification 
(Lengths of Arcs and Intrinsic 
Equations of Plane Curves) 


Volumes and Surfaces of Solids 
9. ; 
of Revolution 


Problem 1: Evaluate (i) \, cos 


Solution: (i) Let f (x) 


2a a . 
Now i, f(x) de =2 i f(x) dy, if f (2a - x) = f(x). 
) cos? de =2 f°” cos® x dx 
0 
= 231 a 
6.4.2 2 
=5n/16 
(ii) Let f(xy= sin? x 
Then f(t x)=sin? (mw - x) =sin? v= f(x). 
2a a 
Now I flx) dv =2 (| f(x) dy, if f(2Qa — x) = f(x). 
0 0 
ps 
it sin? xde=2 sin? x dx 
0 0 
a ee 
3.1 8 
-1 
Problem 2: Evaluate i x? sinh dx. (ii) fc xV (a2 - 
L=a7} -a 
Gif, X sin” 
S “ sin7! x 
olution: (i) Let I = rf! ———__— dy. 
Vd -27) 


Put sin™ 


Now let f(¢ 


Chapter-1 
Definite Integrals 


Comprehensive Problems 1 


© x dx. (ii) ie sin xdx. 


= cos® x. Then 
f(t x)= cos° (x x) = ( i 6 


=¢os’ x= 


COs Xx 


' + =t,s0 that {1/V(1 — x°)} dv =dt and x=sint. 
When x = 1,t=sin”! ( lj= 


2 
r=[" t sin? t dt. 
-n /2 
= tsin® t. Then 


fl-p=C 


t) sin? (— t) 


f(z). 


[Refer property 6] 


[By Walli’s formula] 


[By Walli’s formula] 


t/2 and when x=1,t=sin7! l= n/2. 


Keiskew's Integral Calculus 


A | 


=-t(-sint? =-tsin’ t=- f(t). 


Therefore f(t) is an odd function of t. 


I= (a * t sin? t dt =0. [Refer property 5] 
(ii) Let [=f" @ -2)de. 
Let f(x=xV(a? - 2x). 
Then fCx= av {ae ( xV} 


=-xV(a -x°)=- f (x). 
Therefore f (x) is an odd function of x. 


i= (io Xx Va - xr) dx =0. [Refer property 5] 


=(" xsin’! x 
“I V(-3°) 


Proceeding as in part (i) of this question, we have 


/2 
r=f" tsin ¢ dt. 
—n /2 


(iii) Let 


Let f(t) =tsin t. Then 
f (— t)=(- t)sin (- t) 


=tsint,so that f(t) is an even function of ¢. 


nm/2 
I=2 i. tsin t dt, [Refer property 5] 


a 
aie aly € — cos t) dt 


m/2 


=2x0 +2” cos t dt = 2 [sint]j  =2 [1-0] =2. 
2 : 
Problem 3: Evaluate (f- a i) J . a : 
0 at+bcosx O atbcosx+csinx 
T dx 
Solution: (i) Let I = er ilk 
@) {6 a+bcosx wy 
Th fai" a [Ref ty 4] 
en - efer proper 
i a+bcos(m- x) a 
=| dx (2) 
0 a-bcosx 
Adding (1) and (2), we get 
2[ = Pi 
fe a 7 cos” 
dx 


=2a.2 i [Refer property 6] 


Definite Integrals 


[5] 


1=20[*" dx =20 f°" sec” x dr 
0 a@ sec? x— 7 


n/2 sec? x dx n /2 sec” x dr 
=2a J - = 2a = i = 
0 a (1+ tan? x)-b 0 @ tan? x+ a —b 
Now leta>b>0. 
Put a tan x=t,so that a sec” x dy = dt. The new limits for tare 0 too. 


7 It 
T=2 id 
iF f+ {N(a2 —b2)? 


ees © 0)- ee 


(ii) Let I= [" 


oe oe 
Let b =r cosa andc =r sino, so that r = V(b" +c*)and tana =c/b. 


Then bcosx+csinx=r (cosa cos x+ sina sin x)=r cos (x-@). 


2 : 
r={ ‘ m 
0 a+rcos(x-a) 
Put x -—a=t,so that dv = dt. When x =0 ,t=—a and when x=27,t=27n-@. 


2n-O dt 
I={ ee 
at+rcost 


0 2n-a 
| a a (1) 
-® at+rcost 0 a+rcost 


[Refer property 3] 
Now put ¢ = z — 27 in the first integral on the R.HLS. of (1). Then dt = dz and the 
limits for z are2m-Q to27. 


Qn dz 2n-a dt 
c= + J — —— 
2n-a a+rcos(z—-2n) 40 at+rcost 
2n-aO dt 2n dz 
=| + —— 
0 at+rcost 2n-& a+rcosz 
2m-O 20 
= J at + J at , because a definite 
0 a+rcost 2n-a a+rcost 


integral does not change by changing the variable 
= is dt 


— Refer property 3 
O a+rcost | pee a 
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Als) 


=2 [,. =e, [Refer property 6] 
at+rcost 


Now proceeding as in part (i) of this question, we get 


dt T ‘ 
= , provideda>r>0. 
J, at+rcost Weary : 
2 : 9 9 
T= , provided a> V(b* + c“)>0 
Via? - (b* + 07)] 
22 es, 
ie =F =<) 
dx nr (a? + b*) 
Problem 4: (i) Show that ag = : 
Se (a? cos? x + b? sin’ xy 4a? 
(Kumaun 2007, 09) 
x dx re 
(ii) Show that ,(a>1). 
" 2. — cos” x Dae -l) 

(iii) Evaluate i > 

1+ cos” x 
Solution: (i) Let I = i ; a 

[ae cos’ x+ b* sin 2 xf 
= im St ; [Refer property 4] 


0 [a? cos” (um - +b? sin? (t - of 
= i; (tm — x) a m dx I 
0 [ae cos* x + ce sin’ xf [a* cos? x + D” sin? xf 


QI = Tt dx 
ik [a* cos? x + D” sin? xf 


(Note) 


-9 J m/2 wT dx 
[a? cos? x + D” sin? xf 
Be imax n/2 sec? x dx 
0 (a +b? tan? xy 
[Dividing the Nr. and the Dr. by cos* x| 


[Refer property 6] 


i (1+ tan? x) sec? x eS 
0 (a +b? tan? x? 
Now put tan x =a tan@,so that b sec” x dv =a sec” 6d. Also when x =0 ,8=0 and 


wines ieee 
2 2 


_— i + (a? /b*) tan’ 6 }. (a/b) sec” 6 d0 


a* sect 6 


/2 
= a I, (b? cos” 0 + a sin’ 0) dO 
ab 


Definite Inteqrals 


Ga 


= [ : ; : +a ; : =| [By Walli’s formula] 
- op ee) 
aie a i. ye As P ={; -- er a rm , [Refer prop. 4] 
n dx 
a a’ — cos” x : 
2] = i, 2 oe ; =2 I, ie 2 a 3? [Refer prop. 6] 


2 
T=nf" sec” x dv 


or a , dividing the Nr. and the Dr. by cos? x 
0 a sect x-1 
_ ie 2 sec” x dx pe sec” x dx 
a y 2 Ms J y 79 
0 a@ (1+ tan® x)-1 0 (a -1)+ a‘ tan’ x 


Now put a tan x=t, so that a sec x dv = dt. Also t=0 when x =0 and t> © when 


KOS R. 
ye ee ee 
0 (a new a Te -1| We | |, 
TT -I -I 
= ——____ [tan © ~- tan 0] 
a\(a" -1) 
= T [ 1 ol= re 
ate —-Nl2 | dave —1) 
(iii) Let I= li adic =a ated a ; [Refer prop. 4] 
0 1+ cos? x 0 14 cos* (x x) 
=i, al Tt dx \ Xx dx 
91+ cost? x 4014 cos? x 2914 cos? x 
dx ra 
0 14 cos? x 
; 2 - 
ar=n{" ie =2n [" us i [Refer prop. 6] 
0 14 cos? x 9 14 cos? x 
2 cect x 
or I= n{o =e dividing the Nr. and the Dr. by cos? x 
0 sect x +1 


T/2 sec? x dr 
=nf a 
0 2+ tan x 
Now put tan x=¢, so that sec x dv = dt. Also t=0 when x=0 and t—> © when 


5 oe es | 
Z 


Keiskew's Integral Calculus 


ok eee re 

I ®\o5.2 er ee 2 Io 

_ ot | Gina Ft [it 7 ne wiz 
=a co— tan 0] al 0| eS Fi 


/2 
Problem 5: (i) Evaluate ihe (sin x — cos x) log (sin x + cos x) dx. 
22 
(ii) Evaluate \, sin 2x log tan x dx. 
nt /2 
Solution: (i) Let I = i; (sin x — cos x) log (sin x + cos x) dx. 
n /2 
Then I= i (cos x — sin x) log (sin x + cos x) dx 
~ [" fajar=[“ dx. Note that sin (1 = 
A I, F(x) =|, f(a — x) dx. Note t aS ™—x)=cos x 
and cos (5 T — *) =sin | 
2 | 
n/a, : 
=-f, (sin x — cos x) log (sin x + cos x) dv =—TI. 
22=0 or J=0. 
n/2 
(ii) Let I= 6 sin 2x log tan x dv. .(1) 
ni. 1 1 
Then b= “ sin 2 (; Tt — *) log tan Si m—X), [Refer prop. 4] 
n /2 
= I, sin (m — 2x) log cot x dy 


n/2 
7 | sin 2x log cot x dx. sei(2) 
Adding (1) and (2), we get 
2I = ie sin 2x (log tan x + log cot x) dv 


n/2 . n/2 
= I, sin 2x log (tan x cot x) dv = I, (sin 2x) .log 1 dv 


/2 /2 
=[- 0 .sin 2x dr=0 x [ sin 2x dx=0. 
0 0 


I=0. 


x sin x 


dx. 


Problem 6: (i) Evaluate I; —_— 
0 (1+ cos* x) (Kumaun 2007) 


es ug - 6 4 
(ii) Evaluate I, x sin’ x cos* xdx. 


Definite Integrals 


Solution: (i) Let r=f* ie, au 
1+ cos” x 
Then faq. 223) 4, E " fxydv=(“" fla—x) | 
ie 14+ cos? (n- x) I 9 


m (m—x)sinx 
= (PUN e a. (2) 
Jo 1+ cos” x 
Adding (1) and (2), we get 
I = ™ msin x dv= nf" sin x ie 
0 1+ cos* x 


7 m/2 sin x : 
20 i eae dx, [Refer prop. 6] 
cos* x 


tt /2 i 
or f= nf a dx. 
O 14+ cost x 


Now put cos x= t,sothat— sin x dv = dt .Alsot = lwhen x = 0 andt = Owhen x = _ Tq. 


0 -dt 1 dt =f 
I=" = =n([tant| 
J, lee Jo te? 


=n(tan!1—tan™!0)= n(in- 0)= t rr. 
4 4 


(ii) Let fs I ” sin x cost x de 
0 
is 6 4 
= {, (m — x) sin? (m — x) cos” (m — x) dx, [Refer prop. 4] 


1 
= n— x) sin® x cos* x dx 
0 


TT Tv 
. nsin® x cost x dv — { xsin® x cos? x dx 


sin® x cost x dv — I. 


[Refer prop. 6] 
m2 5.3.1.3.1 n_ 31? 
sin® x cost xdv= 1 . ; 
10.8.6.4.2 2 512 


by Walli’s formula. 


mt /2 
ae sin® x cost x dx = an [) sin® x cos? x dx, 
or =nf 


Problem 7: (i) Prove that {. EEX dx=n{%-1)- 
0 1+ sinx 2 (Kumaun 2011) 


T * 
(ii) Show that J ED ge) ae 
sec X + cos x 4 


(iii) Show that Tae =T Z 1}. 
O secx+ tanx 2 


Keiskew's Integral Calculus 


A -10 | 


Soluti Lars ¥Sin ty * (mw — x)sin (% — x) ay Ref. i 
ae (1) Le ree . if 1+ sin (1m — x) [Refer prop. 4] 


=f (BASIN a= a f* sin x ay \ xsin x a 
0 


1+ sin x 01+ sin x 0 1+sinx 
a eae eg 
0 14+sinx 
Tm sin x sin x 
21l=1 =2n dx, Refer prop. 6 
\cieaae nfo 1+ sin x nee 
or pon [*?Gssin gal wag (7) : 1 ie 
0 1+ sin x 0 1+ sin x | 
n/2 n/2 dx 
= des ea 
r |, i r |, 1+ sin x 
/2 
=e a [Refer prop. 4] 
rah xx} 
2 ne 2 
=(5 0] nf” dx nf" dx 
2 0 isa 2 0 2eos? =x 


2 12 2 m /2 

ais a L gee ee x] tans a 

2 0 2 2 2 
2 2 

= a ee wniol=" n=n(5 ve 
[~ 4 > 

dx = 


(sin x / cos x mum xsinx 
/ ) dx = 


ii) The given integral J = 
Gi) 8 6 be a ee 0 14 cos? x 


[Proceed as in problem 6(i) | 


Tt "7 Tt - (sj T inx 
(ii) Let I = xtanx ne J x .(sin BSG Xx) ies J 250) x 
O sec x+ tanx 0 (1/cos x) + (sin x/cos x) 0 1+sinx 


[Proceed as in problem 7 (i) | 
Problem 8: (i) Evaluate i. si 0 (1 + 2 cos 8) (1 + cos ey a0. 


(ii) Evaluate I. sir x (1 — cos xy dx. 
F : Me iy, 38 
Solution: (i) Let I = i sin’ 0 (1+ 2 cos @) (1 + cos ey d0 


‘i sin? @ (1 + 2 cos @) (1 + 2 cos 0 + cos? 0) de 


=[" sin? 0 (1 + 4 cos @ + 5 cos” 6+ 2 cos? 6) 10 
= 6 0 
I i (sin? 6+ 4 sin? 6 cos 0+ 5 sin’ @ cos” +2 sin? 6 cos? 6) de. 


Definite Inteqrals < 
oN 
3/1 n m/2 t/t n 
Now i sin” 6 cos” 6 d0=2 i sin” @ cos” 6 d@ or =0, 
according as 7 is an even or an odd integer. [Refer prop. 6] 
2 2 
r=2 [, sin’ 0d0+5 x2 [, sin? @ cos? 0 d0, 


because the integrals containing odd powers of cos @ vanish 
2 2.1 _4,4_ 8 
: + 10. =l+ ==. 
3.1 5.3.13 3 3 


(ii) Let I= ie sim? x ( - cos xp dx 


uw x x ? 2x 2 
=| (2 sin — cos 4 (2 sin ) dx 
0 2 2 2 


7 : , 
= 28 I, sin!! * cos? * de. 


=2 


Now put x/2 =¢,so that dv =2 dt. 


When x=0,f=0 and when x= m,f=5 m. 


n/2 
T=2x28 I, sin!! ¢ cos? t dt 


10.8.6.4.2.4.2 32 


=2x28. =2*. 
16.14.12.10.8.6.4.2.4.2 21 


2 
Problem 9: (i) Show that i . log (tan x) dv =0. 
0 (Kumaun 2010) 


(ii) Prove that I, log sin (5 y \o = log i, 
0 2 “ 2 
Solution: (i) Let 
i [700g (tan x) dv = [7 00g tan ( T™ — *) dx, [Refer prop. 4] 
0 0 2 


/2 [2 
= lis log cot x dy = I, log (tan x)” | de 


2 
=-f- log tan x dv =— TI. 
Be 21 =Oie.,I =0. 
1 
(ii) Let u=|) log sin & y Jo 
Put | gy = x,so that tp dy = dx. 
2 2 
When y =0,x=0 and when y=1,0= 5 


ofp ce a Ben 2 PO 
w=, (log sin x)“ dr=— | log sin x dx. 


Keiskew's Integral Calculus 


A2) 


2 
Now let L= i log sin x dy. 
0 
Then proceeding as in example7, we get 
1 
I=— 7 log —- 
. 2 
2 2 1 1 
“w= T= t log — = lo 
T nm 2 . 2 = 


Problem 10: (i) Evaluate ie Xx log sin x dx. 
n /2 
(ii) Evaluate i. log cos x dx. 


/2 
(iii) Evaluate [. log sin 2x dx. 


-] 
: ° tan ~ x dx 
(iv) Evaluate { i ee 

0 x(1+ 27) 


Solution: (i) Let I = I, x log sin x dx. 
Then 5 fom — x) log sin (m — x) dy, [Refer prop. 4] 


=|, (m — x) log sin x dx 


" gloesined= |" xlopsinede 
{, TT og sin xdv— | x Og SIN X ax 


T 
a log sinx dx -T. 
2l=% [5 log sin x dx =2n ( log sin x dx, [Refer prop. 6] 


n /2 
or [= rf log sin x dx. 


[2 
Now let u = li log sin x dv.Then proceeding as in example 7, we have u = , t log ; : 


1 1 ol ne 
Il=nu=n.—nt lo lo 
2 - 2 5 


(ii) Let t=] cos x dx. ..(1) 
Then I= i log cos ( T™ — *) dx [Refer prop. 4] 
={- i log sin x dy. a2) 


Adding (1) and (2), we get 


Definite Inteqrals : 
[ 113 113 Py 
2 = _- “die cos x + log sin x) dy = ie log (sin x cos x) dr. 


Now proceed as in Example 7 and get I = : t log As 


/2 
(iii) Let t= J log sin 2x dx, 
0 
Put 2x =t,so that 2 dv = dt. Also t=0 when x =0 and t= mwhen x= > TU: 
== =I, log sin t dt = — .2 aie ” 168 sin t dt, [Refer prop. 6] 
7 log sin ¢ dt. 
ae og sin f at. 


Now proceeding as in example 7, we get I = ; t log ; : 


(iv) Let t= [ya 
x 


Put tan7! x=t,so that {1/(1 + x°)} dv = dt and x = tant. Also when x =0 ,t =0 and 


when x= 0 ,t= 1/2. 


/2 /2 
l= I, zi t cot t dt. 
tan t 


Now proceeding as in example 8, we get I = ; tt log 2. 


to) 
sin® 


n /2 2 
Problem 11: (i) Show that I, ( ) d0 = 7 log 2. 


(ii) Show that hor’ xy dx = 0 log 2. 


sin 


(iii) Show that [, * dy = ; Tt log 2. 


(iv) Show that [ote log (1+ cos x) dx = leg 


2 
/2 /2 
Solution: (i) Let I = i. ( 2 | d0 = i. & cosec” 6 dO. 
sin 


Integrating by parts taking cosec” @ as the ‘el function, we get 


I= [6 (— cot 6)] ie =(*" — cot 6) dé 
0 
ny T : n/2 
=— (5) cot 4+ lim 6? cote+ 2 Ocotd dé 
2 2 050 0 


/2 
=O+ lim 6° cot +2" Ocotd dé. 
60 0 


Keisken's Integral Calculus 


Als) 


Now lim 6 cot@ = lim e : [ iin”. | 
630 60 tan@ L 0 | 
= lim = me =0. 


0-0 sec 29 1 


P=. (i “9 cot 6 dé. 
Now proceed as in Example 8. 
ii) Let T=[—(cot7! x) de. 
(ii) Le ie (co xy C 


Put cot7! x=6 ie.,X = cot @,so that dv = — cosec” 0d. The new limits for @ are ; Tto 
O. 
0 2 
I =| 0. (- cosec” 0) d0= is @ cosec” 6 d0. 
tt /2 0 


Now proceed as in Problem 1 1 (i). 


l ginal 
(iii) Let I= J ; oe 
x 


Put x =sin t,so that dv = cos t dt. Also t=0 when x =0 and t= 5 m when x=1. 


n /2 n /2 
I= a cos tdt = | t cot ¢ dt. 
sin t 0 


Now proceed as in Example 8. 


(iv) Let i= fe log (1+ cos x) dv. .(1) 
Then hs \, log {1+ cos (m — x) } dx, [Refer prop. 4] 
= \, log (1 - cos x) dr. (2) 


Adding (1) and (2), we get 
21= i [log (I + cos x) + log (1 — cos x)] dx 


=[- log { (1 + cos x) (1— cos x) } dy 
=[" log (1 — cos” x) de= [" log sin’ xde=2 | . log sin x dx. 
0 0 0 
T=(" logsinzdr=2 ("” log sin x de Ref 6 
= {, og sin x dx = I, og sin x dy, [Refer prop. 6] 
Now let wu = i . log sin x dy. Then proceeding as in example 7, we have 


= RIG L 
2 a) 


1 if 1 
IT=2u=2.— 7 lo =T lo 
2 i) 89 


Definite Integrals 


GaN 


Problem 12: (i) Show that | log (: + ‘] Lar tt log 2. 
ies 
7 © log (1+ x7) dx 
(ii) Show that oS = 7 log 2. 
J, (1+ 2°) 
(iii) Show that {. MEME 2) pees) Tt log 2. 
1+2 " 8 (Kumaun 2008) 


Solution: (i) Put x = tan6, so that dv = sec” 6 d0. 


Also when x =0 ,8=0 and when x > ~ ,6 > 1/2. 
1 dx 
I= log (+ 5) 
if 1+ x2 


12 2 
= \, log | tan@ + : sail d® 
10) tan@ sec? i?) 


/2 2 
=i log [Hees tan =} d= (i sec 9 19 


tan@ tan 
n /2 ] nt /2 : =i 
7 log | —_—_—- | d= log (sin ® cos 8) © d® 
So ao =x if B( 
=- (ie Tee sin 8 d0 — i 168 cos 6 dé. 
n/2 
Now let u = I log sin ® d@. Then proceeding as in Example 7, we have 


/2 
u=[o log cos 6 d9 =~ © log 2. 


T=-u-u=-2u= 2( 5 flog 2) = log 2 


(ii) Put x = tan@, so that dy = sec” 6 d@. The new limits for @ are 0 to ; qT. 


l= {, d+), ac= f°" log (1+ tan? @) sec” 6 de 
(1+ xv) 0 sec’ @ 
mi 2 2 
=(" log sec” 0 dO, [. 1+ tan* @= sec* 0] 


=2 { igs sec 0 d@ = 2 (ae log (cos 9)! d0 
=-2{"" * tog cos 6 dé. 
2 
Now let u = \, log cos @ d@. Then proceeding as in Problem 1 0(ii), we have 


J 
=-— log 2. 
3 s 


Kaisken's Integral Calculus 


Ais | 


I=—2u=-2.{—5 mlog2)= log 2 


(iii) Put x = tan @, so that dv = sec” 6d0. 


And the new limits are@ =0 to0@= 7/4. 
m/4 log (1+ tan) ore 


I= EN tem | 
0 147 0 sec 0 


Jo 8 ( ) 8 
[Proceeding as in Example 9] 


2 
Problem 13: (i) Evaluate |" —_. 
+ tan x 
% dx 
ii) Evaluate : 
~ if 1+ cot x 


Solution: (i) We have I = \; Pde ig a 
O l+tanx 40 1+ (sin x/cos x) 

= {" 2 cos x dx 
0 cosx+sinx 


[Proceeding as in Example 10] 


=P 
4 
/2 2 | 22 sin x dx 
Gi) We have { ae { dx _ ft sin x dx 
0 I+cotx 40 1+(cosx/sinx) 40 sinx+cosx 
= + . [Proceeding as in Example 10] 
Problem 14: (i) Show that ie cali =". 
O(+x)(l+x7) 4 
T 


a dx 
(ii) Show that Ss 
loa 
Solution: (i) Put x = tan6, so that dv = sec” 6 d0. 


Also when x =0 ,8=0 and when x > ~ ,O > 1/2. 
tan@ sec? 0 de 


The given integral I =f" 
Sayer mare J 0 (1+ tan6) (1 + tan? 6) 


=|" aL sin @/cos 0 d0 
O J|+tan@ 40 = 1+ (sin @/cos @) 

2 si 
‘ ea [See Example 10] 


J, cosé+sin@ 4 
(ii) Put x =a sin 8, so that dy = a cos@d0. 


Also the new limits are 60 =0 to@= 1/2. 


Definite Integrals —* 
1-17 Wy 


a cos 8@d0 
asin8+ acos® 


p 
The given integral I = [. 


=|" cos6d8 = 


: [See Example 10] 
O sin@+cos@ 4 


V (sin x) pa. 
sin x) + \V (cos x) 4 (Lucknow 2007) 


nt /2 
Problem 15: (i) Show that I, xT 


/2 
(ii) Show that . any dx =". 
O  tanx+ cot x 4 


/2 : 
(iii) Show that i Gap - x 


/2 
(iv) Show that i. N(tan x) de == 


1+ V(tan x) 4 
( 


a th V (sin x) . 
Solution: (i) Let I I. Gnaeus dx. .(1) 


Van (5 T™ — »)| dx | 
Vin (; Tt — *)| + V feos (5 Tt — | 


=|*" V(cos x) dv 
0 V(cos x) + V(sin x) 
Adding (1) and (2), we get 
n /2 \V (sin x) V (cos x) 
3 dx 
Jo E ( . | 


sinx)+ V(cosx) V(sin x) + V(cos x 


Then r= je" 


: [Refer prop. 4] 


2 n/21(sin x) + V(cos x) 7 n/2 iT. 
i; ere ere ae iF ae 


n/2 tanxdy 
O tanx+ cotx 


then I= J 


(hae cotx dx (2) 
O cotx—tanx ve 
Adding (1) and (2), we get 


I ai tanxdr +f" cot xdr 


tanx+cotx 40 cotx+tanx 


Kaiskew's Integral Calculus 


Ans) 


ie 2tanxt+ cotx 7. 
O  tanx+cotx 


7 AP _ pn _ 1 
=(, I-dv=[x], "9 
1-5, 
4 
7 n/ dx n /2 dx 
We h I= = 
(iii) We have , 1+ V(tan x) Jo 1+ V(sin x/cos x) 
eg V(cos x) dx 
0 (cos x) + V(sin x) 


Now proceeding exactly as in Problem 15(i) we get the result. 


(iv) We have raj” V (tan x) de =|" V (sin x) de ‘ ie tan x= Si] 
0 1+V(tanx) JO YV(cos x) + V(sin x) [ cos x 
= i : [Proceed as in Problem 15(i)] 
Problem 16: (i) Prove that er aie dx = : ; 
tan x) + V(cot x 
i m2 sin? x dx 1 
Show that am = dog (V2 + 1). 
aren iF (sinx + cos x) WV 6 ( ) 
sin x 


dx, changing to sin x and cos x. Now proceed 


nt /2 
Solution: (i) Here I = i : 
sin x + cos x 


as in Example 10. 


(ii) Let I= i sin’ vide (1) 
O (sin x + cos x) 
m(ee-*)] 
sinJ—m-—x]} dx 
n /2 9 
Then I= i ; [Refer prop. 4] 
: sin(5 nx} + cos (5 2-2] 
2 2 
/2 2 
= fz ™ cos’ x dy (2) 


0 cosxt+sinx 
Adding (1) and (2), we get 
7) Tie as: Be 2 eb, 
a= |" sin” x dx +f" cos~ x dv 
O sinx+ cos x 


O cosx+sinx 


= [sine x-+ cos* D ac=[*” dx 
O (sin x + cos x) 
-\"" (1/V2) dx 

0 (L/V2)sin x + (1/V2) cos x 


O (sin x + cos x) 


1 ¢rP2 dx [.. No. 
oe hy oat erred 
cos(x- 5 7) 


Definite Integrals 


| setertntn | 

7 1 ies aa” valdiee ws l [v24+11 
V2 E (-; n+ tan (-; ") 

-1 4,|0240024+0)_ 1 
v2 °° (V2-1)(V2+1)| V2 
=(1/V2).2 log (V2 +1). 

1 = 7 log (2 +1). 


log (V2 + 1) 


/2 2, 
Problem 17: (i) Evaluate \, re dx. 
sin X + CoS X 


a a dx ; 
O{x+ V(a2 =x)" 
x dx 


sin X + COS xX 


(ii) Evaluate J 


(iii) Evaluate i 


Solution: (i) Proceed exactly as in problem 16(ii). The answer is the same as problem 
16(ii). 

(ii) Put x =a sin®,so that dv =a cos 0 dO. 

When x =0 ,8=0 and when x =a ,0= 1/2. 


/2 
The given integral J = lbs 2 aa a < z 


=/"" cos0d0 
9 (sin®@ + cos 9)” 


(1) 


1 
‘pub cos (5 x -0) d0 


° [sin (; T 6) + cos (; T -s)) 
-(*" sin 6 dé : ; (2) 


9 (cos@+ sin® 
Adding (1) and (2), we get 


Also T= J ; [Refer prop. 4] 


/2 ‘ 12 
2] = u cos 8 + sin® do= |" de 
0 (sin@+ cos 6) 0 sin@+ cos@ 
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A_+20 | 


=(1/V2).2 log (V2 +1), [Proceeding as in problem 1 6(ii)] 
= (1/V2) log (V2 + 1). 
I =|" x dx 


(iii) Let tl) 


O  sinx+ cos x 


[Refer prop. 4] 


Then I= J 


ear) ...(2) 


O sinx+cosx 


Adding (1) and (2), we get 
de 
m2 5 7 _ mth dx 


21 = : 
0 sinx+cosx 240° sinx+cosx 


es dx 
4/0 sinx+ cos x 


Now proceeding as in problem 16(ii), we have 


In aaarome 7 2 log (V2 +1). 


0 sinx+cosx V2 


Tt pn 
. 7 2 log (V2 +1) =" lo og (V2 +1). 


n /2 n /2 
Problem 18: (i) Show that in (sin 2x) sin x dx = I, (sin 2x) cos x dx 


=V2 (ia (cos 2x) cos x dx. 
(Kumaun 2007) 


sin 2x sin (5 TL cos *) 8 
2 dx = 


(ii) Show that J : 
0 Qx-T T 


/2 
Solution: (i) We have i, o (sin 2x). sin x dv 


/2 
= [. leet 2 (5 - *)| - sin (5 - *) dx, [Refer prop. 4] 
i Co) mene) 
n /2 
= I, [sin (1 — 2.x)] cos x dx 
n /2 : _ 
= i (sin 2x) cos x dx. The first part proved. 


Now to prove the second part, let 


tt /2 . . 
I= i, (sin 2x) sin x dx. 


Definite Integrals : 
CaN 
Pat x= 2 m+ t,so that dv =dt. 


When x =0 ,t=— 2/4 and when x = 1/2, t = 1/4. 
r(, o jsin2( T+ sin (5 T+ ‘| dt 
L ) 


pc aoe @| 
o ae T+ 2t) )]se ( T+ ‘ dt 
Jus 4 


En (cos 2t) “ i ™ cos t + Cos 4 T sin 7) dt 
—n/4 4 4 


n/4 nm /4 
a5 5 In (cos 2t) cos t dt + — a” (cos 2f) sin t dt. 


o 
N OP -isedeanede= 
ow J. F (cos 2f) sin =0, 
because @ (cos 2¢) sin t is an odd function of t 
d ie Meostw=at 2t) cos t dt 
an i, i (cos 2t) cos t dt = I. (cos 2t) cos t dt, 
because (cos 2t) cos ¢ is an even function of t. 
fo 2 (" Sees Dienseg=42 | lead dx 
=o (cos 2t) cos t dt = i (cos 2x) cos x dx, 
because a definite integral does not change by changing the variable. 
x sin 2x.sin ( Tl COS *) 
ii) Let I= dx. 
a J 0 2x-T 


Put x= m~£, $0 that de=~ de. 


Also => when x=0 and ¢=~ 5 mwhen x=. 
l I l l 
-na(s*-') sin2( T e) sin | 1 cos ( Tt | 
r=f BD) 2 2 2, (— dt) 
ne a(5a-e)-x 
2 
1 : 1 
—n-—t]| sin2t.sin] — msint 
n /2 9 2 
=| dt 
=n /2 —2t 
(; wm — nt+ P \sin2e sin (5 sin) 
t /2 9 
ai dt. 
2 J-n/2 t 


i, 2 sin 2t.sin -( T sin ‘| 
4 2 


Now 


and t sin 2t .sin (5 T sin ‘| are both odd functions of t 
t 


while sin 2¢ .sin G T sin 3 is an even function of t. 
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1,4? A fle 2% 
T==+ A 2 (— m) sin 2¢. sin (5 ™ sin ‘| dt, [Refer prop. 5] 


/2 
= a 2 sin t cos t.sin (; T sin ‘| dt. 
0 2 


Now put 4 msin ¢=z,,so that > wt cos t dt = dz. 


Also z =Owhen ¢=0 and z =~ when t= r. 
2 /2 
I \, 2.22 sin z fies e(- zsinz dz 
0 T T mt 40 
/ 
= {z (— cos z)}" . 1.(-— cos z) dz 
0 0) | 


Sing? 32 G=0)=2. 
Tl Tl Tt 


Comprehensive Problems 2 


b 
Problem 1: Find hy summation the value of | x dx. 
a 


Solution: Here f (x)= x; 
flaj=a, f(ath)=ath, 

f (a+ 2h) =a+ 2h, ete. 

f/f) de= him hfe) flath)+...+ flat (n-Wh}], 


where n> ~ andnh—>b-aasho>0O. 


Now 


[ x dx = lim h[a+(a+h)+(a+2h)+...+ {a+ (n-1)h}] 


h>0 


= jim ifs Qat+(n yi summing the A .P. 


= lim mag + nh —h| 


ho>0 
= lim "(20+ (b A=Ki Ra=fer 
= Ga Dae (b-a)]=5(b-a(b+ay=5 0 ~@), 


2 
Problem 2: Evaluate by summation I, x dx. 


Solution: Proceed as problem 1. Here b = 2, a =1. 


2 
Thus proceeding as above, we get I, xdx = Ae -lj= >. 


Definite Inteqrals 


1-25 LN 
: 2 3 
Problem 3: Evaluate by summation [ x dx. 
Solution: Here f(x) = x anda-= 0,b =2; therefore nh =2 -—0 =2. 
2 
I ® de = lim h[0? +13 + 2 +3323 +...4 (n-1P PP] 
0 ho>0 


= limit (Pe aan +...+(n—1) ], where nh =2 


h>0 
2 2 
= jim it E =i) ea | , summing up the series 
i> 


using the formula = | 
= lim 414 (n—1)'n*, where nh = 2 
h>04 


= im n-ne any = Le-of.22 =4 
ho04 
Problem 4: Using the definition of integral as the limit of a sum, show that 


b 
i cos x dx = sin b — sin a. 
a 


Solution: Proceed exactly as in example 14. 


/2 
Problem 5: Evaluate by summation ii sin x dx. 


Solution: Here f(x) =sin x a=0 andb = 1/2, 
nh =b eee ieee. 
2 2, 


Proceeding exactly as in example 14, we get 


/2 
i sin x dv = cos O cog et O= 1, 
0 2 


/2 
Problem 6: Evaluate by summation lh cos x dx. 


Solution: Here f(x) = cos ya=0 andb= 1/2, nh=b-a xf O=—n. 


Proceeding exactly as in example 14, we get 


/2 
\, cos x dx saa sinO =1-O=1. 
0 2 


b 
Problem 7: Evaluate by summation J - dx. 


A x 


Solution: Proceed as in Example 12. Here m= —2. 


Keiskew's Integral Calculus 


Al) 


Comprehensive Problems 3 


Problem 1: Evaluate lim [_1 + J tot : |. 
mela +] n+2 On| 
Solution: Here the general term (i.¢.,the rth term) = eae andr varies from 1 ton .Thus 
we have to find cou 3 ua 
lw | 
ena lim n+r ~ = im nilt+(r co) 7 bate Dy 1+ (r/n) 


The limits of r in this summation are | ton. 


Therefore the lower limit of integration = lim ie 0. 
n> ofl 


and the upper limit of integration = lim "= liml=1. 
non n-> eo 


1 
Hence the required limit = J ! dx = [log (1+ x)|! = log 2. 
O l+x 0 
Problem 2: Evaluate lim [1 4 1 1 | : 


FF 
n>ol n+ Mm n+2m n+nm 


Solution: Here the rth term = he! ! and r varies from | to n. 
n+rm 1+ (r/n)m 


n 


1 Pee | 1 
*. The given limit = lim = lim ; 
6 lin tn (r oa eee erase 


Also the lower limit of integration 


= lim (1/n) =0, [r=] for the first term] 
N—-> co 
and the upper limit of integration = lim (n/n) =1. [ - r =n for the last term] 
N—-> co 
if 1 
The required limit = J : dx = : log (1+ m)| = (1/m) log (1+ m). 
O 1l+myx m 0 
Problem 3: Evaluate lim a at i te | 
sl Ged (n+ 2) errr | 
Solution: Here the rth term = Boy he ; 
(n+ry nt {1+ (r/n)¥ 
1 1 


oat ireeraearee e, and r varies from 1 ton. 
nN {1+ (r/n)} 


Definite Inteqrals 


(+25 J 


n l l 
*. We have to find lim = 


noo Mtn {1+ (r/n) 2 


The lower limit of integration = lim (;) =0, [. r=1 for the Ist term] 
n> oo\N 
and the upper limit = lim (*) = 1, [ r =n for the last term] 
N>ol\N 
1 
1 
The required limit = { : n=l : | gu! (-lh= Lates: 
0 (+x (1+ x) Jo 2 2 2 


Problem 4: Evaluate lim [ {V(1 +1) + V(n+ 2)+...+ V(2n)}/n Vu J. 


n—-oe 


Solution: The given limit 


DEE a n\n nao Nl 7=1 nN 


Il 
e— 
<< 

=) 

4 

bat 

| 
— 


Problem 5: Evaluate 


lim n u + u + J then ty 
noo |(nt+l)(n+2) (n+2)(n+4) (n+3)(n+ 6) 6 | 


Solution: The given limit 


n n 
: 1 . n 1 
= lim n = lim 
n> 00 > (ntr)(n+2r) n> 72 »y (l+ r/n)(1+ 2r/n) 


n l 
=lim? y : =| —— 
en (+r/n)(1+2r/n) 40 (1+ x) (1+ 2x) 


1 _A B 
+ 


Let . 
d+x)Ud+2x) l+x 14+2x 


Then A=-1,B=2. 
: a ry] -1 2 
. The required limit = I, + 


l+x 1+2x 


1 
=| log (= =) = log 3 log 1 = log oe 
+X 0 2 2 


Problem 6: Evaluate al oe E gree Z i} 
rare +1 n +2 2 | 


Jeet log (1 + x) + log (1 + 2x)]) 


Keiskew's Integral Calculus 


A 26 | 


Solution: Here ther thterm= 


" _ andrvariesfrom0ton .Proceeding as in example 
er 
16, we get the required limit = 1/4. 


Problem 7: Evaluate in| aa) + ae #acok ‘| 


nol +t + 2? n 
Solution: Here the rth term 
— ntr — V+(r/n) _ 1 | 1+ (r/n) 
nt+reoon {l+ (r/ny} 1 [1+ (r/ny | 
and r varies from 1 ton. 


The given limit = lim ne eat 
n—- eo Vere (r /ny 


1 


plo x4] 7 lf 1 | 
Jo rs ii Jo a oe 
2 


2) Fis 7 +1)+ tan! | a= io Bae 

9 g (3 ) Pie a eG 
Problem 8: Evaluate lim ie (1+44+9+164+...+ 2). 
Jim | ( | 


\2 
Solution: Here the rth term = So (7) wl (‘) , and r varies from | to n. 


n ad l 3 
.. The given limit = lim YS) =| deals| = 
no On \n 0 [3 \ 


3 
2 2 
Problem 9: Evaluate \im Le te — t ++ Li. 
nooln (ntl (n+ 2) 8n 
Solution: Here the general term 
_ wr _ we _1. 1 


(n+ rp © {1+ (r/n)P n {1+ (r/n)P 


and r varies from O to n. 


The given limit = lim >. ——— 
B=Fe? yt {l+(r /n)e 


1 


-{' 1 de, 1 | me ee ee 
0 (d+x)~ | 20+x7], 8 2 8 
Problem 10: Evaluate | 2 a nm? nl? 
roblem : Evaluate lim + + +i..t 
n> P2  (n4+3P" (n+ 6p? {n+ 3(n-1)P? 


(Lucknow 2006) 
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(+27 J 


5 nl! 2 a 
Solution: Here the general term = = 


(n+3rp" nfl + (Br/n)Pp2’ 


and r varies from 0 ton-1. 
n-1 1 1 
The given limit = lim a 
no pi n {1+ (3r/n) Pp? 


a ded 1 7 ap i]=4: 
O deay? 3 |deayl" |, 32 3 


‘ ] ] I 1 
Problem 11: Evaluate lim |— + + Fe es : 
tint Vie -P) Ve -27) ee (n-1P 5 | 


Solution: Here the general term 


= : a), : , and r varies from 0 to (1-1). 
Ve 77) 1 V{L-(r/ny¥} 
n- Ne I I 1 ; i 
The given limit = lim = dx =[sin * x] 
neo De n V{1-(r/ny} J, V(l-27) q 
=sin’! 1 ee 
2 
Problem 12: Evaluate lim [ sec” I + = sec? : + 2 sec? 2 ++ : sec?1| 
Nee U2 wow rw we n | 


(Lucknow 2010) 


2 . 2 
= sec? T= a sec” - ,and r varies from | ton. 
we we 


: 2 
The given limit = lim »» 1 ffs a 


n> co n 
r=] 


1 1 
= | x sec? x7 d= ; lb sec” t dt, putting x =t so that 


2x dx = dt and the limits for t are 0 to | 


1 1_1 1 
=—[tan?t]. =—(tan1—-tanQ)=-— tanl. 
7 lian ty =5 ( ) 


n ~p 
Problem 13: Evaluate lim La 


aaa Ant 


Solution: Here lim = lim oot lim [_@iny (r/ny 
lim Ye rf snt = tim nt [(r/n)" Jin n |(r/n)* y+ij 


(Note) 


Kaiskew's Integral Calculus 


A 28 | 


1 I facie] 
le = —[log(I = -log2. 
{, Sai Fes a No ras 
n-l 
GA Evaluate | =") 
roplem ee v(t 


(Lucknow 2014) 


Solution: Here lim 5: (Se nyt Ae ve 
; nro Z n (r n) 


n—-oco n=Ss 


af Lee) af? Wee) 
=|, V2 )« {, Ted (Note) 


Now put x = sin @ so that dv = cos 0 d0. 
Also 6 =0 when x =0 and @= 2/2 when x=1. 


[2 i /2 
*. The required limit = i. ene cos 6 d0= Ls (1 + sin 8) d0 = [8 — cos 9], ie 


0 cos 8 
T T 
= 0) 0-l)=—+1 
(F-9)-@-» 
Problem 15: Evaluate lim 3 Na 
no £4 Vr (3V r+ 4Vn) 
1 1 dx 
Solution: The given limit = lim . 
. Jim > | n \(r/n).{3V(r/n)+4¥ = fo Vx.(3Vx+4yP 


Now put 3Vx+ 4=¢,s0 that 3 .(1/2V x) dv = dt. 
The limits for ¢ are 4 to 7. 


opi — oft 194 


. The required limit = 2" Be = : 
34 2 3lt] 317 4] 14 
nN Ww 
Problem 16: Evaluate \i 
roblem ea GPa 2 
1 
Solution: The given limit = lim Ee 
Lin t [1+ (r/ny¥ Pp? 


l 4 sec? 
= I ae = I . Gaal ca putting x = tan @ so 
0 a+ 7p? sec? @ 


that dv = sec? 6 d@ and the limits for @ are 0 to 1/4 


n/4 . 4. 8. l 
9d0=[sin@]”"” = =: 
i cos [sin i sin F sin G 


Problem 17: Evaluate fea u al : get 1}, 
Pe ae ) V(4n -2*) x | 


Solution: Here the rth term 


Definite Integrals 


(+29 


: = : and r varies from | ton. 


\(2nr - 1°) n “V2 (r/n) — (r/nyey 
1 
. The given limit = lim 
. Jim > n “V {2(r/n)— (r/ny} 
=| 1 dx =[ 1 dx 
0 VQx-x) 0 V{1-(x-17} 


=sin-!0 sin”! ( )=04¢sin l= 2/2. 


= [sin (x-1)]) 


Problem 18: Evaluate 


li [ ut n i 1] 
mE + tit 
nde>| (1 +1)V(Qn4+1)) (n+ 2)V{2 (24 2)} QnvV(n 3 | 
Solution: Here the rth term = Us - n 
(n+ r)V{rQn4r)} (ner) nV [(r/n) (2 + (r/n)}] 
1 1 


n {1+ (r/n)} V[(r/n) (24 (r/n)} 


Also r varies from | to n. 


.. The given limit = lim ye u 
ners {1+ (r/n)}\[(r/n) {2+ (r/n)}¥] 


={ 1 dx =( 1 dx 
0 (+x)Vix2+u} 40 (4x) V+ xP - 
i 1 -1 -1 1 wT 
= [sec l+x =sec 2-sec “l= O=—.- 
[sec (1+ x)]) r-0=3 
Problem 19: Evaluate 
18 2 18 2 13 3 18 
li ln —m) mn (2° n-m) re (3° n-m) ch (@ —m | 
is n 2n 3n we 
Solution: Here the rth term 
18 
. ? _m ‘a 
(77 n- m8 we 3 1 1 rom 
rn rn n (r/n) \n w 
“4 2 18 
-. The given limit = lim = Laas 
& Jin (r/n) |p 5 


1 (29)! rT . »7! 
=f) Pa0F ga fl te aee[S.20]! 23. 
0 x 0 2 9 2 


Problem 20: Evaluate im| ! + : + ! ++ u i) 
ane PP na+l1 na+2 nb | (Kumaun 2011) 


Keisken's Integral Calculus 


A_+50 | 
1 


Solution: Here the last term = a : (Note) 
nb na+n(b—-a) 


Now the sth term = ,and r varies from 0 ton (b - a). 


nat+r 


n(b—a) 1 n(b my 1 
*. The given limit = lim = lim Sh, 
8 Dy 21 \; 


Hace J Nat Be + (r/n) 


Also the lower limit of integration 


= lim (: } for the lst term 
n 


N— 0o 


=0, [ r =O for the Ist term] 


and upper limit = lim (Z } for the last term 
N>ONN 


= ihe n(b-a) 
n—- eo n , 
=(b-a). 
The required limit 


[. r =n(b — a) for the last term] 


b- 
=[- se dx = [log (a + x)]’~ = log b — log a = log (b/a). 


0 atx 
10 10 10 
Problem 21: Evaluate lim Lee ee ee 
N— ce ni! 


Solution: The given limit may be written as 
10 


lim KG +2)"+) (2)"]} (Note) 
10 


Now the rth term = L (“) , and r varies from | to n. 
n\n 


m1 plo 
The given limit = lim y la) 


N—- ce n nN 
r=] 


ah ae Ay 
aera 


0 


1” fe gm ae gm Popo yn" _ 


Problem 22: Prove that lim ,(m>1) 
no yt m+ 1 
yn 1 wa fp” 
Solution: The given limit = lim = lim 
8 Puree y yt n> nN y n 


r= 


1 
l [ y+] 
eee | a 
0 m+ 1 0 m+ | 
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ca 


I/n 
Problem 23: Evaluate lim (: + =| (: + =| (: + =) Se (: + “I . 
nel Mt a a n | (Lucknow 2009) 
I/n 
Solution: Let P = lim (H+ ’) G a (1+ a(t "| ; 
n> n n n n 
Then log P = lim “og( + ! ah log(1+ P weet log(1 + “I 
n> 1 n n | 


n 


: 1 r 1 
] =a l+-—]= log (1+ x) dv 
ae os ( | iF og 0+ x) 


rel 


1 
h {log (1 + x)}. 1 dv=[{log (1+ x)}. x], if neo ‘ 


integrating by parts taking | as the 2nd function 


ie 1 1 4 
Lige = to82 / 
0g2- J, 14% og2- J, art J, [ea 


= log 2 = [x]) + [log (1+ x)]) = log 2-1+ log2 


=2 log 2-1= log = log e = log (4/e). 


P=A/e. 


[(n +1) (n+ 2)(n+3)...(n+n) pi" 


n 


Problem 24: Evaluate lim 


N—- co n 


Solution: The given limit 


oe ee) 

pe, n n n | 

l/n 

= lim (t+ 4] (+5 }-(1+ “| . 
N—- oo nN n n 


Now proceed as in problem 23. 


| 4 1/2 4 13 4 1/n | 
Problem 25: Evaluate \im (! + =} f + =| [ + | sai [ + =| . 


n—- oo 


[ 94 1/2 34 18 4 | 
Solution: Let P= lim (1+ ae Ie ins 147% 
n= ee n n n n 


T yt | 3 
log P = lim | log] 1+ + —log|1+ + —log}1+—J]+ 
: to s( nt ) 2 ‘{ nt ] 3 ( nt ] 
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A -32 | 


4 16 36 4 
2 
: [, : | co le , from trigonometry. 
al 2 3 | 2 ; 
1 
Thus log P = —_. 
48 
Paet AB 
[. um... 2n.. 30 nt | ioe 
Problem 26: Evaluate \im | sin — sin sin ... SIN : 
N—-> ce 2n 2n 2n Qn | 
2 27 nt We 
Solution: Let P= lim [sin sin=...sin | : 
nce n 2n 2n 
log P = lim A ike (sine) ++ log (=) 
no N 2n 2n | 


nN 


. l _ IT 1 _ 1 
lim — log| sin— |= log | sin — x | dv 
hs n s( m| iF 8( 2 } 


27% : 
=2 i d 
in og (sin @) dé, 


putting s x =@ and changing the limits 
2 tT 
=—.|-—log 2], 
T ( 2 
[pt nt ] 
a rt d0=-— log 2. (S le 7 
[ i og sin 8 dO 5 og (See example | 


1 J 
Thus log P = log | — or P=~_.- 
gP=log (5) ; 
[oon Qn, 3n nn 
Problem 27: Evaluate lim | tan tan tan ... tan . 
Nc 2n 2n 2n n (Kumaun 2012) 


5 : 2 1 
Solution: Let P= lim | tan tan=“...tanZ™ 
n> co n 2n 2n 


Definite Integrals 


(+55 Ja 


Then logP = lim # log (tone }+ log (tans) ...+ log (van) 
n> N 2n 2n n | 
nN 
= lim — ¥° log{tan2™|=[ log Jtan 2 xbad 
jim - > og ane {, og ftan «fae 
2 


2 
= log (tan @) d®, 
mt 40 


putting (mv/2) = 6 and changing the limits accordingly 
2 
2 is log & ) d® 


T cos 8 
2x2 : 2 -n/2 
= ] d0- — ] A 
mal og sin 8 dO = J, og cos 8 dO 
/2 /2 
a2 i log sin(F 9) do-= f* log cos @ d® 
tr 40 nt 40 


f [, F(x) d= | fla- x) a] 
SF aa 0de- 2 | 9d0=0 
— og COS SS og COS =U. 
as 8 : ee 8 
P= =1. 


Problem 28: Evaluate the limit 


1 2/2 92 
lim | 1 + — | ee 
ape 2 va 


Solution: Let the required limit be P. Then 


is 2 2 a) 
logP = lim log( I+ 4 : }+4 7 log 145 vee cae : 
n-pee we 2 we 


fia Steele |e tw BS ate owt (2) 
7 + |= +{— 
pues ye we °6 5 ise n py (“) °8 cf 


=l 1 


(Kumaun 2009) 


= i Qxlog (1+ x7 )dx 


Now put 1 + x =t,so that 2x dr =dt. 
When x =0 ,t=l and when x=1,t=2. 


2 2 
log P= |) log t dt=[t log a = ede 
t 


integrating by parts taking | as the second function 


2 y) 
= (2 log 2 — log 1) I, dt =2 log 2 - [4] 


= log 2? — (2-1) = log 4-1 = log 4 - log e = log (4/e). 
P=A/e. 
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A) 


(stints to Objective Type Questions 


Multiple Choice Questions 


2 /2 
UR We have f ” sin’ xdv=2 [ * sue ee Be 
= 0 2, 2, 2 
n 3 n 3 I 3 
2. Wehave lim > : = lim J by (r/n) =| Yok 
a as | rea nt nen ar 1+(r/ny 0 1+ x4 
1p) 49% 1 dct 1 
= =—[log (1+ x = — [log 2 — log 1] = — log 2. 
4 Jo caf gee yg eee eee ee 


3. If f(x) = sin? x, we have 
Fi x) = sin’ ( X)= sin? x = F(x). 
2 
fc sin? x dv =0. 
—n/2 


4. Wehave f [sin(x - x)]= f (sin x). 
Now we know that {“" f (x)de=2 [" f (x) de,iff Qa - x)= f(x). 


ine f (sin x) dr=2 f*" f (sin x) dx 
0 0 , 


Fill in the Blank(s) 
lL. If f(-x)=- f (x), then io fix) de = 
See article 2, Property 5. 
2. If f(Qa-x)=— f (x), then f° f (x) dv= 
See article 2, Property 6. 
3. If f(-x)=f (2), then f “ f(x) dv=2 f° f(x) de 
See article 2, Property 5. 
2a a 
4. If f (Qa—x)= f (x), then [ f (x)dv=2 i f (x) de 


See a 2: ee 6. 


5. If f(x)= = sin? x cos x, then 
: (- x) =[sin (- x)P [cos (— x)P =(-sin xp (cos xy 
=-sin? x cos? r=- f (x). 


-T 


/2 
& _ é sin? x cos” x dx =0. 


Definite Inteqrals 


(+55 a 


in-l y 
6. Pe a ey then 


_ (-x) sin7! (—x) _ sin! x = 


nt /2 —sj 
7. Let r= bid SI de: 
0 1+ sinx cosx 


t/2 cos(n /2—x)—sin(n/2- x) 
0 1+ sin(m/2—- x) cos (nm /2—- x) 


=[r" sin x= Cosx 4 _ (r° cos x — sin x 


dx=—I. 


0 1+ cos xsin x 0 1+ sin x cos x 


22=0 or J=0. 
n/2 dx =f" V (cos x) 
1+V(tan x) 40 V(cos x) + V(sin x) 
V[cos (1/2 — x)] 
V[cos (1/2 —x)]+ V[sin(2/2-x)] 
te \V (sin x) 
if V(sin x) + V(cos x) a me) 
ae ) and (2), we 
maf pr of V(cos x paisa) a= i. dx = [a] *? = 
ae 


dx. ..(1) 


8. Let I= |, 


dx 


Then I = (es 


(cos x) + V(sin x) 


I= 


al 


9. Proceed as in Example 10. 


_ le I 1] 1 
10. We have lim 7 dx =|log (1+ x 
n> I »y l+(r/n) 40 l+x [log ( No 


= log 2 — log 1 = log 2 —0 = log 2. 


True or False 
1. We have Io f (x) dx = i f (a- x) dx. 


2. See article 2, Property 4. 


3. If f(x) =sin” x cos?” *! y, then 


f (tw — x) =sin™ (x - x) cos?" *! (n= x) =sin™ x-(- cos x 


=(- ee sin” x cose! * le Ese se cos m+1 Yo f (x). 
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Al 56) 


I. sin” x cos?” *! y dy =0. [See article 2, Property 6] 
/2 
4. Let ea a (1) 
0 sin x + cos x 


Then f= [*” (ni 22) 
0 sin (tm /2—x)+ cos (m/2 —- x) 
={r" (m/2— x) dx 
0 sin x + cos x 


Adding (1) and (2), we get 


ro m/2 oor i" dx 
0 sin x + cos x 440 sin x + cos x 


5. Tf f(x= cos? x, then 
Ff ( x) = cos? ( x) = cos? x= f (x). 


/2 2 
i cos? xdv=2/ * ie ee 
-n/2 0 2] 3 
6. We have 
lim ¥ I in J =j, I dx 
n> 00 nt+r n3@n l+(r/n) 40 l+yx 
r=0 r=0 
7. We have 
1 
at jl 1] 
lim = dx 
Ley 1+(r/ny Ji 1+ x 
=(an ew), Hts 1 tan! O= 7 o- =. 
8 We have 
lim [+ 4494164...4 9) 
nee y | 
1 
n 9 n 
, ; _ 1 2 ¢! ° 1 
= lim P= lim — r/ny= ae)" |) Ses 
ee we ee my if ‘ 3 0 3 


OOO 


Chapter-2 


Reduction Formulae 
(For Trigonometric Functions) 


Comprehensive Problems 1 


Problem 1: Evaluate fin? x dx. 


Solution: We know that 


~ n—l 
‘ sin xXCOSX n-1 ss 
sin" de = + ( ) fsin” 2 de. 
n n 


[Establish the formula here] 


Taking n = 6 and applying the above formula successively, we have 


GN cae. 
foin® x dr = ou HOS... & d sin® ~ 2x dx 
6 6 
7 - Z sin? xcos x+ 2 [sint x dx 
6 
= = sind woos + 2]—Esin} x cosx + 3 fsin? xd] 
6 6L 4 
= ~ Esin? x cosx— 2 sin? x cosx + > fin” x dx 
6 24 
= - Zsin? xoosx~ sin} x cos.x+ 2 [>( (. - cos 2x) dv 
6 24 
= ah ees Se ea eee ners 
6 24 8 2 2 
Ds 5 5.3 


Di x ) 
=-—sim’ x cos x -— sin? x cos x — — sin x cos r+ —v. 
24 16 16 


n/2 . 6 
Problem 2: Evaluate | sin’ x dx. 
0 (Kanpur 2001, 05, 06) 


Solution: Here n= 6 (even). Hence from article 3 (case II), we get 


[resi 6. 5 3 1 n_5n 
sin’ x dv = : . 
(0) 6 4 2 2 32 


n/2 9 
Problem 3: Evaluate J, cos” x dx. 


Kaisken's Integral Calculus 


AA 58) 


Solution: Here n=9 (odd). Hence from article 3 (Case I), we get 


i 9 _ 8.6.4.2 ,_ 128 
cos’ x dv -l : 
b> iy A Wears a 315 


/2 /2 
Problem 4: Evaluate [ sin? y dx or Io cos! x dr. 


Solution: Here n =10 (even) in both the cases. 


/2 /2 
[. sin xde =f cos! y dy = 9.7.9.3.1  % _O3T 
10.8.6.4.2 2 512 


1/4 5 
Problem 5: Evaluate i. tan’ 0 d0. 


Solution: Proceeding as in article 4 (a), we have 
n-1 
J tan"e de= "9 _ f tan" 2.98, .(1) 
n-\1 
Putting 7 =5 in (1), we have 


J tan? 6 dQ = ; tan? 6 - J tan? 6 do 


= ; tan*6 5 tan26 { tan@ d@], putting 7 =3 in (1) 
a 
4 


tanto ; tan? log cos®. 
1/4 


/4 
J " tan? 6 d0= F tan# 8 ! tan” 8 — log cos 0| 
0 4 2 0 


=| log cos | [0 — log cos 0] =[- = log (1 /V2)] 


wale 


1 
2 
=[ Ea 


log 2]= = [log 2-5] 


hole 


I 
4 
Problem 6: Evaluate ih ° (2a2 _x 3 ar. 


Solution: Put x = V2 .asin@,so that dy = V2 .a cos dé. 
Also when x =0, sin@ =0 or @=0 and when x =a,sin0 =1/V2 or@= 2/4, 


Making these substitutions the given integral 


; 
as * (JB asine). (2a — 20? sin 0)” 3, JF .a cos6 d8 


=j"" 2/2 @ sim 6.2/2 a cosd de 
0 2 a® cos® 6 
t/4 5 l ] 
= i tan” 0 d0 = > [log 2 — ae [See Problem 5] 


Reduction Formulae (For Triqonometric Functions) ; : 
1139 Py 
Problem 7: Evaluate J sec > x dx. 
Solution: We have J sec? x dx = J sec x. sec? x dx 
= sec xtanx~[ sec x tan x tan x dx, 


integrating by parts taking sec? x as the 2nd function 
§ & Dy Pp § 


2 x-1)dv 


= sec x tan x — J sec x tan? X dv = sec x tanx =| sec x (sec 
= sec xtanx~[ see? x dx + J sec x dx. 
Transposing the term — { sec? x dx to the left, we have 


2] sec? x dx = sec x tan x + J sec x dv 
3 1 1 
or J sec x dv = — sec x tan x + — log (secy + tanx). 
2 2 
/4 
Problem 8: Evaluate (. sec>x dx. 
/4 /4 
Solution: Let I =| ie see? x dy = f . sec x.sec” x dx 
0 0 
w/4 
=, V(1+ tan? x). sec2x dx. 


Now put tan x =f, so that sec”x dr = dt. When x =0 ,t =0 and when x= T,t=1. 


l 1 
I=[) Ve Pata] ENC + 0) + 5 log (e+ vary] 


pl 1 1 a 1 
= [V2 + 5 log d+ ¥2)] [0 + 5 log 1] 5 Vet 5 og (2 +1). 


Problem 9: Evaluate ie (a2 +2 pled. 
Solution: Putx=atan0,sothat dr=a sec? 6 de. 
Then I=f0 (2422p? de 
= i @ sec? 0 asec” 0d0 = a° (i sec/6 de. 


Now forma reduction formula for f sec” @ d@. By repeated application of this formula, 


we get 


Krisken's Integral Calculus 


A 40 | 


m/4 /4 
I=a° (; sec? 6 tan °) + 5 is sec> 6d0 
6 0 6 40 


3 m/4 /4 
a 442 5 sec” 8 tan 8 io 1 Ps sec? 9 dO 
6 6 4 0 0 


4 
6 2N2 542 45.1 (soc @ tan yet + 9 fe sec 6 d0 
] 12 8 2 8 2/0 


12 16 16 
= 6/202 4 3 52 , +222 + 3 tog an(3 x) 


/4 
eee Sv2 , SV2 | * togtan (Lx+ 40)’ | 


16 


a -6 (78 + >. log tan(2 *)| 
48 8 


a® 3 
= 67 V2 +15 log tan(5 x} : 
48 8 


4 
Problem 10: Evaluate (ha sin? cost 6d0. 


Solution: From article 6, we have the reduction formula 


_mt+l n-l 
; sin x. COs x n-1l 

J sin” x cos” x dv = + 
m+n m+ 1 


[Derive it here] 


Here m= 2 and n =4; hence we have 


t/4 
wt/4 in 3 
J sin? 0 cos* 0 d0= E 9 cos J 
0 4 0 


3 m/4 /4 
=. gi sin’ 8 cos @ +7 I, sinz 6 40 
48 2 4 0 4/0 


[Putting m=2 and n=2 in the above reduction formula] 
1 1 
+ 


/4 
+ 3 { ‘ sin? @ cos” 6 d0 
6 40 


= +=: J cos28) d0 
48 32 8 240 
1 1.1 = 

= + + 8 
48 32 16 2 Io 


re aE 1-4 1 
48 32 1614 2] 48 64 


Reduction Formulae (For Triqonometric Functions) : 
[1-41 Wy 
Problem 11: Evaluate ftan® x dx. 


Solution: We have fitan® xde=—tamw x- Jtan’ x dx 


tan? x = tan? x+ ftan® x dx 


tan x — : tan? x + Jisec*x-1) dx 


“5 

a) 

5 

=1 tan? xs tan3 x + tanx-x 
5 3 

4 


4 

Problem 12: Show that | as asa 
2. 2 16 
( x) 
Solution: Put x =asin6®,so that dv=acos0 de. 
Also when x =0 ,sin8 =0 ie.,8=0 
and when x=a,sin0=lie.,0= 7/2. 
Then \. xi dx — ¢n/2 a’ sin* @.a cos d0 
0 (a2 - x) : y(a2 = a sin? 6) 
/2 4 
=a | sinte do=a?, 3+ ane 
0 4.2 2 16 


T/A 1 
Problem 13: If I,= if tan x dx, show that I, + Iy—9 = ; 
n- 


? 


and deduce the value of Is . 


(Kanpur 2005, 12; Bundelkhand 06; Avadh 06, 11; Purvanchal 14) 


Solution: We know by article 4 (a) that 
n> ly 
J tan” x dx = =~ [ tan” ~2 x dv (derive it here) 
al 


or I,+I,-2 = 


Putting 7 =5 in the reduction formula 


1 
Ty, =——-In-2; 
n—-| 


we get I5 = I3 = 
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‘4 
roa tan xdr=~ 7+ [log sec x4 
=-2+|leg sec 7 — log see 0] =— + [log v2 log 1 


1 ioe! 1 
=— log 2 =—| log 2 ; 
2 “= 4 5 (v8 3) 


/4 
Problem 14: If 1, = i, tan''x dx, prove that 


ny] +141) =1. (Kanpur 2005, 12; Avadh 06) 


Solution: Proceeding as in article 4 (1), we have 


m/4 
/4 n. /4 
Ine =f tnt Lede Hs] =f sant la 
0 n 0 
0 
=[l/n]-In-1 
or Uneltin-1]=1/n" or n(Iy,41 +1,-1) =1. 
Similarly, Int+1,-9 =1/(n=)). 


Comprehensive Problems 2 


n/2 2 3 
Problem 1: Evaluate | sin” x cos’ x dx . 
0 (Bundelkhand 2009, 10) 


Solution: Herem=2 ,n =3 ;usingthe Gamma function, we have the the given integral 


241 341 

re). ee) r3.r2 lel 

_ \2 ie se ae ie = 
oe yy pace rl Bae ae 

2 2 Ds De 2, 
Aliter: By Walli’s formula, the given integral 

E.2 2 

= x] = — 

533-41 15 


/2 
Problem 2: Evaluate Io sin* x cos°x dx. 


Solution: Here m=4,n=6; using the Gamma function, we have the given integral 


44+] 6+1 
feahiculets 
: 2 a oe ead 


or(28*?) 2T6 
2 
ole 2 hae 

_2 2 22 2 _3n 


154304 512 


Reduction Formulae (For Triqonometric Functions) : 
| 1-45 |i 


315.361 2 3m. 
10.8.6.4.2 2 512 


Aliter: By Walli’s formula, the given integral = 


n/2 
Problem 3: Evaluate ie sin x cox® x de. 


Solution: Here m=5 ,n=8; using the Gamma function, we have the given integral 


541 8+1 
eG Fe isa 9 ‘ 
Bt eee erg: 22 
27 ont) are?) 2 BA! er? 
2 2 3° 3 2 3 
8229 x 


5.13,11.9 Way 
m/2 12 18 
Problem 4: Evaluate le sin “x cos ° x dx. 


Solution: Using the Gamma function, we have the given integral 


Jom slew aeclacs 
ar(2*is*) . 2T (16) 


8 
Problem 5: Evaluate i. cos?.4 x dx. 


Solution: To bring the given integral into the form of Gamma function, put4 x = 6 ,so 


that 4 dy = d0. Also for limits, @ =0 at x =0 and 0 yhatxson, 


/2 /2 
The given integral = al i cos? 6 dé = al i sin? 0. cos? 6 de 
4J0 4/0 
i i 
‘4 ete oe cL 
4 972 422% .iri 6 
2 2 2 2 


Problem 6: Evaluate im sin® : cos® : dx. 


Solution: Putting x/2 =0,so that dv = 2 d@, the given integral 


Sl ol a. See. 
14.12.10.8.6.4.2 2 2048 


2 
=2[ my sin® cos? 6 d0 = 2.- 
0 


2 
Problem 7: Evaluate i cos x sin 3x dx. 


; : ; m/2 5 . 3 
Solution: The given integral I = i, cos x (3 sin x —4 sin” x) dx 
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yi 


n/2 m/2 
=3 i cos? x sin x dv —4 i cos? x sin? x dx 


0, oe ee 
6.4.2 8.6.4.2 2 6 3 


m/2 
Problem 8: Evaluate iF sin? x cos*x cos 2x dx. 
n/2 
Solution: The given integral I = le sin? x cost x (cos? x—sin2 x) dx 


n/2 m/2 
= i sin? x cos® x dx — I sin? x cos# x dx 


_ 233... 4235) 2 . 8 We. 2 
7.5.31 9.7.5.5... 63 315° 315 “35 


/6 
Problem 9: Evaluate i. cos*3 sin? 66 do. 
Solution: Proceed as in Example 8. Ans. = ; 


1 
Problem 10: Evaluate i, r(l _ x pi dx. 


Solution: With the substitutions of Example 10 (i.¢., x = sin ®), we have 


m/2 
the given integral = i sin? 8 cos? 8. cos 6 dO 


/2 
=| ‘ sin? @ cos* 6 de = bee ee [By Walli’s formula] 
0 6.4.2 2 “ 
an 
32 


1 
Problem 11: Evaluate I Paral _ pe dx . 


Solution: As in Example 10, putting v= sin @ etc., we get the given integral 
n/2 n/2 
= iP sin? @. cos? 6. cos 0d = iF sin? @ cos*@ de 


_ 3.1.3.1 m7 
8.6.4.2 2 


=31n/256. 


, [By Walli’s formula] 


1 
Problem 12: Evaluate i (I - vay. 


Solution: As in Example 10, putting v= sin @ etc., we get the given integral 


Reduction Formulae (For Triqonometric Functions) 


GN 
= ie sin® 6 yd - sin? 8) cos 8 d0 = (ia sin® @ cos” 6 de 


, [By Walli’s formula] 


Problem 13: Evaluate Io (a mie pe dx. 


Solution: Putting x = a sin 8and proceeding asin Example | 1, we get the given integral 


n/2 6 
= a° J sin? 6 cost 6 do = _. 
0) 32 


1 
Problem 14: Evaluate [ x" (1— x)" de. 


Solution: Here we put x= sin’ @, so that dr = 2 sin@ cos 6 d0. 


Also when x =0 ,8=0 and when v=1,0=7m. 


a /2 < 
The given integral = i, sin2 ma. cos” "9.2 sin®@ cos 0 dO 


u/2 
=2 i sin? "+1 6 cos? +1 6 dé 


= Ty ems DT LOH Dh ree prone, 


2T 5 (2m+ 2n+ 4} T(m+n+ 2) 


1 
Problem 15: Evaluate ie pi? d- xp/2 dx. 


Solution: Put x = sin” 6,so0 that dv = 2 sin® cos 6 dé. 
Also when x =0 ,6=0 and when x =1,0=— qT. 


/2 
.. The given integral = I sin? @ cos? 0.2 sin @ cos 6 de 


, 


/2 
=2[- inthe pues 21?) 
0 8.6.4.2 


Nila 


[By Walli’s formula] 
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fh 46 | 

1 
Problem 16: Evaluate if pe V(1— x) dv. 
Solution: Making substitutions as in Problem 15, the given integral reduces to 


3.1.1 m_n. 
6.4.2 2 16 


/2 
2, sin? @ cos? @. de =2- 
0) 
2 
Problem 17: Evaluate il “ym V (2ax - xr ) dx, m being a positive integer. 
(Kanpur 2007; Bundelkhand 07) 
2 2 

Solution: We have i “ym V (2ax — a )dx= ie “ym d/2 \ (2a — x) dv. 
Now put x = 2a sin? 0, so that dv = 4a sin ®@ cos@ dé. 
Also when x =0 ,8=0 and when x =2a,0= > qT. 
. The given integral 


/2 
= f. (2a sin? 6)" (2a sin? gy 2. V (2a cos? 0). 4a sin ® cos 6 dé 


—gm+3 a in2 ™ +29 cos? 0 dO 


(ts )rs 
=gmt+3 qm+2 2 2 

ar (meeees?) 

2 

2m+ I 2m-1 BI Nea ah 
—gm+2m+2 a Bi 2} “9 
SUCTS CSE 
= qm+2 (2m+1)(2m-1)...3.1 


(m+ 2) (m+ 1) m(m—1)...2-1 


2 
Problem 18: Evaluate i “Y? V (2ax - 2 ) dx. 
Solution: Proceeding as in Problem 17, the given integral 
/2 ‘ ‘ 
= 98 ao : sin! 2 6 cos” 6 d0 


98,7 H.9.7.5.3.1.1 tT a2 ol 
1.17.10.8.642 7% 


Problem 19: Evaluate Io ° (2ax -— 2 3 12 dy. 


Solution: We have 
,* 2 (ar — PPed= Io ¥. p22 yp! toe i pr (2a — xy3/2 ae. 


Reduction Formulae (For Triqonometric Functions) 


(147 Way 
Now put x = 2a sin’ 8, so that dr = 4a sin@ cos 6 dO. 

Also when x =0, 2a sin? 6 =0 orsin@=0 ie.,0=0 

and when x =a ,2a sin2 @=aorsinO=1/V2ie.,0= 1/4. 


The given integral 


/4 ‘ 
= Io (2a sin 29/2 (2a)>/? (cos? 9)? 2 4a sin® cos de 


/4 
=; (2a)?/? sin? 6 (2a)? 2 cos? 6, 4a sin® cos 6 de 


/4 
= (2a). 4a iA sin! 9 costo de. 


This is not Gamma function as the limits are from 0 to 1/4. We shall reduce it to the 
form of Gamma function by suitable trigonometrical adjustment. Thus the given 


integral 


28 In (sin? 0) 3 (sin# 9 cost 6) dé, (Note) 
=2a apne (2sin? 9) . (2 sind cos6)* de 


= 2al fs (1 — cos 20)° sin? 20 dé. 


Now put 26 =a, so that 2 d@ = do and the new limits area =0 toa = 1/2. 
The given integral 
/2 /2 
= 2a" | " (1 — cos a)? sin? a. i do. = a’f 7 (1 — cos a) sin? ow do 
0) 2 0) 
/2 
= a’. (1-3 cosa+3 cos* « — cos? a) sin? o do 


n/2 
= a’, (sin4 0 —3sinta cos a + 3 sin* a cos? a — cos’ sin* a) do 


os 23.1 4 


1438. 


-qg\i3i.2 3.25 l.l « 
5.3. 6.4.2 2 7.5.3.1 


by Walli’s formula 


=a (FE 4S 3 za (3 =) 
16 32 5 35 32 35 
Problem 20: Evaluate i a (2ax — 2 p 12 ay. 


Solution: Putting x =2a sin? @ and proceeding exactly as in Problem 19, we get the 
given integral 


4 , 
7 (es (2a sin” 6) if (2a? ie (cos” ep 2 4a sin ® cos 6 dé 
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/4 
=2? 48 (i sin! @ cos® 6 de 
Nee eer ee 6 
=2a Ie (2 sin” 8) (2 sin 8 cos 8)" d® (Note) 
/4 
= 248 Io (1 -— cos 20) sin® 26 do 


/2 
= a® Io (1 — cos a) -sin® a do, putting 20=a 


/2 
= able (sin® o ~2 cosa.sin® « + cos” « sin® @) da. 
7 ast 7 coeew f 
T..T— TI. = T=. 
gl oD De 2 2 |= 48 | Fe =| 
274 oP? ars 256 7 
2 


a 4 
ye. 
0 (x2 + a*) 


Solution: Put x =atan6@,so that dv =a sec20 de. 


Problem 21: Evaluate J 


When x =0 ,86=0 and when x=a,tan0=1 ie., O=in. 


n/4 a’ tant @ 

0 (a? tan? 0+ a yf 

=e 7/4 tan*@ 
© 0 sec®@ 


Now proceeding as in Example 12, we get 


Problem 22: Evaluate the integral I ¢ [: = ‘| dx. 
\la+ x 


Solution: Let I = la re iF _ 4 ala ; a 5 ‘i 
atx 


Now put x. =asin@so that dv =a cos 0 d6. 


a sec20 d0 


The given integral J = J 


/4 
ee ae J OP Ge coe 0d, 
Fe) 0 


Also @=0 when v=0 and @ =~ jm when x =a. 


acos@d0 


; ={r" a sin’ 0 (a —asin®) 
0 a cos 8 


/2 
=a Io (sin? 9 —sin? 8) d0 
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=a TRS I), [By Walli’s formula] 
2 De 23. 
=@ (5 xe } 
4 3 
2 
Problem 23: Evaluate the integral J . x 5 = # dx 
0 Wea e 
2 
Solution: LetI = {,2 ax dv=[" x(@-?) 
0 a + xe 0 (at = x4) 


Now put ed a ae sin 6 so that 2x dv = ae cos 0 d0. 


ate m when x=a. 


cos 8 d0 


es — a” sin®) a 
2 


0 a cos 8 


b 
Problem 24: Evaluate | (x— a)” (b- x)" dx. 
a 


Solution: Here we put x=) sin? 0 + a cos*6, 


so that dx =2 (b — a)sin® cos 0 d@. 

Also when x=a,(b —a)sin2@=0 ie.,0 =0 

and when x=b,(a—b) cos? @=0 ie., O= 2/2. 

Also (x — a) =(b — a) sin? @ and (b — x) = (b — a) cos? 6. 


Thus the given integral 


/2 
=[, (b — ay" sin? "9, (b- ay" cos” "9.2 (b—a)sin® cos 0d 


=2 fr gyrturl. in2 ™ +19 cos2 "+109 do 


S(pagytte*! T(m+1)T (n+1) 
T (m+ n+ 2) 


| , applying Gamma function. 


1 
Problem 25: Prove that \e ia - r z ae . 
’ nT Je 
2 
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Solution: Put x" =sin2 @ ie., x =(sin gy2/” 
so that dx = (2/n) (sin g)2/”) —! cos 0 dO. 


Also @=0 when x=0 and @ =~ tm when x=1. 


2 (es (2/n) -1 
The given integral = 2 J m/2 (sin) cos a8 


n cos 8 
/2 /2 
=2 7 (sin 92’ ~lig= a Io (sin g2/) ~ cos? 6 do 
n n 
1 
BP tie. xe Tiel pa) 


nor de + (mh nv {Ee ayn) 


Problem 26: Show that i ase = 


Solution: Here we put x = tan@so that dv = sec0 dO. 
Also when x=0 ,80=0 and when x= ,0= 17/2. 


Hence the given integral 
= J 7/2 tan* 6 sec6 dO _ pt tan‘ @ sec”6 d0 


0 d+ tan? oy! 0 sec® 9 
/2 
= {. sin? @ cos” 6 d0 (Note) 
r° 3. 3 tg re 
= 2 2.222 2 = 
2T4 2.3.2.1 32 


Problem 27: If m, n are positive integers, then prove that 


Lomi n-1 T on-l m-1 
( l- dx = l- dx = 
Jo? te#) le i" 


Solution: Put x= sin? 6,s0 that dv =2 sin®@ cos 0 dé. 
Also when x =0 ,8=0 and when x =1,0= 2/2. 


] ~ n/2 ~ et 
i yn} (l— x)" lea i sin? ™—2 9 (l- sin? 6)" ' 2 sin cos 6 dO 


12.3 ccalma) >. 
n(n+1).... (1+ m-—1) 


/2 
=2(, sin2 m —19 cos? 1-19 do 


ee 
2 2 _Tm.Tn 
9 pfemc teen ttt T (m+n) 


=2 
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1 
‘Thus J ght gig tl gal Tm, mee 
0 Tl (m+n) 
Interchanging m and n in (1), we get 
1 
J ge? lgage gel. (2) 
0 T (1+ m) 


From (1) and (2), we have 


1 1 
ers faa! dv= fx"! (—xy"—! ae 


_Tm.tn _(m-1)!(n-1)! 


T(m+n)  (m+n-1)! [. Tr=(r-I)!] 
= (m-1)!(n-1)! si 
(n+ m—1)(n+ m-2)...n.(n-1)(n-2)...2.1 
_ (m—1)!(n-1)! 


(n+ m—1)(n+ m—-2)...n.(n-1)! 
(m—-1)(m—-2)....3.2.1 
(n+ m—l1)(n+ m-2)..(n+1)n 


Comprehensive Problems 3 
/2 
Problem 1: Evaluate Io sin 3x dx. 


Solution: Integrating by parts taking sin 3x as the 2nd function, we have the given 
integral 
= T/2 /2 ‘ 
-|4 = cos =| 4 ie 3,2. £08 3x & 
3 0 0 3 


2 : r/2 9 3 
=0+ 5" ? cos 3x ite=[x ed ote 2x. 5in3x a 
0 3 Jo 0 3 


again integrating by parts regarding sin3x as the 2nd function 


2 7 /2 
== (S)-2 45 x sin3x dx 
4 3 340 
2; u/2 /2 
di 7 f er) +fe d ones pute 
12-3 3 Io 0 3 


2 /2 2 
=- 5 -F yh cos 3x dv =— = 


4 eu m2 
12.9 


+ . 
3 Jo 12 27 
n ee) 
Problem 2: Evaluate J x sin x cos x dx. 


T 
Solution: LetI = i xsin? x cos x dx . Integrating by parts taking (sin? x cos x)as the 


2nd function, we have 


Kaiskew's Integral Calculus 


eel” a 
pa] xsi x = © gi J, sin’ de 

3 0 0 3 3/0 
lt ae 1 ‘eee eli 
al (1 - cos* x) sin x dv = — —]- cos x + — cos? x 
3 40 3 3 0 
1 1 1 4 

1 1+ = . 
si | ( 3) 


a 
Problem 3: Evaluate J x° sin” x dx. 
0 (Kanpur 2008) 


1 
Solution: LetI = le x sin’! x dv. 


1 


Put sin’ ‘ x=torx=sint,so that dv = cost dt. 


I= i ine t cost dt. 


Integrating by parts taking sin® £ cos tas the second function and fas the first function, 


we have 


nu /2 
ra|e.sin’t ph sin’t yy % 1 6.4.2 _m_ 16. 
0 7 14.7 7.5.3.1 14 245 


2 
Problem 4: Evaluate J, ¥« s V(a _x) fens! (: )} dx . 
0 a 
Solution: Here put x =a cos 8,s0 that dv =-—asin6d0. 
Also when x =0 ,0= 2/2 and when v=a,0=0. 


0 
The given integral = — ) ig (a sin ®) ( ). asin d0 
T 


0 0 
=- af & sin? @.d0 =~ a [ o 1 2sin2od0 
n/2 r/2 2 


= og e? (1 — cos 20) d@ 


“al P cos2odo- = f°, 62d0 


0 
a 1 Pcos2o ao 0 
2 (3 n/2 
3 2 0 
aie —] & cos26 dO. 
48 m/2 


Now to evaluate J 67 cos20 dO, applying integration by parts taking cos20 as the 2nd 


function, we have 


Reduction Formulae (For Triqonometric Functions) 
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J e cos20 d0 = es sin 20 J 20. ; sin20 d0 


= + 6° sin 20 ~ f 6 sin20 do 
2 


1.2. 1 I 
7 ® sin26 [9 (~ 5 c0s26) [ta 5 60828) 48] 


= Ly @ sin20 + f 8 cos20 — 2 sin20. 
2 2 4 


0 
ie 0 cos20 dé = 6 sin20 Fe 8 cos20 sin20 _t 
m/2 9 9 4 - Fi 


Bcd, 2 
The required integral = tet d gis (1+ u nr) 
48 2 4 8 6 
Tt 3 
Problem 5: Evaluate is x sin? x dx. 
Solution: From article 10, we have 
nl .. _ 
J xsin” x dv =—~-sin"~! x cosx+ 0 cae (pe) i xsin” 72 x de 
n nt n 


Putting 1 =3 in (1), we have 


J wsin? xde=— 2 xsin? x cos x4 = sin? x + = J xsinx de 


Now J Xx sinx dv = x .(— cos x) i 1 (— cos x) dv=— x cosx + sinx. 
I ™ 
J x sin? x dx = |- iu x sin? xX COSX + - sin? are + Sains] 
0 3 9 5 3 0 


22" peeps mei ae 
3 3 3 


Problem 6: Evaluate J x sin*x dx. 


Solution: Here putting = 4in the reduction formula (1) and proceeding as in part (i), 
we have 


ged 4 
J xsin? x dr= Za SOS SEE Pe 3 xr 3 xsin 2x 3 cos 2x. 
4 16 16 16 32 


/2 
Problem 7: Evaluate i x cos?x dx. 


Solution: We know from article 10 that 


n x cos” — 2 xsinx cos’x n-1 
x cos’ x dx = ‘<7 Ty 2: 
nN n n 


[Derive it here. ] 


Krisken's Integral Calculus 


Ass) 


Putting 1 =3 , we have 


J x cos xde= 2 x cos? xsinx + Z cos? x + = f x cosx dr 
3 9 3 
Now J x cosrdr= x. siny~[1.sinede=xsinx + cosx. 
[2 
J " x cos? x dy = [5 x cos? xsinx + i cos? x 
0) 3 9 
2 n/2 
+ = (xsinx + cos.)| 
3 0 
1 1 2 21 71 7 
== 1 =_T == [a |. 
3 o 3. BD 9 3 3 
Problem 8: Evaluate i e* (x cos x + sin x) dx. 
Solution: The given integral = J xe™ cos x dx + J e* sinx dx 
=I + Ig , say. 
Now q =| x.e* cosxdv=x. ; e* (cosx + sinx)— J ; e*(cosx + sinx) dx, 


x 


integrating by parts taking (e * cos x) as 2nd function 


xe*(cosx + sinx) — u J e* cosx dv — x J e* sinx dy 
2 2 


xe*(cosx + sinx) — ; . x (cosx + sinx) — Yi 


e*(sinx — cosx) 


dS| 
Nl 


Dole dS] Re bee 


xe *(cosx + sinx) — ; e* sinx. 
And Ip = f et sine de => e%(sinx — cos). 


. The required integral = I) + I9 


Remember: e* (cosx + sinx), 


e* (sinx — cos x). 


and J e* sinx dx = 


Problem 9: Evaluate J 2k OS O sin (2x sin a) dx. 


Solution: We know that 
fe@sin bx dx = e sin (bx — 6), 


J 


where r=V(a2 + b2) and = tan”! (b/a). 


Reduction Formulae (For Triqonometric Functions) 


NN 


If we take a =2 cosa and b =2 sina , we have 
=V(a? +b°)=2 
and o= tan”! (b/a) = tan”! (tana)=a. 


Now the given integral = J oe ™ sin by de 


-2|¢ sin ( ie 9) jor] Sane x ofa 


ax 


integrating by parts taking (e°" sin bv) as 2nd function 


7 = 5 6 ® sin (bx 6) - [ee* sin (bx — o) dx .(1) 
[So re] 
Also [xe* e ™ sin (bx — 6) dx 


=[x.(1/r).e™ sin (bx — 6) - { (I/r).e™ sin (bx — 26) dr], 

again integrating by parts 
xe “sin (bx — 26) - : J e™ sin (bx — 20), [. r=2] 
xe ™ sin (br ~ 26) > e a sin (bx — 36) (2) 
Hence from (1) and (2), the given integral 

as! see e™ sin (bx — 6) - ; xe™ sin (bx — 26)+ ; e™ sin (bx — 30), 
where a = 2 at =2sina and d=a. 
Land al 

Problem 10: Evaluate iis (sin x)" dx. 


1 


Solution: Putsin “x=tie.,x=sint,so that dv = cost dt. 


When x=0,t=sin /0=0 and when x =1,t=sin7! I=5 T 
n/2 


T/2 3. 
=r At? sin t dt, 


integrating by parts taking cos f as the second function 


. The given integral J = fr ae cos t dt= [? sin ‘], 


m/2 
am 4), t3 sin t dt 


4 m/2 /2 
| {° (-cose J} +e 3t2 cos tdt|, 
16 0 0) 


again integrating by parts 


Kaisken's Integral Calculus 


Al +56) 


2, 
eae , sin e}0/2 _ (i 2esinc at 


xt 
Les) loa pm 2 eerieae 
16 


4 m/2 y) 
% _3y2 4294 {t(-eose ) } + fr cos t dt 
6 0 0 


nt 9 n/2 
22 35 +24x0 +24] sint | 
16 0 


a+ 94392 424. 


16 
Problem 11: Evaluate the integral I, ge dx , 
2 (x7 


+1) 
olution: e oe 2 x 
OE tes = |, nav . ca 


=f, = 2 m a ie. 2 iP 


fd ody _ co dk 
at an (x7 +17 J, Zap 


Now put x = tan f,sothatdy = sec’ t dt Whenx=1 t= ; mand when x = © ,t = ; Tl. 


r=1-2f" sec” t dt 4 a he sec" 
n/4 (1+ tan2 ty T/4 sect ¢ 


279 tain |" deanna 
=l- ae cos” = =/ ia ' cos 2t) 


T 
m/2 
=1-[e+ Fsin2¢] =] Caan (Frr5sns | 
2 m4 2 2 4 2 2 
i a J I 1 3 441 
=| T tT 1 Tl. 
[ 4 3! Fi 3! 2 4 
; ; © 7243 
Problem 12: Evaluate the integral J dx . 
+ 1) 
Solution: The given integral I = i ome wie dx 
1 x6 (x7 +1) 


i co] 
=(. deo dx = nr 
lis - I Fea =|, = J, © (x7 +1) 


Reduction Formulae (For Triqonometric Functions) 
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1 i dx 
+2 : . 
5 J x°(x7 +1) 
Now put x = tan t,so thatdv = sect dt .Whenx =1 ,t = m/4andwhenx = 0 ,f= 1/2. 
2 
rola /™ cot® t dt. 
5 t/4 


n-l 
Now we know that J cot” ¢ dt =—- fot oe i cot” ~ 2 t dt. 
n—1 [See article 4] 


5 
J cot® tde=- OF — J cot! t dt 


5 3 
cot? t cot? t [ cot? eae 
5 3 


cot? t+ u cot? t+ J (cosec” t—1)dt 


Z 
5 

= + 6? pa! coe t-cott—t. 
5 3 


n/2 
T= +2[-Zeot? e+ 5 cote cott—¢] 
5 5 3 n/4 
il J | Been 1 
Sa? T + 1 1 
5 [ 2 ( 5 3 4 )| 
Ste? z+ 2+( nt inlee d p= SEIS a), 
5 5 8 15 


T/2 y , 
Problem 13: If uy, = i x sin mx dx, prove that 


n-1 
Uy = al Ral ae=1) Uy —2, if m is of the form 4r +1. 
nt’ 2 ne (Kanpur 2011) 


° n/2 nN: 
Solution: We have i x sin mx dx 


/2 ¢ 
= a ne) 7 he mrt SOS 7) a 
m 0 0 m 


m/2 
=o-4 2 x") cos mx dx, 


[. If mis of the form4r +1, then 
cos {(4r + 1) n/2} = cos (27 1+ ; ™) = cos ; t=0| 


‘ ) m/2 n/2 : 
Ln a _sin mt -f Ge=1) yi-2 (2 m rae 
m m Jo 0 m 


again integrating by parts taking cos mx as 2nd function 


Kaisken's Integral Calculus 


-1 ‘ 
_n (7) lt. (@-d pre xv" 2 sin mr de, 
m||\2 m m 40 


E sin oD =sin (4r + 1) 


Al +56) 


“ 


Nia 


nn"! n(n-1) 


m22-l we Med § 


Ti2 oy» , 
Problem 14: If I, = I x sin (2p + 1) x dx, prove that 


n-l 
int AO} 2 =P —* 5 (E) 
(p+) (2p+ 1p \2 


ee n/2 3. 2 
where n and p are positive integers. Hence deduce that i, Xx sin 3x dx = Tee 


. mT /2 Hit 
Solution: We have I, = i x sin (2p + 1)x dx 


m/2 % 

/2 

-| yl. con Gee + és n r ‘i yi-l cos Qp+)xds| , 
pt 0 pt 


integrating by parts taking sin(2p+1)x as the 2nd function 


n n—| sin(2p+1)x ue n(n—1) 
aes on+] * one] 9} Tn -2 > 
(2p+ 1) (2p+1) Jo = (2p +1) 
again integrating by parts 
n ‘a n(n-1) 
= 5 (=) sin (2p+1)2 } 5 In-2 
(2p+1y \2 2 (Qp+l) 
Fe n(n—1) p n ny} 
nt 9) In -2 =(-) 7) ..(1) Proved 
(2p+ 1) (Qp+ ly \2 


nr /2 — , 
Now to evaluate [ x sin3x dy, putn=3,p=lin (1). 


3-1 w /2 
Ig =-1- 2 (=) a ao x sin 3x dx 
32 \2 32 12 340 
2 9 a/2 2 
™ 2 \ cos ad Els eee 
12 3 3 0 3] 
2 n/2 
=~ © - 4 [sin3x | 
12 3 


Reduction Formulae (For Triqonometric Functions) 
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n/2 n 
Problem 15: If uy, = J, 0 sin 8 d0 and n>1, prove that 


ine (n-1) 


Uy —9 + + Hence deduce that us = 149 : 
ie 225 


(Lucknow 2005; Gorakhpur 06; Rohilkhand 07) 
Solution: 


We know that 


-n-l - on 
J esin” 0 do = oo ese oe M=) Fgsin"-? 0 a0. 
n yy n 


[Derive it here] 
m/2 
Un = J, 9 sin”6 dO 


m/2 
9sin”—!@ cosd ue (n —1) 
= + + 
0) 


T/2 
J @sin n-26 49 
n 2 n 0 


| 4 Ol+ (n —1) Un 2 = 1 + (n—1) Uy —2. (1) Proved. 
a 7 Ww tt 


Putting 7 =5 in the above reduction formula, we have 


1. 24 1 4,1 ,2 ‘ ‘ 
U5 = + — 12 = + +2], Putting n =3 in (1 
Bae 8 oe eg atl [ g (1)] 
/2 
2 + Bs + 3 n=(5 + =)* e i 8 sin @ dO 
25. 45 15 25 45) 1540 
m/2 /2 
-(S)+3 (-ecose } +fe cos 8 d8 
225) 15 0 0 
m/2 
= 52+ [0 +sine | ~ 29 , 8 _ 149) 
225 15 0 225 15 225 
Problem 16: Prove that if n be a positive integer greater than unity, then 


u/2 
J cos" ~ 2x sin nx dv = oe 
0) n-1 


(Avadh 2004; Kanpur 10) 


Solution: Taking m=n-2 and proceeding as in article 13, we first establish the 
reduction formula 


n/2 = m/2 
i. cos” ~? xsinnx dv= 5 : ; + oF - 6 cos? 3 ysin (n —1) x dx. 
n- n—- 
Applying this formula repeatedly, we have 


T/2 a 
J cos” ~2 x sin mx dx = I + n-2 I 
0 2(n-1) 2(n-1) |2n-4 


+ 


= /2 
5, = i, cos” ~* yx sin (1-2) xa} 
n- 


(0) Kaisken's Integral Calculus 
,EE 


oe /2 
= : : ou 2 i. cos” ~*# x sin (n — 2) x dx 


Q(n-l) 22 (n-1) 2 (n-1) JO 


l I n-3 I 
) y) 
2(n-1) 2% (n-1) 2° (n-1) [2n-6 


n—-4 ¢n/2 
+ c 


os’? xsin (n-3)x a| 


2n-6 40 
' 1 1 1 1 I 
and finally a1) F + a + - tit a 
/2 
- J : (cos x? sin2x dx 
2° -* (n-1) 
, terre) ; +. ae 
2 2 7 cos 23] 
(n—1) 1-1 2 * Gel 2 0 


_ ol 1 1 . 1} 1. 
(n-1) gn-2  on-2 n—-| 


n/2 m 
Problem 17: If Im, n) = i cos” X cos nx dx, prove that 


Lin, n) = (ses lim -2,n)- 


3 n /2 m 
Solution: We have In, = iis cos” x cos mx dx 


(Purvanchal 2014) 


p n/2 ‘ 
sin nx m/2 sin nx - : 
=|cos™ J nm mcos™—! x (— sinx) dx, 
n lo 0 n 
integrating by parts taking cos mx as the 2nd function 


m pu/2 a : ‘ 
cos” ~ ysin nx sin x dv. 


Again integrating by parts taking sin mx as the 2nd function, we have 


m 1 ~ cos nx\]"/2 
Lea 7 cos ~* xsin x) [ ) 


n 


0 


m J n/2 f cos nx 


} [cos — ly cos x (m—1) cos” ~ 2 vsin? x] dv 
n 


n/2 
=0 . i cos nx {cos” x — (m—1) cos” “25 (1 - cos” X)} dx 


Reduction Formulae (For Triqonometric Functions) : 
| 1-61 Dy 
/2 
ai i cos nx {m cos” x —(m-—1) cos” -2 x} dx 


m 
Sma tli, n7~(M—V) In — 2, n}- 
n 


nt m(m-—1 
[ J! ( 9) Uta 


we nN 


or Inn = 


m (m—1) 
5 Im -2 0 - 
nt. — i 


. 2 
Problem 18: Prove that le (= 2) d0=nn. 
sin 


sin n0 


2 
Solution: Let n= Jo d@ , then 


sin® 


. 2 
a 7 (eee) 10. 


0 sin 
id ney) 
T sin’ 10 —sin® (n—1)0 
In -In-1 = 0 oy) ( d0 
sin” 0 
2|- sin a 0. sin® jg _ ( sin (2n — a) (Note) 
0 sin2 a) sin 8 
=. 
: From Example 20, { * nd = nif n is odd, here (2n — 1) is oa. | 
sin® 
Hence In=In-1 + % (I) 
=I,-2+2n, [« From (1), Jy-] =Iy-2 + 1 J 
=I, 3 + 3m, and so on. 
Thus I,=(n-l) n+ 
2 
T /(sin® 
=(n-l) a+ ——| dO=(n-1) n+ n=nT. 
( ) iF (= 3] ( ) 


m/2 sin (Qn —-1) x 


Problem 19: If S, = J : dx, 


sin X 


2 
/2( si 
Vi= J . Nae (n is an integer), show that 
0 sin X 
Sn+1-Sn=9,Vn41-Vn =Sn41- 
Solution: S, 4 )andV,, +1 will be obtained by writing ( + 1)in place of nin S,, and V,, 


respectively. Thus 
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A s2 | 


_ ¢ 0/2 sin (2n + 1) x dv 


Sn+ 
aes 0 sin x 
T/2 | oj 1 7 
ee Vij sae Es a 
0 sin x 
m/2 [sin (2n +1) x—sin (2n—-1) x] dv 
ies |” aaa see ne 
= cos 2nx sin x dv 
0 sin x 
/2 : m /2 
=, 2 cos 2ne de = |= SO) =0, 
0 2n 0) 
[. sin ut =O when v is an integer and sinO =0] 
2 2 
/21 (si ee 
Ried ae ae J ud sin(n+1)x sin mx a 
0 sin x sin x 
=f" [sin2 (n+ 1) x—sin2 (nx) | dx 
0 sin? x 
=i" {2 sin? (n+ 1) x—2 sin? (mx)} dv 
0 2 sin? x 
=i" {l- cos 2 (n+ 1) x-—14+ cos 2nx} dx 
0 2 sin? x 


=i" {cos 2 nx — cos 2 (n+ 1) x} dy 


0 2 sin? x 


dx 


=("" 2 sin (2n + ase 2 sin (2n + l) x 
0 2 sin? x 
= Sy 41: 


0 sin x 


(iiints to Objective Type Questions 


Multiple Choice Questions 
See Problem 5 of Comprehensive Problems 1. 
See article 4, part (b). 


See Example 8. 

See Example 11. 

See Problem 15 of Comprehensive Problems 2. 
See Example 15. 


SUS ee ee ee 


See Example 19. 


Reduction Formulae (For Triqonometric Functions) 


Qi et eS 


ee 


See Problem 3 of Comprehensive Problems 1. 
See Problem 6 of Comprehensive Problems 1. 
See Problem 10 of Comprehensive Problems 1. 
See Problem 12 of Comprehensive Problems 1. 
See Problem 14 of Comprehensive Problems 1. 
See Problem 3 of Comprehensive Problems 2. 
See Problem 7 of Comprehensive Problems 2. 
See Problem 13 of Comprehensive Problems 2. 
See Problem 19 of Comprehensive Problems 2. 
See Problem 22 of Comprehensive Problems 2. 
See Problem | of Comprehensive Problems 3. 
See Problem 4 of Comprehensive Problems 3. 
See Problem 5 of Comprehensive Problems 3. 
See Problem 7 of Comprehensive Problems 3. 
See Problem 11 of Comprehensive Problems 3. 


Fill in the Blanks 

See article 2, part (1). 

See article 4, part (1). 

See article 5, part (1). 

See Problem 2 of Comprehensive Problems 1. 
See Problem 2 of Comprehensive Problems 2. 
See Problem 13 of Comprehensive Problems 3. 


True or False 

See article 5, part (2). 

Like Example 7. 

See Example 15. 

See Problem 1 of Comprehensive Problems 2. 
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Chapter-3 


Reduction Formulae Continued 


(For Irrational Algebraic and Transcendental Functions) 


Comprehensive Problems 1 


Problem 1: Prove the reduction formula 


fee wary? rate ee al + na 
(n+ 1) (n+ 1) 


[ere ae 


lil J (Pee PP de. (Bundelkhand 2005; Kanpur 05) 
Solution: We have [ (a2 +2 le dx = J (a2 +7 ee ld (Note) 
= (a + la vf ine + x2 yon/2) -1 2x .x dx 

29 +7? = nf + x2 /2) -1 2 4 2) a2 de (Note) 
=% (a2 + x) Hey fee +x2 yn/2 dx + na~ J (a2 +x y(n/2) lay 
(1+) f (2 +2)? deax(ae +2) 2 + na J (a2 +2") -1 ay 


2 n/2 7, x(a2 +2702 ne 2 (n/2)-1 
sd J i +x) a (n+1) re iG +2) a ehh) 


is the required reduction formula. 


Now to evaluate | (a2 +2 p [2 dy , putting m = 5 in (1), we get 


Jw +xrpl2 eae a i Jw +p! ay 


6 
x(a +x pl? 5a x (a2 +x pl? ae fers 2l? ax 
6 6 4 4 
x(a +p? 3 x(a + 2/2 


6 24 
4 
+ = [eve + )+ a sin”! *]. 


a 


Reduction Formulae Continued : 

| 165 Py 
Problem 2:. Find a reduction formula for [x v(t x yu 2 dx, where m and n are positive 
integers. 


Hence evaluate | ° (+ a y/2 dx 


Solution: We have [ x” (1+ ) nla dv=>f geo (1+ x) n/2 ox dx aieia) 
ote 


at yrel UE a alle a= fx yn-2 a+ 2} (n/2) +l ae, 
2 —n+Il (_n+1) 
2 Z 


integrating by parts taking x” —! as first function 


=e Ge PIE mod (Pere. ft 
(n+ 2) (n +2) ~ 


which is the required reduction formula. 


Now to evaluate | ° (1+ vyll2 dx, put m=5 ,n=7 in (1). 


4 9/2 
Then [ed+ey? a= = =] C+ 2P?? de 
Aaery? ale decyl? 2 fxa+ 2? a 
9 9 11 11 ’ 


putting m=3,n=9 in (1) 
giery? 47 te} 


4 2\11/2 
+ l+x .2x dx 
59 J | ) 


9 99 
Sieg)? dy dae aia ye 
9 99 2 (13/2) 
=s0+ PP? Ly x4 -S Pee )4 agitry 
x” 
Problem 3: If Tin, n= J aay , prove that 
(+ ia 


eT le ge (aly? + Digna o2)' 
mM 


Solution: Wehave In, = 4 dx 
Meer a. 


ae ml eq 4 2)" Oy) dy 
2 
al gand (1+ x7) —n+l ai " une deryn) 
2 (-n+1) 2 (-n+1) 
integrating by parts taking {(1 + ry ” 2x} as the 2nd function 


? 


G0) Kaiskew's Integral Calculus 
fa) 1-66 | 
m—-2 


., 1 m—1 1/n , (m-1) x ; 
“Sai (F +1) + yaoi! ae ey a 


Multiplying both sides by 2 ( — 1), we get 
2(0-)ly.g2=2" (1+ gers ae (m—1) In — 2, n-l> 


which is the required reduction formula. 


Problem 4: Ifo (n) =(o7 de y prove that (2n + 1) (n) = 2x" V(x-1) + 2n0(n-1). 


V(x 


Deere _f* wy, _y-1/2 
Solution: We have 6 (7) =[oa- Ja-D aly —de= f° x (x-1) dx 

Sh at (x-1/2]* ‘ Xgl (x —1)!/2 ie 

1/2 |, 40 1/2 


—1/2 


integrating by parts taking (x — 1) as the 2nd function 


#g@l y=) 


= 2x" V(x—1)—2n 0 vV(x-1) . 

_ , wa-l 
= n a # " * ae 
= 2x" V(x-1)-2n ieee ae | Toop Ix 


= 2x" V(x —1) —2no (n) + 2nd (n -1). 
Transposing the middle term to the left, we get 


(2n +1) o(n) =2x "(x —1)!/2 + 2no(n-1). 


Problem5: If I, denotes | dx,where nis a positive integer = 2 , prove that 


(a? + ay 
2n=3 ; a 1 
I, = —5———_ [,_1._ Hence or otherwise evaluate |_| —,——,— dx. 
22-1" Jo rey 
Solution: Proceed as in article 2. 
1 ; j ce 
Let I, = fo @ @ ae yi dx , where n is a +ive integer > 2. 


co 


1 
——— | 
0 (a2 5: PS aa 


To form a reduction formula for J, , we shall integrate by parts J 


taking 1 as the 2nd function. Thus 


9 1 2 Bs co h(n 1) 
-ldx x -2 dv 
le (a2 4 vy! _ 4 S51}, i (a* try" 


or Li= Ee lim 0] 20-0 feat 
y ( 


Reduction Formulae Continued ——— 
ooo 1-67 LN 


lim yy =O if n22 
om x9 00 (a2 tary ; 


co de 2 
DJo (a2 + x27! he (a2 re. 


“Iii ly =2in=le Ty: 


Reha L= 2a) b,4 


2n-3 
or a? er n-1> (1) 
2a” (n-1) 
is the reduction formula for J), . 


Now putting m = 4 in (1), we get 


2a?.3 6a" 2a. 
putting n=3 in (1) to get J3 in terms of Ig 


5 1 1 1[,-1¥% 
= : = dx = [ 

Bat 2Qa~ 1 16a J O (+37) 16a a alo 
2 ea oda i= 2 ee, 

J léa’ 2 32a’ 


Aliter: LetI = i 
0 (a 4+ 2s oF 


Put x =a tanO, so that dv =a sec 2 9d0. The limits for @ are from 0 to x [2 


2, 2 
T= a 7 _ Z asec ? 0do=— uy cos® 6 d0 
O (aX sec ~ 6) 
ee , by Walli’s formula 
a 642 2 
_ 51 
32a’ 


2 
Problem 6: If Ij, = i “en \(2ax - x*) de, prove that 
2” m!.(m+2)!I_n =a ™*2 (Qm4 1)! 0 


2 
Hence or otherwise evaluate J “3 V (2ax - 2 ) dx. 
0 (Bundelkhand 2007, 10) 
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Solution: Proceeding as in article 3 and taking limits from 0 to 2a , we get 


2a 
x™-l Qar- 2p? , 2m+lja 


Ty = Iya 
m eee mae m-l 
0) 
2m+ la 2m+ la 
or In =0 + | a In -1- (1) 
m+ 2 m+ 2 
2m+l)a (2m-l)a 
ie? ) Bc ) Im —2 > 
m+2 m+ 1 


replacing m by m— lin (1) to get I, 1 in terms of Ij, —9 
_Qm+1)a (2m-l)a_ (2m—-3)a 
m+2 m+1 m 


Ij, —3 ,and so on. 


Thus applying the reduction formula (1) successively, we have finally 
(2m+I1)a (Q2m—l)a (Q2m—-3)a Sa 3a 
m+2 m+1 m “4 3 


In = 


where Ip = fo Py (2ax - Py dem fo" Vx VQa~ ade. 


Put x =2a sin? 6 , so that dv = 4a sin ® cos 8 d6, and the new limits are from 6 =0 to 
0=n/2. 
n/2 . ; 
Io =|, V (2a) sin ®. (2a) cos @. 4a sin ® cos 6 dO 


3 73 
= 8a? f sin 0 cos* 6 d@= 8a 2 2 
oT3 
1 1 
a ee 
= 82 2 og hae 
21 2 
7, 24" (2m+ 1) (2m=1) (Qm=3)...53 na? 
(m+ 2)(m+1)m...43 2 
nal” +2 
=) | -(2m + 1) (2m—1) (2m-3)...53. 
m+ } 


Multiplying the numerator and the denominator by 2m .(2m — 2) ...4 2, we get 
_nma™ ie (2m + 1) 2m (2m —1) (Qm—2)...5.4.3.2.1 


(m+ 2)! 2m.(2m—2)...4.2 
_ nal” +2 ; (2m+ 1)! wal +2 .(2m+1)! 
(m+ 2)! 2” [m.(m—-1)...2.1] 2” .(m)!. (m+ 2)! 
or 2” (m)'!(m+ 2)! Ty = a™ (2m+1)!n. Proved. 


2 2 
Now let I=[oe V(Qax— 2 )dv= foes 1? (2a — x) de 


Reduction Formulae Continued ———- 
1-69 | 
2 
2 f “1/2 (2a — x) de. 
0) 
Putx = 2a sin2 6 ,so that dv = 4a sin 9 cos 0 dO ,and the new limits are® = Oto 0= 1/2. 
/2 
T= i; (2a) sin’ @.cos 6 Aa sin cos 6 d0 
| 
e 2 : 2 7x 
T6 8 


/2 
=64@ J . sin® @ cos? 6 d0=64 a> 
0) 
Problem 7: If I, = J v"(a—x)/? de , prove that 


= n 3/2 
Gn+ 3)lq=2an ly 1-28" (ax) (Bundelkhand 2011) 


Hence evaluate i a Vax - e ) dx. 


Solution: We have I, =| x" (a- y/2 dx 


=x" { 5 (a xp/2 3 J m1 2 a= 9 de, 


)! /2 


integrating by parts taking (a — x as the 2nd function 


ots al ip xy + 2 nf tl ax) (a= 2)? de (Note) 
3 3 
=-"(a- xp/2 4 + Ena fs xt 1 (q—x)/2 dx 
-Fnf t@-x)? dx] 


xy /2 


2 
=-Lx"(a- er | _) -—nl,. 
( 3 n—-l 3 n 


Transposing the last term to the left, we get 
2 2 2 3/2 
(1+ SLL aae Gee ud (a — x) / 


or (2n + 3) I, =2na I, | —2 x" (a-xy/? Proved 
n ao /2 
an ie 2na I,- 2x" (a— x) (1) 
(2n + 3) (2n + 3) 


Taking limits x =0 to x =a in (1), we have 


[, x” (a — x)/? ax 


0) 
a 
2na Yl gx)? a&e- CF il iets a 
~ (n+ 3) 40 (2n+3) |p 
2na a pale a-—x)/2 dx—0. (2) 


~ Qn+ 3) 40 


—— Kaiskew's Integral Calculus 
A 1-70 | 
To evaluate [2 V(ax - ?) dx, 
we have fg Mae 2 de =f Pt? Va = x) de 
) 
2a. = a 
={ 5 !2 (q— xh? ay aaa 2 22 (axl? a 
9 s +3 


ch the reduction formula (2) by taking n =5/2 


34 | as re 2/2 (a — x)!!? ae 
- 2. = +3 
again applying (2) by taking n=3/2 
_ 5a a w/2 (4 x)/2 dx 
8 : 0 


Now put x=a sine 6, s0 that dv = 2a sin® cos 0 d0, and the new limits are 0 =0 to 
6=n/2. 


2 2 
ie e V(ar= 22) r= Ef a/2 sind. al/2 cos 8 2a sin 8 cos 6 dO 


0 
5a2 278/29 2 
aS 24 J sin” 6 cos~ 6 d@ 
16 0 
Sat ey 
a2" w= 2s [By Gamma function] 
8 273 
1 1 
Sat ua ks 5S nat 
8 2 2d 128 


Problem 8: If uy, = J x (a2 ~2)/2 a, prove that 
wl _ 2 p/2 n—-\| 


2 
Uy = + a U,_2. 
n+2 n+2 


Hence evaluate Jo ra (a2 - a ) dx. 


Solution: We have ty, =| x" (a2 - +) [2 ay 
gia 2 /2 
=-3J* (az — 2)? (2x) de 
Il eed Xx PPP] 4 1) fx? (2-7 p? dx, 


integrating by parts taking (a2 _ y /2 (—2 x) as the second function 


Reduction Formulae Continued 


(+71 


-a8 yen (a2 - rps (n= 1) fx"? @ — PIP ? — x?) x 
(Note) 
yin (a - vp 4 Seater te ne 
Transposing the last term to the left, we have 
d+ i m-pme-l 2-2 Pesan w_ 
3 3 3 
Pe 292 4-1 
or Uy = + aly. vol) 
(n+ 2) n+2 
Taking limits x =0 to x =a in (1), we have Hnnved 


Jo ve - 2? ae 


= 7 (a2 ail a“ (n —1) a2 
0) 


a4 n-2 2 2 
(n + 2) (n +2) Io PONE 2) 


=0+2 Oto 2 2/2 ay, 


n+ 2! 0 
Putting 7 = 4 in (2), we have 


[a =P deat? [2 (a2 — 2} /2 ay 
0 4+2 0 


of 212 | i e-2 y/2 
6 24+2 


en 


again applying (2) by taking 1 = 2 
J at E xV(a2 ?)+ ; a sin! 


a 
x 
al 


co | 

Problem 9: Show that iP ey" dy= a , where a is a positive quantity and n is a 
nN = 

a 


positive integer. 


Solution: Integrating by parts regarding e~ “ as the 2nd function, we get 


[oe v dyal| ee J “at lt e a dx 
0 -a 6 0 -a 


=047 [Ve ~ ae nl gy 


| a3 — xe & =0 , as shown in Example d 
0) 


Kaiskea's Integral Calculus 


A272) 


Th °° aX a ee oo ax as al 
us - Cor x el e x (1) 


Now by the repeated application of the reduction formula (1), we have ultimately 


Problem 10: Evaluate [ (log x) x” dy, 


1 
Solution: Let Iyy, y= Jo x" (log x)" dv ,where nis an integer> 0 . Then proceeding as 


in Example 4, we have 


jo a er ee al 
m,n (n+1) m,n—-1 ( ) 


Putting m = 4 in (1), we get 


1 = 1 ae 
In,4 = i (log x) x” dv = zs = I x” (log x) 1 te 
4 
= Tin, 3°: 
m+1 


Now by repeated application of (1), we have 


-4 -3 -2 yn 
I = . (log x 
Gs [=] (= (aie 8 Pa 
_{ -4 ). 3). 2 1 (= dx 
mt+1 mt+l1 mt+Il)\m+1)J0 


1 
24 lim 24 gmt 24 
~ 4 J sila q = 5 
(m+ 1)* 20 (m+ 1) m+ 1 go (mt) 


1 
Problem 11: If m and n are positive integers, and f (m,n) = he yo (log x)" dx , prove 


that f (m,n)=—(m/n) f (m—1,n). Deduce that f (m,n) =(-1)". m\/n™ * i 


n-1 


Solution: Integrating by parts regarding x as the 2nd function, we have 


1 
n 1 
Fon aye og x)". x a _m (log xy" 1 aL x” dy 
nN 0 nN Xx 
1 
=0 | x"-1 (og xy" —1 a, 


lim_ xv"(log x)” =0, as shown Example 4 
x30 


Reduction Formulae Continued << 
1-75 |My 


or f (m,n)=—-(m/n) f (m-1,n) it 1) 


Proved 


=:( 1° (“) (2) Fm 2, n), applying (1) 


n n 

=(-1) (“") (* - ‘) (* -*) f (m-3,n), again applying (1) 
n n n 

3 m(m-—1)(m-2) 
3 


=(-1) f (m-3,n). 


nN 


Proceeding similarly by successive application of (1), ultimately we have 


m m(m—1)(m—-2)...2 1 


m,n)=(-l 0,7). 
f (m,n) =(-1) f( 
yn" 
L =) 0 1 n-l x") 4 
But f (0, n) =| x" ~* (log x) dx= | x des| | =o. 
0 0 Ce 
f(m n) = ( 1” m! . 1 _ ( ve m! . 
: Wh on ntl 
Problem 12: Evaluate J —" 
0 (+e*) 
Solution: We have 
a oe eT ae 
0 (+e% Oe *%Ud+e7%) 
=|, 2 ee (Note) 
On expanding (1+ e~ * yt by binomial theorem, we have 
neg Hy gr 2x _,-3xu, 4x 
I= Jy xe [l-e *+e am 2g 34 de 
=|, ele Bag Ph gost og 42S | a (1) 
os nx |” .co,-nx -nx]~ 
Also J xe BX gyal} é de= OE 5 _ = 
0 n |o O on -m |g 
..(2) 
Now applying (2) to each term of the R.H.S. of (1), we get 
T=1 ! + : : + : oo = m from trigonometry 
ar ee es . 
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(iiints to Objective Type Questions 


Multiple Choice Questions 


See Example 2. 

See Example 3. 

See Problem 5 of Comprehensive Problems 1. 
See Problem 7 of Comprehensive Problems 1. 
See Problem 10 of Comprehensive Problems 1. 
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Chapter-4 


Beta and Gamma Functions 


Comprehensive Problems 1 


Problem 1(i): Prove that is aa = 2 


nioy an 


Solution: In the given integral put x" =a" sin? 6 
Leé., 


Also when x =0 ,6=0 eS aes n/2. 


n_ sin (n/n) 


(Kanpur 2010) 


x =asin?/” @ d@ so that dv = (2a/n) sin?/” —! @ cos 0 d0. 


t/2sin2/ -1 9 cos 0 dO 


eo ak 


Eye 


- bays Q cos! > 2/”) ede="! 
n JO 2T1 
=o rerii “)=o z : ~ T(m)ld-ny= a 
non n) n sin(t/n) sin 1% 
2 
Problem 1(ii): Prove that | (8- ° Bax = 20 : 
0 33 (Kumaun 2008) 
2 2 
Solution: Let I = il, (8-7) 18 d= I, x2 (8-9 RB? dk 


Put ° =8y so that 3x7 dv =8 dy. 


When x=0, y =0 and when x=2, y=L 


af" 287g 9.18 8 
T=] 89)? 8-8y) 9 ody 


1 98-223 o 13 8 ipl. : 
ai, g28 y28. glBq_ yy eS dy = 2 i 213 yy IB dy 
lel ap) (23) - 1,(12 
= = Pees sy apes 
ail es) a (; 31 


cE 


1 
3 


GQ) tQrb-s) ye ea. 
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A 76) 


yt 1 (1 = x)! -1 ae T(m) T(n) 


Problem 2: Show that (ee Geta F say" Time 


Solution: Proceed exactly as in Example 4. Here we have b = 1. 


pri a 
oy 2 


Problem 3: Show that ie ° sin? 6 cos 10 d0= ; B( 


Deduce that i. 2 8- gy ie d= B (3-3): 


p> lL qg>=1. 


Solution: We have 


/2 /2 
i. sin’ @ cos 4 6 d@ = Ie sin’! 9 cost! @ sin @ cos 6 de (Note) 


1 
/2 54-) 
= ii sin’! 9 (1 - sin? 0)2 sin 8 cos 6 40. 


Put sin? @ = x so that 2 sin @ cos 0 d@ = dr. 


Also when @=0 , x =0 and when 0= > T,x=1. 


i 
. The given integral = i. PVA. (l- xt 21 dx 


2 
aie P+ D2—-1 gq _ yylatD2b-1 gy 
7 (2 1), el) 
2 2 2 


where > >Oie., p>- Land 1" >Oie,g>-l. 


2 
Second part: Wehave I = il, x (8 IB y= { 2 (8 13? dx. (Note) 


Put -° =8 sin? @so that 3:2 dv =16sin@ cos 6 d0. 


Also when x =0 ,6=0 eee Ts 


i= (is (8 sin? ey (8 - 8 sin’ 0)” 13 1° sin @ cos 0.40 


/2 
=|. 4sin? 9. | coe"? 2 9-1 awe cogo.ab 
0 2° 3 


/2 
_ 32 i sin’? @ cos! 6 do 
3 40 
Wi 1 
32 1, ry a [From (Dj here p=2,4==| 
35 2, a eae a : 


Beta and Gamma Functions er 
1-77 |W 
Problem 4: Show that B (m,n) = B (m + I, n) + B (m,n + 1), for m>0, n>0. 
(Kanpur 2005; Gorakhpur 05; Bundelkhand 11; Avadh 06, 11, 14) 
T (m) T (n) 
(m+n) — 
T (m+1)T (1) 
T (m+l+n) 
T (m)T (n+1) 


and B (m, n+ |) = ————*———*. 
T (m+n+1) 


Solution: We know that B (m,n) = 


B(m+1,n)= 


Adding, we get B (m+ 1,n)+ B(m,n+1) 
—T(mt+))T (n)t+T (mT (n4+1) _ mT (m)T (n)+T (m).nT (n) 
T (m+n+l) (m+n) T (m+n) 
— (m+n)T (m)T (n) _ T (m)T (n) _ 
(m+n)T (m+n) T (m+n) 


B (m,n), 


provided m > 0 andn > 0. 


Problem 5(i): Prove that J Wea a ws 
0 ql 
Solution: Let I = Joo" wo! ay 


Put av = y so that a dv = dy. When x =0,y =0 and when x> ~, y > &. 
1 


i= 
Sy At een 7 
l= J Ba -_ dy = — y yn-l d 
fi ‘ (2) a 4 a’ (0) . J J 
Z a I'(n), by the definition of Gamma function. 
a 


l n—-1 
Problem 5(ii): Prove that lg & ~) dx =T (n). 
x 
(Kumaun 2000, 07; Garhwal 2000) 
it ] n—-1l 
Solution: Let I= J (ioe ‘) dx. 
0 a. 
Put log (1/x) = yp ie.,1/x=e J ie, x=e / so that dvr=-—e J dy . 
Also when x > 0, y— cc and when v=1, y=0. [Note that log o = «| 


0 co 
P=-f yl e J a=, ee y""ldy=T(n). 


co 22 
Problem 6: Show that, ifm>-—1, then I xe" ¥ aya u Tr (S -}; 


= dy * 1 p) 
(Kumaun 2009) 


oo 22 co ee) 
Solution: Let =) ye dxf, yt Wyre x yay 


Put n? x? = t, so that 20? x dr = dt. Also x=t!” /n. 
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A 78 | 


When x =0,t =0 and when x > ~, t> ~. 


1p m-—1 1 1 
rt -t _ oo —t ,(m-l)/p 
a OO hb a ne E dt 
Jo & ] Qu on™ lie i, 


aytt 1 (0) aytl By) 


by definition of Gamma function, provided m+1>0 ie., m>—-l. 


l p 
Problem 7: Prove that ie x” (l-x") dv= IR (= _ pt 1) 


n n (Lucknow 2010) 


P 
Solution: Let [= ie (l-x") dx. 


Put xv" = yorx= yl. 


Then dx = 1 am —ldy. 
n 
When x =0, y =0 and when x=1, y=1. 


ag ras 
I= liny m Pp. y(l/n) 
f, 9 jy n” 


‘dy 
_ 25 y (m/n) + (1/n) - lq _ yyPt Dee lay 


1 J time in—Va yfP*9-' dy = 1 B( BAL psi} 
nl 


nN 


2 
Pro 1 T (1/1 | 
blem 8: Prove that | ( eye 1 1 [ ( /n) 


n2T (2/n) 
Solution: Let I= foa- vy" dy. 
Put v= yorx= yl” 
Then dx =(1/n) yl lay, 
When x =0, y = ar ae: yeHl. 
{= i,@ yy. 1 ~ yl Nay 


let Qm-1q_ ,fdm+0-14 
1 (ly) y 


=13(-, 1 a arte eeeareen 
n T {(2/n)+ 


nN nn 


_1 Td /n).(i/n) 0 (/n) _ 1 (0 /nyy? 
n (2/n).T (2/n) n2T (2/n)- 
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PHOIEWO! Show that T (0.1) T (0.2)T (0.3)..7 (0.9) = 22 
roblem 9: how that T (0.1) T (0.2) T (0.3)... (0.9) = , 
(0.1) T 0.2) ( (0.9) AO 
Solution: Proceed as in Example 14. Put n =10. 
m/2 . n/2 doe 
Problem 10: Show that J \ (sin ®)d0 x J = Te, 
0 0 \(sin®) 


(Garhwal 2002; Lucknow 09) 


/2 /2 
Solution: The given integral = i sin!” @d0 x ii sin!” @ do 


ee /2 
= = fo sin n |? 9 cos? 6 do x i sin!” @ cos? 6 do (Note) 


rfi(-st pr porn rfe(srytr Gorn 
: ar{-(-5+0+2}h : ar {r(5+o+2}h 
De) 6) ehse 
- ar (=) ° ar (2) “aetr fl) 
Problem 11: Show that (ie me ae ree 
r 


(Garhwal 2001, 03; Lucknow 06, 11) 


Solution: In the first integral put x =sin® so that 2rdv=cos@d@ and the 


corresponding limits for @ are 0 to 1/2. 


I 
j. eS =(12 2x dx 
0) ce 4 ya 0 (1 
a ae (sin ®).cos 0d _ LPNs 9) d6 
"9 cos 8 2 


= fa sin!/? @ .cos 6 de 
yl 2 (1 - sin? 9)? 


Again, in 2nd integral put x° = tan@ so that 2x dr = sec? 6 d0 


and the corresponding limits for @ are 0 to 1/4. 


{. dx _1 84 sec*@d0 _ 1 ¢a4 d0 
Od4+x4)/2 240 V(tan@)sec@ 240 (sin @ cos 6) 
1 tA do 1 pt | 


= = d 
V24J0 V(sin20) 2V240 (sino) » 


where 20 = . 
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ol +80) 
Hence the given integral becomes 


i. xv dx xf dx 
0g) ( WZ 


1+ x4 


/2 /2 

=), (sin @) do x —— Ie a 

2 *D (sin oe 

1 m/2 1, n/2 dQ l 

ai V (sin @) d@ x 7 “Tl. 

4V2 i, sie I V(sin6) 42 

[As proved in problem 10; prove it here. | 
Problem 12: Show that (5 \r ( )- | \V(tan0)d0 = 4] dr = nv2. 
0 1424 


(Lucknow 2008, 11) 
¥ de =a ex Xx 
1+ x4 014 x4 


Solution: Let J= af 


Put =tan®@ so that 2xdv=sec2@d0. Also when x=0,0=0 and when 
X30 ,05 7/2. 
n/2 V (tan 8). 5 see? @ a 


Then T=4 =2 V (tan 6) d@ atl) 
Jo (+ tan? 6) i P 
1,1 1 1 
Peery ee Fly 
=2 f°" sin! @ cos! @.d0 =2 22 To 7 2 
: 1V EC =222) 
oes | 
rer 
a a a -r()r(3} (2) 
2T1 4 4 
1 1 T T 
=T Ty 1 = a DP Td-n)= 
& ( 7 dela ae sin n -| 
4 
T = nV2. (3) 
~ 1/2 


From (1), (2) and (3), the required result follows. 


Problem 13: Show that the perimeter of a loop of the curve r" = a" cos nO is 
4 o(im)—1 (0/20)P 
n T (1/n) 
Solution: The given curve is 
r” =a" cos no. (1) 


The curve (1) is symmetrical about the initial line. We have r = 0 when cos 16 = 0 i.e., 
when n0=-2/2, 2/2 or 9=-n/2n , 1/2n. Therefore one loop of the curve lies 
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between the lines 6 = —1/2n and 6 = n/2n. This loop is symmetrical about the initial 
line and for the portion of this loop lying above the initial line @ varies from 0 to m /2n. 
Taking log of both sides of (1), we have 


nlogr = nloga+ log cosn6. 


Differentiating w.r.t 8, we get 


n dr 
=O+ 
r d0 cos nO 


2 
a |" + (<) | 7 V(r? +r? tan? n®) = rsecn® 


(—nsin n8) or o =-rtannd. 


d0 
or ds = rsecn0d9 = acos!!" n6 sec nO dO = a (cosn6)"/ ~ 140, 
. The perimeter of a loop of the curve (1) 
n/2n 
=2 et) -lag 
im a(cosn0) 


/2 
=2a in (cos t)!/ a aad putting 10 = ¢ so that n d@ = dt 
n 


1 
T (1/2n)P (5) 
a acer t)l/n) loin? ¢ dt = 2a 2 
ns Nor {2m nT 
_a Vn.(P(1/2n)P 4 ae [Pr (1/2n)f 
n l, on Vn 
TF (1/2n)T {(/2n) +5} saat (1m) 


n r(l/n) 


l : 
Solution: LetI = [, Tow 
(l-x") 


Put x* =sin20 Le e= sin!/26 so that dv = sein! 0 cos 6 dé. 


When x =0,90=0 and when x =1,0= 1/2. 


7) len Wg cos@ dé 
fal" 2 = 


/2 
: J i sin 6 cos? 6 d0 


0 cos@ 240 
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4g FO FOL (yf. 


4 ni(sin <r) 4° nN2  8Vn 


/2 
Problem 15: Show that ihe sin’ 6 d0 = ; B (5 et. 


Solution: We have 


2, 2. 
i sin? odo = [*' sin? @ cos? 6 d0 
0 0 


EG) se Bee fee 


ar (22) ae ee 2° 2 
2 
Aliter: Put sin? @= yor sind = y!? 
Then cos@ d0 = soy 
-1/2 
or ee Je ae py? yay. 


2 (1-sin? 6) 2 
When 6=0, y =0 and when @= 1/2, y =1. 


1 1 21. lel w-ne -1/2 
fS[ 9" 20-97 Ppa, d 
[gee Ore =| a Ogee 


lel (p+IA}-1 (1/2) 1 
aa _ d 
ar By (l- y) y 


-4p (ett 1).1 5/1 2+), 
a ee) 2° le 


Problem 16: Show that 


2 2 
° era ipa, (OP) a) [xe si = 
(i) I xe cosBx dv = (+ pey (ii) J, xe sinBy dy = ——__. 
Solution: We have 


i xe cosBy dv + if, xe sinBx dr 


7 J 87 (cosBr + isinBx)dx = ie xe %eiBe dy 
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Md v7! ay 
0 0 


ro; . ft . (a + ip _ (0? -B7) +2 ioB 
(a-iB)?  (a-iB)*  [(a-iB)(a+iB)]? (aw +B)? 
__@ -B 4 PE 
(a2 +87)? (a 46°)" 


Equating real and imaginary parts in (1), we get 


re a. 

J xe ™ cosBr dr = ne ae 

(0° +B°Y 

and J * ve" sin Br i= 2), 


Problem 17: Prove that J = cos (5 nx?) av=, 


Solution: We have I = J . cos ( nx?) dx =2 J, cos ( nx?) dx. 


Put 5 me? =tie,x=V(2/n)t'”, 50 that dr = ; V(2/m) oat. 


re2-5-4(2) [oe 1? cos t dt =V(2) Jet? cos t dt 
2 T 0 T 0 


: 2 6 O17: 3 =j ina 
= real part in VJ — J p2e-it de [-- e7 = cos t—isint] 


= real part in V 


= real part in V 


( l dul )" 
cos— 1+ isin— 7 
2 2 


Hl -12 
= real part in V2. (cos; T+ a) x 


= real part in V2(cos, T isind }=\2.cos =V2. Li 
4 4 4 v2 


Tt m! 


g4m-l° (Rohilkhand 2005) 


Problem 18: Prove that B (m, m). B Ga 7 m+ 5] 7 


Solution: We have 
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A+) 


Bim, m). B Ge | ons > 
2 2 


Tr (m+ 5) r (m+ A 
_ T(m).T (m) ») y) ee T (m)T (n) 
T(m+m) p [m+ er 7 , T (m+n) 
2 2 


(ea ee, 


T (2m).T (Qm+1) VT (2m).2mT (2m)’ 


2 
1 
T (m)T [m+ =| 2 
2)| 21 | vn (Note) 
2m T (2m) 2m |g2m-1 


[<P (p+ l= pl (p)] 


T (m)T (m+ } Fi 
‘: By Duplication formula, (article 11), = cP eel 


_1l 8 _ xm! 
am g4m—2 o4m—1" 


y n-1 
Problem 19: Prove that Neg sin"! x dv awe -B (5 : 4) a>b. 
(a+bcos x)" (a -by? 22 
(Kumaun 2008) 
nv-l 4 
Solution: Let J = ie dx 


(a+ bcos x)" 
(2 dn gel 
2 2 


1 
= dx 
Jo [a (cos? 5 x+ sin? 5 x)+b (cos? t x—sin’ iH x)|" 


ta I 


° (a+ b) cos? — x + (a—b) sin? ; ral 


Ih 


2"! (sin 


gee) (tant xy} see? | uae 
2 2 


[(a +b) + (a— b) tare 5a" 


dividing the Nr. and Dr. by (cos? ; x)" ie., (cos ; xy” 


1 a 1 
(tan 5 x)" 2 tan — x sec 2 — x dx 


n-1 2 2 
=e i; a 
[(a+ b)+ (a—b)tan® — 
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21 


Put (a — b) tan 5 eee) eee 


21 


1 1 
a—b).(2 tan— x sec x): 
( ).( 5 5 ) 


dx =(a+b)dy. 


When x=0, y=0 and whenx> 2, yoo. 


Ie aa i (a+b) y/(a-b)\"-)? ath | 
[(a+b)+ (a+b) y]" a-b 
aaa (a+b) (n-2)/2 (a+b) oo d 
(a+ by’ (a—b)"-*)? (a@—b) (+ yy" 
_ gn-1 iy MP) -l 
(a+b) ple by? a a y) ) (n/2) + (n/2) io 


opel non 
a, B c . 
(a _ I yw a | 
(stints to Objective Type Questions 


Multiple Choice Questions 


1. See article 7. 
2. We have J Ment x2 dy = J ent yl2-1] wap (5) =n. 
0 0 2 


3. See article 10 , part (i). 
4. Ifa>0Oandn>0, then (< yt! gy — EM), 


n 


a 
1 1 ; 
5. We have| (x) dre | olga a= 86,4)~ 20) m4) _ 1 
0 0 T(5+4) 280 
“a (2 )r() r(2)r5) 
6. We have | sin’ x cos? x dv= 2 2 )_ 2 2)_ 1 , 
0 ar (442**) QT (4) 39 
2 


7. See article 3 and article 7. 
l ie l m—1| 
8. Letl=] x” * | log — Ix. 
e lie x f og =} C 


Put log(1/x)= yie., 1/x=e” ie,x=e 7 so that dv=—e ~ dy. 
Also when x0, y > c and when x =1, y =0. [ Note that log o = «| 


A 36 | 
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ee Se Sane. = 
I=-f ( ayn Lg l,-y a=, (e oye Pet gt ly 


=["e-” yp"! a= Im provided m>Oandn>0. 
0 nl” 


[ See article 6 part (i)] 
See Problem 12 of Comprehensive Problems 1. 
See Example 12 (iii). 
See article 2. 
See article 9. 
See Problem 5(ii) of Comprehensive Problems 1. 
See Example 14. 
See article 3. 
See article 9. 
See article 4. 


werner Jr)or)()ete fe rmetene at 
3 


ue 
V3 
If nis a positive integer, then I'(7) = (1-1) !. See article 5. 
If0 <n<1, then I'(n) P(1—n) = — ds 
sinnt 


See article 7, corollary. 


a) 
ie e* dv= = . See article 8, important deduction. 


For m>0O, Tm) T] m+ Ee Vn -T(2m). See article 11. 
y) g2m -l 


See Problem 5(i) of Comprehensive Problems 1. 


Wehaver(5\r(3J=r(3)r (1 5) Rw, 
3 3 3 3) sinn/3 V3 


See article 7 corollary. 


See Example 2. 

See article 7, Corollary. 

See article 8, Important Deduction. 
See article 13, Deductions (i). 

See article 13, Deduction (ii). 

See Example 8 (iii). 

See Example 11. 
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ee Goes 


oe! 
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Fill in the Blanks 
See article 1, definition of Beta function. 
See article 4, definition of Gamma function. 
See article 7. 
We have Bim+1,n) _ T(m+1)T(n) , T(m) T(1) 
Bim, n) T(m+l+n)  T(m+n) 
mV(m)T(n) T(mtn) 
(m+n)T (m+n) T(m) T(n) 


m 


[e T(nt+1l) =nT(n)} 


m+n 


See Example 6. 
See article 5 
See article 8. 


See article 9. 


True or False 


We have |e dx = [ee layer (3) = ; T (; } = Vn. 


See Example 8, part (iii). 


o8(1-x°) 


6 
dx =0. See Example 8, part (i). 
0 (+ x/4 


We have i 


See article 3. 


m-1 eal 


We have [- —* —__ dv = B(m,n) and [~ dx = B (m,n). 
e have I d+ ay (m,n) an J, den (m, 1) 
8 n-1 se m-1 
We have B (m,n) = J —_* __ dy and B(m, n)= J aa ee 
0) (1+ 7 ee 0 (1+ gyre 


We have ['(6) = T(5 + 1) =5!=120. 
We have B (m,n) = Te) Ey 
T(m+ 1) 


We have [roa = = See article 8, Important deduction. 


See Problem 4, of Comprehensive Problems 1. 
ojee) 


Chapter-5 


Dirichlet’s and Liouville’s Integrals 


Comprehensive Problems 1 


Problem 1: Show that the integral nil x!~lym-1,"-1 dy dy dz integrated over the region 
in the first octant below the surface (x/a)” + ( y/b)4 + (z/c)” =lis 
alb™ _T/ py (m/q) TU (n/r) | 


por = VT (l/p+m/q+n/r+1) (Garhwal 2002; Avadh 11) 
Or 


Evaluate the integral ni) xl es “Tyne l ay dy dz,where x, y, z are all positive but limited 


by the condition (x /a)? + (y/by! + (z/cy <1. 
Solution: The required integral = an xo lym 2" ay dy dz,where the integral is 


extended to all positive values of the variables x, y and z subject to the condition 
(x/a)? + ( y/byl + (z/cyY <1. 


Put (x/a)? =uie., x= au'!? so that dv = (a/p) yp) -1 du, 
(y/by! =v ie., y =bv' s0 that dy = (b/q) v “9! av, 
and (z/cY =wie.z=cw!” so that dz =(c/r) wl) ~! dw. 


Then the required integral 
~ SJ (al~ 1 fl Wey gal yi Day gt 1 ya Diry 4 lip)-1 
P 
ee pliM-1 6 I=" ay dy dw 
q r 
a p™ ch (ip) -1 (lq) —1 — 
ee POE pl D1 YT du dv dw , 
par 


where u+v+w<l 
_ al bc" VP (1/p)U (m/q)¥ (n/r) 
por = (l/p+ m/q+n/r +1) 
Problem 2: Show that if 1, m, n are all positive 
ii gin} ym-1 20-1 ay dy dz = a! bo (1/2) T (m/2) 0 (a /2)_ 
8 T (1/2 + m/2 + n/2 +1) 
where the triple integral is taken throughout the part of the ellipsoid 
(7 /a*) + ( y /b*) + (2? /c”) =1, which lies in the positive octant. 


, by Dirichlet’s integral. 
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Solution: The required integral = ai xl ym lanl ay dy dz, 


where the integral is extended to all positive values of the variables x, y, z subject to the 


condition 
e/a + yr /b 4272/2 <1, 
Put e/a =uie., x= au! so that dx = v au *!2 dy ; 
x /b? =v ie., Y = bv! so that dy = a TP ae, 
and 22 lee = ie.,Z = ow!/2 so that dz = i cw! 2 dy, 


Then the required integral 
=f JJ gin? yl -Y/2 pmol pon /2 chal wot 1/2 ; 


sae uo po V2 wl ay dv dw 


lym on 
_a Be @ iy ybl/2)- 1 (m/2)-1 0/2) -1 ay dp dw, 
8 
where u+ v+w<l 
_ al b™ c" (1/2) T (m/2)T (n/2) 


, by Dirichlet’s integral. 
8 T (1/2 + m/2 + n/2 +1) 


Problem 3: Prove that the area in the positive quadrant between the curve x" + y" =a" and 


2 
the coordinate axes is @ (r(/n)P | 
2nT (2/n) (Kanpur 2009) 


Solution: Given curve x" + y" =a" (1) 


\n n 
or (2) + (2} =] 
a a 


The area of positive quadrant between the curve x” + _y” = a” and the co-ordinate axes 
is 


I= | J dvdy 
x n n 
put (2) =u, (2) =y or x= aul!” je avi!" 
a a 
wT ay) 
dx = Syn Wis dy = dv 


n 
Then the required integral i : 
1 


e— Jj * un fon andr ff yn a " adie. 


where u, v take all +ive values subject to the condition u+ v<1 
_@ T(1/n)F (1/n) 


z , 
ue r(= +241) 
nN Nn 


by Dirichlet’s theorem 
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_@ (Tam? _@ (ram? 


we “r(=) 2n r(=} 
n \n n 


2 
Problem 4(i): Evaluate I) dx dy dz , where 5 + 7 + = ay a pan 
i umaun 


Solution: Here we are to evaluate the given integral over the whole volume of the 
ellipsoid ¥ fa + yp /b? + 2 /c? =\which is symmetrical in all the eight octants. 
Obviously the required integral = 8 ai) dx dy dz, 

where the integral is to be evaluated throughout the volume of the ellipsoid which lies in 
the positive octant. 


Let I = nal dx dy dz, where the integral is extended to all positive values of the 


variables x, y, z subject to the condition 
¥/a + aha +27 fe? <1. 


Put e/a =uUie.,Xx= au! so that dx = ; au dy ‘ 

yp /WP =vie, y= bv'? so that dy = ; bv? dy, 
and 22/2 =y ié.,z2= cw!/2 so that dz = Z cw 2 dy. 
Then I = - abe ua? p42 wo "2 du dv dw 


=f = = abe ut/2)—1 yA/2)— 1 wyA/2)—1 ay dy dw, 
where u+ v+w<l 


1 1 1 
Pe) EP) 
abe 2 2 2 [ By Dirichlet’s integral ] 
ae ae eau 
T(ie+—+—+4+]) 
2 2 2 


8 ry 5 ) 8 a1 Age 6 
2 2 
Hence the required integral =8 - 2 me ae m abe 


Problem 4(ii): Find the volume in the positive octant of the ellipsoid 
r/a+ ale +27 /c? =1. 


Solution: Proceed as in problem 4 part (iii). The answer is n abc/6. 


Problem 4(iii): Find the volume of the ellipsoid (x2 /a )+ ( yp /? + (2? /c*) =I 

(Kumaun 2015) 
Solution: The given ellipsoid is symmetrical in all the eight octants. Therefore the 
volume of the given ellipsoid = 8 x the volume of the part of the ellipsoid lying in the 
positive octant. 
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Now the volume of a small element situated at any point (x, y,z) = dx dy dz. 
The volume of the given ellipsoid = 8 nal dx dy dz, 


where the integral is extended to all positive values of the variables x, y, z subject to the 
condition 

¥/a + yl? + 27/7 <1. 
Now to evaluate this integral proceed as in Problem 4 part (i). 


Hence the required volume = 8- nae = ; mabe . 


Problem 5: Evaluate JJ Jv dx dy dz for all positive values of the variables throughout the 
ellipsoid x fa + # [WP +27 /c* =1. (Kanpur 2011) 
Solution: Weare to evaluate the integral J J J xyz dx dy dz, for all positive values of the 


variables x, y, z subject to the condition 
Pla + y IP +2? fc? <1 

Put e/a + uy" /P +Y, 2 Ic? = w so that 
x dx = sei yady= sia, zdz= sew 

Then the required integral = aoe Jf fe dv dw, whereu+v+wsl 
= sere | i ful! vt! ll du dv dw, whereu+v+w+<l 
-jeve o 
_ abc - Jf abc a abc 

8 T(4) 8 3.2.1 48 


: [By Dirichlet’s integral] 


Problem 6: Find the volume of the tetrahedron bounded by the planex/a+ y/b+z/c=1 
and the coordinate planes. 
Solution: The volume of a small element situated at any point (x, y, z) = dx dy dz. 


the volume of the given tetrahedron 


= Jf fe dy dz, where the integral is extended throughout the 


volume enclosed by the coordinate planes and the 
plane x/a+ y/b+z/c=l1 
= Jf fe dy dz, where the integral is extended to all positive values 


of the variables x, y, z subject to the 
condition x/a+ y/b+z/c8l. 


Putx/a=u, y/b=v,z/c=wsothat dv=adu,dy=b dv ,dz=c dw. 


Kaiskew's Integral Calculus 


A 22 | 


Then the required volume 
= {ii abc du dv dw, whereu+v+w<l 


= abe | | | wa) yl lil! du dv dw 


rap 
Td+1+1+1) 
ms 1 _ abe _ abe. 
r(4) 321 6 


= abe [ By Dirichlet’s integral ] 


Problem 7: The plane x/a+ y/b + z/c =\ meets the coordinate axes in the points A, B,C. 
Use Dirichlet’s integral to evaluate the mass of the tetrahedron OABC , the density at any point 
(x, y, Z) being kxyz. (Garhwal 2003) 
Solution: The mass of a small element of volume dy dy dz situated at any point 
(% JZ) 

=p.dx dy dz, where pis the density per unit volume 

=kx yzdvdydz. 
. The mass of the tetrahedron OABC 

- a k xyz dx dy dz, where the integral is extended to all positive 


values of the variables x, y, z subject to the condition (x/a) + (y/b)+ (z/c)s1. 


Put x/a=u, y/b=v,z/c =wso that dy =a du,dy =b dv ,dz=c dw. 
Then the required mass 
— ii k .au. bv. cw .abe du dv dw, whereut+v+ws<l 


=ka by? 2 Ppp et we due dy aw 


=ka Bc? au ‘ [ By Dirichlet’s integral ] 
+2424 
=k PO fe TQ)=IT del] 


— ke PO ke Pe 
6.5.4.3.2.1 720 


Problem 8: Evaluate the integral J IJ Og y z dx dy dz over the volume enclosed by the region 
4 y,Z,20andx+ y+zsl. (Agra 2003) 
Solution: The required integral nal ? y z dx dy dz, over the region x, y,z,20 and 
Xt y+zsl 


= iy yo! yr “12-1 ay dy dz, where the integral is extended to 


all positive values of the variables x, y, z subject 
to the condition r+ y+z<l 


Dirichlet’s and Liouville’s Integrals 


=f J f+ ol yt) 22-1 ay dy de 


CN 


“earn [ By Dirichlet’s integral ] 
_~ 73) 2) 2)_ 2)0d)d) 
18) (7!) 
2 =! 


~ 7x6x5xX4x3xX2*x1 2520— 


Problem 9: Evaluate the double integral JJ, x? yl (l-x- oF dx dy 


over the domain D bounded by the lines x =0, y =0,x+ y=. 

Solution: Here the region of integration is bounded by the lines r=0, y =O and 
x+ y=l. 

So the variable x, y take all positive values subject to the conditionO<x+ y<Il. 
Hence the given integral 


pee f= (x+ y)PB deay 


1 
r(s+ijr 5+) I 1 
1 =+1+=+1-1 
-_2 2 I u2 2 (l= uy? du, 


[By Liouville’s extension of Dirichlet’s theorem] 


*G)FG) oo} jase 


me 

1 2 
Vm Vt rar(=+1) 

_9 B(3,2+1)=2 3 
2 3 Sr(3+e+l] 

3 
_n 2-T(5/2)_n (5/3) 
a 7) 4 18 ery 
3.3 3 
_ 277 
1760 


Problem 10: Evaluate | |, xe ye (l-x- yy 2 de dy, where T is the region bounded by 
x20, y20, r+ ysl. 


Solution: Here the region of integration is bounded by the lines x20, y20 and 


xt ysl. 
So the variable x, y take all positive values subject to the conditionO< «+ y<l. 
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fh 194 | 
Hence the given integral 


fee {1-(x+ y)8? dedy 


1 1 
rere gedon 
iy | 


u (l- uy du, 


T (3) 2 
rayr(?) 2.31 
T 2)_% 22 _ 20 
8 r(3+2) BRD oo Mle 315 
2 2 2.202 2 


Problem 11: Find the value of vi g x ety dy dy, 


extended to all positive values of x and y subject tox+ y<h. 
Solution: The given integral 


r=[f fo goes dx dy, whereOQ<x+ y<h 
=f J yo! gl)! oe dx dy 


a nate) et ylt-D=1 dy, 
Puviery 0 
by Liouville’s extension of Dirichlet’s theorem 
_ I 
svi tat) Df et du= ae : =" (1), 
T (1) 0 sin 11 sin tl 


Problem 12: Evaluate I) e**Y** dx dy dz taken over the positive octant such that 


Xt yt+zsil. (Kanpur 2005, 10) 
Solution: Here the integral is to be extended for all positive values of x, y and z such 
thatO<x+ yt+zsl. 

. The required integral 


[ffe%*?* dv dy dz =[[fe**2** vol yl-ll-] yay az, 


where OS x+ yp+zSl 
1 
FOP OT O (3-1 


[By Liouville’s extension of Dirichlet’s integral ] 


Dirichlet’s and Liouville’s Integrals : 
| 195 | 
1 
tht 02 24 a 2Qu.e" in} 
[ Integrating by parts taking e “ as the second function] 


1 vai 1 u 
=_le-2 ; - Le" d 

I {« uo ik eo a 

zt 

2 


[e -2e +2 fe} ] = ste (pean), 


Problem 13: Evaluate nal yle vy gr me ee yr zy? dx dy dz extended to 


all positive values of the variables subject to the condition x + y+z<1. (Kanpur 2007) 
Solution: The given condition . <x+ ytz<l. 


. The required integral [ ff 7 Maar tet (oe y ee dx dy dz 


ae ye elon teen 


where 0< x+ y+z<l 


ronore) 
=. 2 my 2 ja uy'/2 2t2+12-1 4, 
I 1,1 0 ‘ 
ue, 
[By Liouville’s extension of Dirichlet’s theorem] 
1,.3 2 eens 
ai joa 2-1 B21 gy = RY ro! 2 
T (3/2) 1 in Pee?) 
2 2 
VVnivn 5 
=2n-2 2 a, 
2.1 4 
2 
Problem 14: Prove that | | | aay = Ty = the integral being extended to all 
V(l- x - yo - Zz) 
positive values of the variables for which the expression is real. (Lucknow 2006) 


Solution: The given expression 1/¥ (1 - xv — y? —27)is real if? + y? +27 <1. 
Therefore the given integral is to be extended for all positive values of the variables x, y 
and z such that 


O<r + ~42%<l. 


Now put r= Uy i... X= _ , so that dr = - uy i du , 
yr =U ie, Y= ae , so that dy = — cle duy , 
and = U3 1.€.,Z = 4)” , so that dz = — lie i dug . 
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With these substitutions the given condition reduces to 
O<uj t+ Ww + Wg <l 
and the required aa becomes 
pul? x ley oo duy duy diy 


9 1 4 
=f JJ @ , for O< 4 + my + 1g <1 
ae — U3) 


i {ff gfe ig or uy duy dus 
8 (oe 


1,3 
ak rot a J,“ wel. ! du, 
8rdalah Vd 1) 
De oe 3) 


[ By Liouville’s Extension of Dirichlet’s Theorem] 


ail: [Vr] \. sin @.2 sin @ cos 0 d@ , putting asin’ Cele: 


8 ly, 40 V(1— sin? 8) 
Tt 2.9 nln 
al Sin Od0= 1230S 
2 2 2 2 8 
diy dy ... dX, _ rhe 
Problem 15: Show that (fa . Jana? at are ore 
2 


the integral being extended to all positive values of the variables for which the expression is real. 
Solution: Proceed as in Example 2. 


Problem 16: If S is a unit sphere with its centre at the origin, then prove that 
—— 
S Afar - 9 =2) 
Solution: We have for a unit sphere the condition of positive quadrant for x, y,z in 


reper <i 


put ve =4, yr v, z2=w or x=Va, ye=rvv, z= Jw 
Hea: dy at yay, dz a) yay 
2 2 2 
Then integration is 
a i Log te 
i = ee Lp ‘2 w2  dudv dw 
8 


Jjl-u-v-—w Jl-(u+v+w) 
1 1 
TJ=|T 
al (3) (5) () nl ?dh 
8 r(5] l-h 
2 


[ By Liouville’s theorem] 


Dirichlet’s and Liouville’s Integrals : 
| 197 | 


3 en /2 sin@-2si 
_1 (Wr) [ sin® - 2sin® cos@ dé ee ere 


8 aa yl — sin’ 
/2 2 
=F.f Ierebdo= 9:1. BE 
4 40 4 22 8 
1 
Then the required integral is nal mares =§8. 2-7, 


ee 


Problem 17: Evaluate | | [, (w+ pra 1y dx dy dz, 


where R is defined by x20, y20,z20,x+ y+zSl. 
Solution: As given x, y,z are all positive such thatO<s 1+ yp+z<l. 
spy ed dx dy dz 


=fff xo Mle pz) +1p de dy dz 


EMOE fgg. yitlt+l-1 gy 
r(d+1+1) 40 , 


[By Liouville’s extension of Dirichlet’s theorem] 


1 
=1{ @ +20 ty? den) C af, “| 
2 Jo 2 i 


5 4 3 


a 1 4 1(+15+10)_1 31_ 31 
+i+ = 


215 2 3 5x2x3 2 30 60. 
e 2 1/2 
Problem 18: Show that | J |- ee dx dy = 2 (x -2) 
a 8 


over the positive quadrant of the circle r+ yr =]. 
Solution: Here the given integral is to be extended to all positive values of xand _y such 
that 

O< 27 + y' <1, ot) 


Put 2 u,y" v ie., xX ee,» v!/2 so that 


Hela du,d ah yl dv. 
2 2 


With these substitutions the condition (1) becomes O< u+yr<1. 
Hence the required integral 


1/2 
=ffj= (u+v) I yo 2 yp 1/2 dude 
(u+v) 4 


1/2) 
al ltes aaa | ul/2)—1 y(1/2)—1 ay dy , whereO<ut+pv<l 
(u+ v) 
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1/2 
ies) ( fe p2+2)-1 ay 
4 piyty o [+h 
2 2 
[By Liouville’s extension of Dirichlet’s theorem] 


oy l-h 
4 F(l) 40 V(-#) 


/2 (1 ~si 
-1 J ne hese) cos 6 d6, putting = sin @ so that dh = cos 6 d0 
4 40 cos 8 


=" [0+ cos6]”” = alg =F ox 2). 
4 4|2 8 


Problem 19: Find the value of an xyz sin(x + y +z) dx dy dz, the integral being 
extended to all positive values of the variables subject to the conditionx+ y+z< 1/2. 
Solution: HereO<x+ y+zsn/2. 
. The required integral 
I = ff fsin (e+ pez)ye! P12! ae dy dz, 
where O<x+ p+z< 1/2 


Se (sin u) +7 +21 dy 
T(2+2+2) Jo ; 


[By Liouville’s theorem] 
/2 
=|, w sinudu. 
0) 


Applying successive integration by parts, we have 


I= il w (— cos u) ~ (Su) (— sin w) + (20 w°) (cos w) 


m/2 
— (60 we) ( (sin uw) + (120 u) (- cos wu) — 120 (-sin u) | 
0 


In the above expression all the terms vanish for u = 0 and all those which involve cos u 


vanish for u= 1/2. 


aoe hoe dee ra een, 
T= SF [-5 (m/2)) (1) - 60 (/2). (1) 120 (-1)] 


L_|5m* 15 924120|=_! [at —48 22 +384], 
~120| 16° ~ 384 


2 
Problem 20: Evaluate I (55) dx dy dz 
l+x+ yo +z 


integral being taken over all positive values of x, y,z such that r+ yy oT ae 
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99 Py 
Solution: Put x = u,v =v ze =w. 
Then val? dea? dus y aol? dyad vl? a; 


z= wd az = i wl? dw. 


i) 


.. The given ace 


“yyy ip —(ut+v+w) yl2-1 yV2-1 yl2-1 ay ay dw, 
“8 1l+(u+v+w) 


where u, v, w are all tive andO<ut+vt+ws<l 


1,3 
re 
il OH [, (Fat erenet ae 


l+t 


Put t2 =z or t=z!” so that t= 521 dz. 


1 
i= zi, d-zy 2 n _ 71/2) ,14 1,-12 He 


4 2 
l 
-2), ius? a ie 


= ae 28A)-1q_zy12)-1_,64)-1q_ 0 2-h a 


“3? G-2)-?G@-a)f 


_~- 2 Tt _R2 . F 
Problem 21: Prove that || e* ~ dxdy= a (l-e™ ),where Dis the region defined 
2 2 
by x20, y20,x° + y* SR’. (Lucknow 2009) 
2 
Solution: Put ve =u, J_=y. 
Rr? RR? 
Then v= RvVu, ye Rvp 
and dx = swe du, dy = soe dv. 


i. erty?) dx dy = IJ eR? wer) Rie aoe dudv 


2 
2 2 
== fe (uty) 12-12 ay dy 
R2 9 ly dy 
ile (tr) 42 2 dudv 
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1 l 
ri —|rf— Pade 
R ( } () Rh p22 i 


Problem 22: (i) Evaluate ie V(x + a) dx dy 


where R is the region in the xy-plane bounded by r+ yp =4and x7 + a =9. 
(ii) Evaluate II, V(x + ‘¥)} dx dy where R is the region + a <a. 


Solution: (i) JJ.v + yr dx dy 


where R is the region in the xy-plane bounded by 
r+ y=4 and x° + y* =9. 


SJev? + Fai dx dy =4J., yet Da dx dy {For x7 + yr =9} 
4) |, yr + y” dxdy {For x° + y? =4} ...(1) 
Now to solve Sev + Pa dxdy for r+ y =9 or oe Fay 


9 
2 
Let Uu, J v or x 3Ju, y 30 
or de = a Pa, dy = 5 va and u+v=l1. 


So ie ee i dx dy = J [v9 97 ple du >» play 
_ 3:3: aS ff 1/2-11/2- | fat dudv 


= ‘a: } =t==1 
s2 (; 2 J h2 2  VJh dh, by Liouville’s Theorem 
4 (5 1 } 0 
TJ-+— 
2- 2 


_27VnVJn 2_9,, 


4 1 3 2 
Similarly SJev" + yr dx dy, for r+ yr = 
From equation (1) 


Jfuie+ 7 aera) 4(Jn)=4n[> 4) =4n.12 = 388. 


6 ) 


(ii) R is region e+ yr <i or x, + Ie 


in 
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2 
Let * =u, J =» 
a a 
Then xeavu, y=avv. 
-1/2 yl ay 


=o. 
r+ dx dy =4 wut av: a 1/2 audv (For R) 
ieee ee) |e 


1 


em _-l 
-4 ff u2 v2 — su + v dudv 


i ae al 
PPG) et 
3 1 —+--l 
ee eee ae | h2 2 Jh dh, 


4 r (5 7 q 
2 2 [ By Liouville’s Theorem | 
on 24 na? _ 2na 
4 1 3 6 3 


Problem 23: Evaluate the integral WS, Wig? = y ~ 27) dx dy dz 
where R is the region interior to the sphere e+ x +27 =1. 


Solution: Here the region is the region interior to the sphere r+ ia +27 =1, 


Put v= Uu, yp =v, z=w 
x=vVu, yey, z=. 
dx = Lay, dy = bg “Pay, dz= 1 yay, 
2 5 2 


Then integral is ify aie gg —(u+v+w) dudv dw 
i oe a 9 ied 
=] Uu v w {1 —4}4 du dv dw 


[ By Liouville’s theorem ] 


3 3 1 
ry-yry = 
2nB(3 Ses 2 (5) ay} ah _w 
22) 4 r(3+5) 4 2 p2 
2 2 
ww 
The required integral is = 8- — = —. 
32 4 
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Problem 24: Find the mass of the region bounded by the ellipsoid 
ela + a |b? + 27 /c? =1 


if the density varies as the square of the distance ae its = 
Solution: Region bounded by the ellipsoid ~, “+ x + -_ =1 
and density varies as the square of the distance from its centre 

ie, density ox (x7 + yp + z’) 2) 

We have mass = volume X density = {iy dx dy dz KRG + Va +27) 


=K[[ (e+ 9° + 2 )dvdydz =I (Say) 


2 2 2 


Put =U, J ae = =w or v=avu, yp=bvy, z=clw 
a i a 


dv=“ w? du ,dy = b vy? dy ,dw= £ wl ay 
2 2 2, 


or density = K(x + a +Z 


l=K aK curbvec Py) We au? po dy ow aw 
2" 2” 2 


-ae fff « tig Qld ylW2y-l/2 4 2,-1/2,1/2,,-1/2 


+ cu 1/2 pt yyl/2y dudv dw 


ar (5) r(5) r (5) r (5) r (5) r (5) r (5) r (5) r (5) 
_ Kabe 2) \2 2) 2 2 2 2) 4 ff <2 2 2 
8 r(S+5+5t)] r(p+sepey r(p+stst) 
2D 2 2 2 2 2 2 2 2 
by Dirichlet’s theorem 


_ abe * (3)? (3) G) +P 42) 


oO 


1 
Kahe 9 Vavavn P 2 2, _ Kabe n(az +P 40 ) 
: ‘(a +b° +c") : 
& 2.3.1, 30 
222 


Kabe x(a? +b? +07) 


The required mass of given region is 8J =8- aa 


Problem 25: Prove that nal didy dz —— ! [1082 ;] 
(e+ poe+iP 2 8 
throughout the volume bounded by the coordinate planes and the plane x + y + z =1. 
(Rohilkhand 2013) 


Solution: The region is bounded by the co-ordinate planes and the plane 
xt ytz=l. 


Dirichlet’s and Liouville’s Integrals : 
[1-105 | 
dx dy dz 
(xt yprzt 1p 


glal I=L go 3 9 
a= Ce 


The integral J = I] 


du , by Liouville’s theorem 


( 
_T@Mraer Pee j+l+i-1__1 
T (3) 0 (Cems 
_ we 
240 ay 
Putu+1l=t,du=dt, limit | to 2. 


1/2 (¢-17 i (: 1 =] 1 t.2 
e— dt = -+-— dt=—| logt + 
ah P ap t p #e 2 8 oP tt 1 
= 5 [!o02 L 4 iy ! 2] 5 (Ie82 >). 
2 8 2 2 8 


Problem 26: Evaluate the integral NW, (a> + by? + 027) de dy dz 


du. 


where R is the region given by x° + yr 42° Sg", 
Solution: Proceed as in Problem 24. Ans: =. Pr (a+b+ce). 


Problem 27: Evaluate the ms integrals : 
Va? - 2 W427 
(i) f° { ”) (a2 —x2 — y?)dvdy (ii) [. ie Chee dei 


Solution: (i) The given integral 


= ees Ve), (a2 = y?)-x7] dyde 


V(a 2 _ 2) 
a 1 3 
=(_|(@ -y*)x 4] dy, 
Jo | 3 x=0 


integrating w.r.t. x treating y as constant 


= file - PPP - PPP Jaya 2 ff -P PP 


/2 
7 A J x a cos’ 0. acos® do, 
3J0 
putting y =a sin@ so thatdy = acos0 d0 


[ By Walli's formula ] 


(ii) Proceed as in part (i). Ans: 2 7. 


A104) 


~ 
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(stints to Objective Type Questions 


Multiple Choice Questions 
See article 3. 
See article 2. 
See article 1. 


Fill in the Blank(s) 
See article 1. 
See article 3. 


True or False 


The given triple integral = ag x} gy zl Pie , 
(xt+ y+z+]) 
where x, y,z are all positive such thatO<x+ p+z<1 


1 
_F Mrmr) i tag du, by Liouville’s theorem 
Td+1+1) 40 (4419 


Ll du _1¢! we du 


| I, we Ve 
(3) 40 (w+ 1 2140 (41 240 (+19 


The given triple integral = I) x! yo ales pret 1) de dy dz, 
where x, y,z are all positive such thatO<x+ y+z<1 


1 
r@roOrda l (u+ Ih giereiat ay by Liouville’s theorem 


“ Fdsleh 
a 1 
| (w+ IP du=> f we (ut 1 du. 
T (3) 40 240 
Under the given conditions, by Dirichlet’s integral, we have 


J-1 m-1 T (1 )T (m) 
dx dy = —~—__~—. 
J eee 4 T (1+ m+1) 


OOO 


Chapter-6 


Double and Triple Integrals 


(Multiple Integrals, Change of Order of Integration) 
Comprehensive Problems 1 


: 2—V4+?) — dedy 
Problem 1(i): Evaluate i. I. rae eae anaes 


Solution: The given integral 


-f co dx dy 
x=0 ¢y=0 (44+ x7)+ y? 


‘ , (4+ 
= eee ) er dx 
i aes Hl, 


integrating w.r.t. J ages x as constant 


[tan~ MT tan7 iO] dx = — 


=| i ‘i, 
0 V(44x) ee 
= 7 [log {vt V(44 x7)}]2 = = [log (2 + 2V2) — log 2] 


Ty 24+ 2V2 
=" log 


10 
=~ log (1+ V2). 
4 2 foo ) 


bax 4 


Problem I(ii): Evaluate double integral { * LL 


D dx _ a ty 
Solution: We have i; Fee =], ma log wes dx, 


(integrating w.r.t. y treating x as constant) 


=|" (log b — log 1) 4, 
1 


Xx 
a 
= log b he dx = (log b) E x | = (log b) (log a — log 1) 
- l 
= (log b). (log a). 


T/2 ph 
Problem I (iii): Evaluate double integral ie J és cos (x+ y )dy dx. 
1 
(Kanpur 2007, 11) 
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SOMHOM Wehave ["” [” + y)dyde=(""[[* dx|d 
olution: e have i, J, pct vy =(, [eaxcare Jo 
m/2_. i 
=[, [sin(x+ y)an/2 D> 
[Integrating w.r.t. x treating y as constant] 


n/2 py | 
=f, [stele Sen a ey 


n /2 
=|, (—sin y-—cos y )dy 


= [cos y —sin y]*” =(0 -1)-(1-0)=-2. 


1 e /x 
Problem I(iv): Evaluate double integral i. J, eS" dx dy. 


2 
1 pa ‘ 1 
Solution: We have ie im e!* dy dy = i [xe? / x] ” dx , 


y= 
[Integrating w.r.t. y treating x as constant] 


21, . il ; 
x8) dr= | (xe* — x) dx 


“fv 


. 2 -3y 
Problem I(v): Evaluate double integral J, i; y dy dx. 


2 3 2 
Solution: We have i ig yp dy dx = I, y [x]e7 ay , 


[Integrating w.r.t. x regarding y as a constant] 


2, 2 9 
=[, yBy-Olg=3[ vw 
SAL 9 
3 
cee 


2 -v(2 
Problem 1(vi): Evaluate J i x dx dy. 
0 40 (Lucknow 2006; Kanpur 08) 


Solution: Here the variable limits are those of y and so the first integration must be 


performed w.r.t. y regarding x as constant. 


Double and Triple Inteqrals 


(+107 J 
I (Mg ae fort y)Qee-) ae 


= xV(2Qx-x) d= pa xV{1-(l-3x)?}ar. (Note) 


Now put (1 — x) =f so that — dy = dt. 
Also when x =0 ,t=land when x =2,t=-1. 


1 
. the required integral = . (dl-t)V0- #*) dt 


=f Vie ze [i ta- ey at 


=? i. Va- ee )dt-O, the second integral vanishes because 
0 ; i é 
the integrand is an odd function of f¢ 


1 
=2/ 50a O)+ sain te] =2/0+5-58]= im 
D D 22"| 2 


0) 


dx dy ; 
OV{d-2)d- 7} 


Problem 2(i): Evaluate i, ‘I 


Solution: We have 
=» 1 1 1 | 
ile, f(1— x \d=9 a ae erat Meera |e 


la | sn! | 


dy, 
0 


eng w.r.t. x treating y as constant] 


gees sin” le 


i path= 9°) 
Problem 2(ii): Evaluate i J - 4 y dy dx. 
040 (Lucknow 2008) 


Solution: The given as 


ae be Os 


= i 4y [x] va-y) dy, integrating w.r.t. x treating y as constant 


1 1 
=4 fy V0- yaaa] O5)-0- I? C29 a 


1 
--2-3/ oe | , by power formula 
0 
4 4 
--[0-l]=-—- 
3 3 
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1 pvx 9 
Problem 2 (iii): Evaluate | J (x + y° ) dx dy. 
Osx 
1 Vx 
Solution: The given integral I =| J : (x 4+ yr ) dx dy 
x=O Jy=x 


Vx 

1 ‘ 

7 ie ? yt - *| dx , integrating w.r.t._y treating x as constant 
y= x 


a [ 23 | 32 433) a [2 72 3 2 oP 1 A] 
o | 3 ce ae a5 war 
2,2 1_30+14-35_ 3. 
7 15 38 105 35 
3 -l , 
Problem 2(iv): Evaluate | [- dy de 
2 40 y 
3 -l 
Solution: The given integral I = o dy dx 
y=. Jdx=0 y 


3 = 
= le Z. [x] a dy , integrating w.r.t. x treating y as constant 
y = 


3 
3 3 
=( 2 w=[-fi-+)m=ly-1 
[Son fl ple ie ee |, 


=3-log 3-2 + log 2=1~ log >. 


a M(a2 - y?) 2 
Problem 2(v): Evaluate I, I, (a a ae y) dy dx. 


. : : a Vaz - y’) 9 9 
Solution: The given integral I =| J [ (a — y°)-x" | dydx 
y=0 Jx=0 
Va? -y*) 
a v 
= (“l@-y?)x-} 4] by 
se --ge] 


integrating w.r.t. x treating y as constant 
= [ole - PPP - PPP dy =e [fh @P- PP? ay 


12 « 
_2 J = a cos? 0. acos® de, 
340 


putting y =asin® so that dy = acos@ dé 


/2 
= 22 Io cos? 6 dQ = =a oe [ By Walli's formula ] 
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a Vaz = ) 
Problem 2(vi): Evaluate J J (x+ yp )dvdy. 
0 40 
; . a Ve 2) 
Solution: The given integral I =] J (x+ y ) dv dy 
x=0 J y=0 
leap” 
= wteoyp dx , 
0 2” Nee 


integrating w.r.t. y treating x as constant 


=f, [xV(a2 — 2) 4 5 ~2)] de 


af*p lee 1, 2 
a 2x)+—(a )] dx 
al 5 yi ( ) - )] 
© a a 
= 1.2 (2 _ 2 pA yl wex-- x , by power formula 
yp 
23 0 2 
Lies a 
3 3 


ale ee 
3 2 


2 4 4 2 
Probl i): Show that J ) dx dy = J ) dy dx. 
roblem 3(i) how tha J, (, (x y+e~ )dx dy J, [, (x yte- )dy 
(Kumaun 2015) 
Solution: Integral on the L.H.S. 


27-4 ; 2T yy sl 
=f I (x pte yar] ae= J os i 
=| [see et See | d 

2 

217 43 ep 23 i 
=| x+e Olde +(e" -e-)x 

iL [4 |, 
=7+2(c4 e°) (e4 eae ee e 

4 4 
And the integral on the R.H.S. 
2 
[ ] 


Hence the result. 
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Problem 3(ii): Show that [ dx i. a dy # I dy Il a dx. 
(r+ yp (x+ y) 
Find the values of the two integrals. (Garhwal 2002) 
Solution: The ee on the L.H.S. 


7 12x-(x+ y) 1 
gree me a a Sere rer 


1 


=f. ee ! dx, 
o (x+ pf xt SD lo 


[Integrating w.r.t. y regarding x as constant] 


-{! fg bg J le da _[ -1 | 
0] G+xP x l+x x 0 (+x liealy 
ee ee 
2 
And the integral on ae eek 
=fod an (x+ y) Gt 
0 (x+ yy 


1 elf 2y_| =! 
“i, wy Jol yy yp to E J : (x Fl, . 


Thus the two integrals are not equal. 


a a -x 
Problem 4(i): Evaluate the double integral i. i's ry dx dy . 


Mention the region of integration involved in this double integral. 


Solution: The given integral 


a Va? - x) ya 
=) ae J 0 wy de dy # 


Maz - ) 

2 

-f*2 | me 
e 2 y=0 


integrating w.r.t. y 
treating x. as constant 


=s Jor @- Pa 


Double and Triple Inteqrals 


(11 


= “(a2 Ayaens|es £) -3([s ela 


~ 9 Jo 2 2 Sly 22 Si as 


From the limits of integration it is obvious that the region of integration R is bounded by 
y=0,y= V(a - x’) andx=0,x=aie., the region of integration is the area of the 
circle x7 + a = a’ between the lines x =0 ,x = aand lying above the line y = Oi.e., the 
axis of x. Thus the region of integration is the area OAB of the circle r+ ¥ =a lying 
in the positive quadrant. 
Problem 4(ii): Evaluate {j~ yp dx dy over the circle r+ y =a’, 
(Rohilkhand 2013B) 
Solution: If the first integration is to be performed w.r.t. y regarding x as constant, 


then the region of integration R can be expressed as 


-aéxea,—lie -2 )8 ys Va — 2). 


(i vy dx dy = [" C OP ec 
R x=-a yee 2) 


ee yp is an odd function of y] (Note) 


Problem 5: Evaluate X+ y+ a)dx dy over the circular area e+ rca. 
. iy a 


Solution: Here the region of integration R can be expressed as 
=a< 9ea, Ne = 7 2221 =); 


where the first integration is to be performed w.r.t. x regarding y as constant. 


Vd? - y?) 


a 
{j,.@+ yt adedy= |S at —) (x+ y+ a) dx dy 
, 2 V(a2 — y*) 
=| el ee dy , 
a ~V( 2 _ 2) 


[Integrating w.r.t. x treating y as a constant] 


=" e5¢ +( y+a)V(a* = y*) 


“i 9 
2 aF 5 yt ae - 9) dy 

=f 2¢ y+ aVW@ - y’)dy 

= [i 27. - y?)dy+ 2a" Ve - yay 

=0 + 24.2 [, V(a - y) dy , the first integral vanishes because 


the integrand is an odd function of y 
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2 2 ‘ 
=4a IN (a = y Le 4 sine! J = 440+ 3 a’ sin 1-0] 
2 2 4\o 2 


= 4a. 12 are 


Problem 6: Evaluate x y* de dy over the region bounded b x=0, yp=O0 and 
J yy £ y J 


2 
rt yal, (Avadh 2012) 


Solution: The given region for integration is the area of the positive quadrant of the 
circle x7 + ¥ = 1in the xy-plane. This region R can be expressed either as 


O<x<v(l- y’),0< y<l 
or as O< goN=~%), O<xs<l. 
V(l- 
ae xr y dx dy = . i x x y* dx dy, the first integration 
y=0 


to be performed w.r.t. x regarding y as constant 
1 fpr) - 
2} 2 23/2 
=[,2 5 w=[isrd- rp? wy. 
0 


Put y =sin@so that dy = cos 0 d0. 
When y=0,0=0 and when y=1,0= 7/2. 


/2 ‘ 


=2(*" sin? 8 cos* gao=s. ue cee 
3 40 


3 642 2 96 
Problem 7: Evaluate | | xy dx dy over the region in the positive quadrant for whichx + y <1. 


Solution: The region of integration is the area bounded by the lines x =0, y =O and 
x+ y=l. 
To cover this region of integration R, xvaries from 0 to | and _yvaries from Otol — x. 


l-x 
Ife 2 elo oreo le : 

0 
=1fx0 wpabe= 1 x( x (1-2x+ x7) de 


sie 3a é] <1} 2 1-2 
. + + . 
2° 4 4 |, 2 


Problem 8: Evaluate IJ rt3) ay dy over the triangle bounded by x=0, y =O and 


x+ y=l. 
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Solution: The given region of integration R can be expressed as 
O<xsl1,0< ysl-x, 
where the first integration is to be performed w.r.t. y regarding x as a constant. 


She e2xt3y de dy = { io dx dy 


if 2 x+3y]i-* 


“Jol ; |, deb [O82] ax 


Problem 9: Evaluate eres dx dy 
over the positive quadrant of the circle rt y =1. 
Solution: Here the region of integration R is the area of the circle rae yr = lying in 
the positive quadrant. This region of integration R can be expressed as 
O<x <V(- y’*),0< ysl. 


integrating w.r.t. x treating y as constant 


lel Trl ol 

=F) one PY )w=5), aL. yy? (-2y )ay 
1 

at ; : “ [a _ yr a , by power formula 

“2 

6 


Problem 10: Find the area of the ellipse e/a + is /b? =1 , by double integration. 


2 


Solution: From the equation of the ellipse, we have 7 =F ' - = : 
a 
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y itoies 
So the region of integration R to cover the area of the ellipse can be considered as 
bounded by 

y= -bV (1-37 /a*), y=bV0- 37 /e?), x =-aandx=a. 
Therefore the required area of the ellipse 


DV — 2 /a2) 
=4hs =e ae, Lena28 ren 


bN(L- 22 e 
2f (l= 3 / yy. fel Lyea- 1) ae 


0) 


2 
= 4b 4 @ | in! 1—sin-! 0}|= 
af"? 
Problem 11: Compute the value of J he y dx dy , where R is the region in the first quadrant 
bounded by the ellipse v/a + yr /b? =1. 


Solution: If the first integration is to be performed w.r.t. _y regarding x as a constant, 
then the given region of integration can be expressed as 
O<x<a,0< ysbV(l- x /a’). 


Ip reon fe ee paca 


) ) 31" 2 3 2 
=o Pay “x x ae _ ab ; 
2Qa~ 29 oa 3 3 


Problem 12: Find the mass of a plate in the form of a quadrant of an ellipse 
x /a’ + y* /I? = whose density per unit area is given by p = kxy. 

J YP § ay P= Ray. 
Solution: Proceed as in problem 11. Ans. kab /8. 


Problem 13: Prove by the method of double integration that the area lying between the parabolas 
a = 4ax and x? = 4ay is x a. 


Solution: Draw the two parabolas in the same figure. The two parabolas intersect at the 
points whose abscissae are given by (x2 /4ay = 4axi.e., x (x? - 64a? )=Oie.,x=0 and 


x = 64a? . Thus the two parabolas intersect at the points where + =0 and x= 4a. 
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Now the area of a small element situated at any point (x, y )=dvdy. 
. The required area 


4a V(4 ax) 
=f, free ay =f" V(4 ax) ) be 
= aa ae 


4 3 
=| "lo d2.0? 4.27 | en Qa. x 2 2 De 
0 [ 4a | 3 é 
=i 4a (4ay>? | 64a ae a is a= Mi es 
3 12a 3 3 3 


Problem 14: Find by double integration the area lying between the parabola y =4 x - xr 
and the line y=x. 
Solution: Solving y =4 x- x and y =x for x,we have 

4x-x=x or 2% -3x=0 or x(x-3)=Oie,x=0 or 3. 
Thus the curves y = 4x — x and y =x intersect at the points where x=0 and x=3. 
When 0 < x<3,we have 4 xr— 7 Ee ae 


So the required area can be considered as lying between the curves y = x, y =4 x - -, 
x=Oandx=3. 


. 3 4x-x 
*. The required area = J ‘ i dx dy 
x= iy =X 


Problem 15: Evaluate ii} y dx dy over the area between the parabolas Ca =4 x and 
r=4 Ps 
Solution: The two parabolas intersect at the points whose abscissae are given by 


Gey =4xorx(x° — 64) =O ie, x=0 or 4. When 0 <.x<4,we have 2 Vr> 227. 


Therefore the given region of integration can be expressed as 


O<xs4,20 5 ys2vx. 


The required integral 


4 243 a 
= Jee ? 14 vy de dy =| Be . 
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Problem 16: Find by double integration the area of the region enclosed by the curves 
r+ a =a’, x+ y =a (in the first quadrant). 

Solution: The given equations of 
the circle x7 + ¥~ =a’ [centre (0,0) 
and radius a] and of the straight line 
Xx + y =a (with equal intercepts a on 
both the axes) can be easily traced as 
shown in the figure. 

The required area is the area bounded 
by the arc ABand the line AB .To find 
it with the help of double integration 
take any point P(x, y) in this 
portion and consider an elementary 
area dx dy at P . The required area can 
now be covered by first moving y 
from the ey line : + a. = atothe 


mh 


arc of the circle x a = a and then 


moving x from 0 toa. 


Ve - 
*. The required area = fc 3 Je MY ' de dy , the first integration to be performed 
x= ya=(a-x 
w.r.t. y whose limits are variable 


pe ees fo (a2 —x2)-(a—x)] de 


a 


0 
ge Dea A Td fl i) 
(i t)-a@ + -a =-a m—l)=—a* (n-2). 
ra 5 gh \s ey ee) 
Note: The required area can also be covered by first moving x from the st. line 
x+ y =ato the arc of the circle xs y = a’ and then moving y from 0 toa. 


se. 
-|{ex9 Pye FP sin (eal are 5 | 
_ I 
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Problem 1(i): Evaluate J i rd0dr. 
0 Jo (Kashi 2013) 


Solution: Here the limits of r are variable and those of 0 are constant. Therefore first 
integration shall be performed w.r.t. r regarding 6 as a constant. We have 


a 9 asin 8 
T pasin T ™ 
J i r dQ dr= J ie d0= 2 J a sin? 6 de 
0 J0 012 0 240 


/2 2 2 
=£ af" sine odo =~ .2. 
0 2 


1 nm _ na 
22 4 
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Problem 1(ii): Evaluate (e I, r sin® dO dr. 


m/2 pacos® | n/2 | oy mai 
Solution: We have ie Ie r sin 8 d0 dr = Ie sin 6 | — de, 
2 0 


integrating first w.r.t. r regarding 8 as a constant 
1p 


/2 ‘ 
= = sin®- a2 costedo = |" sin® cos? @ d@ = —a? - —— = 1 2. 
2J0 2 Jo 2 ; 


1+cos@) 3 , 
r- sin® cos@ dé dr. 


Problem 1 (iii): Evaluate J . J - 
0 40 (Agra 2003; Kumaun 09) 


Solution: We have 


1+ (:) 
l= i is i. 7 3 sin@ cos@ d6 dr 
0 JO 


1+ 8 
= J i sin® cos@ Mo. -_ Mg | d0 
0 0 


i 


mT, r 
sin® cos | — d0 
4 


Il 
oo 


0 


a} i, sin@ cos® a4 (+ cos)! d0 


"sind cos@ (1 + 4cos0@ + 6cos”0+4cos? 6+ cost 6) dO 


P (sin® cos0 + 4sin8 cos” @ + 6sin@cos*6 + 4sin@cos* 6 


+ sin® cos? 6) dé 


/2 
Now i sin” @ cos” 6 d6=2 Io sin” 6 cos” 6 d0 or =O, 


according as 7 is an even or an odd integer. 


4p m/2 
l= - i (4 sin6cos* 6 + 4sin@cos* 6) dé 


because the integrals containing odd powers of cos 8 vanish 
4 
_a ; Lao, c0ul ie" 


Pt 34a) Sl 


Problem 2: Evaluate IJ r* d@ dr over the area of the circle r = a cos ®. (Kanpur 2010) 


Solution: The circle r = a cos @ passes through the pole and the diameter through the 
pole is initial line. The region of integration can be covered by radial strips originating 
from r = 0 and terminating at r = a cos 8. From the equation of the circle, we have r = 0 


when cos @=0 i.e, 8=+ 2/2. Therefore for the given area @ varies from —1n/2 to 
m/2.Therefore the required integral 
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/2 6 /2 8 
afer 2 doar =f" No eo ir) 
6=-n2Jr=0 -n/2 0) 


acos 0 ¢ ‘ 
|r 2 @ cos? 
=[" le | de={" ee 
-n/2| 3 —n /2 i) 


a /2 2a 
aoe " cos? e2022" 2 4d 


3 J0 3.31 9 


Asis) 


Problem 3: Integrate r sin ® over the area of the cardioid r = a (1 + cos ®) lying above the 
initial line. (Kanpur 2010) 
Solution: For the area of the cardioid r = a (1+ cos @) above the initial line 6 varies 
from 0 to z .Also for the required arearvaries fromr = 0 tor = a (1 + cos 6) .If A denotes 


the region consisting of the area of the cardioid lying above the initial line, then the 
required integral 


= ie rsin@dA = if i “e rsin@r d0 dr 


374 (1+ cos 8) 3 

19 r TT 

= i sin® a do =" J sin 6 (1 + cos 0) d0 
0) 3 0 


0 
25" 2 sin is cos — 5 (2 cos” ey d® 
2 2 2 


_ 16a" 
3 


(ae sin cos’ . 2d, putting ; = so that d0 = 2 do 


m/2 P 
=39 a | cos’ o| _ 32a? [e+ a 
3 8 | 3 8} 3 
0 
Problem 4: Find the mass of a loop of the lemniscate 7? =a sin 26 if density p = kr? 
Solution: In the equation of the lemniscate r2 = sin 20, putting r=0, we get 
sin 20 =0i.e.,20=0 ,ni.e.,8=0 5 m . Therefore for one loop of the given lemniscate 6 


varies from 0 to 2/2 and r varies from 0 to a V(sin 26). 
Mass of a loop of the lemniscate 


=f pe ame Ji aes ioe ime Eg sede 


p (sin 8) p a V(sin 20) 
TT a (sin TT 
=k P d0 dr =k. . i 
Age CO ee), E | ~ 
r= 
Lt /2 4 /2 
ame sin? 20 d0 = ei” (1 — cos 46) dé 
4 8 JO 


_ kat [° aa” 7 kat Tm nka* 
8 4 Jo 8 2 16 
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Problem 5: Find by double integration the area lying inside the cardioid r = a (1 + cos ®)and 
outside the circler =a. 
Solution: Eliminating r between the given equations of the cardioid r = a (1 + cos 8) 
and the circle r = a , we have 

a=a(l+cos®) or cos@=Oie,0=+ 2/2. 
Thus the region of integration A is enclosed by 

r=a,r=a(l1+cos0),@=- n/2,0= 7/2. 


/2 1 (°) 
. The required area = Ve 1d® dr = [ i e a ee r d0 dr 
T 


d0 = — [a? (1+ cos 9) ~ a] d0 


n/2 Lei" a(1+cos 6) Ln 
“Joanf a] 2 J-n /2 


2 on /2 
=o I. » (I + cos” @ +2 cos@—1) dé 


ll 
N 


n /2 2 
I, [cos" 8+ 2 cos 0] dé 


2 
- E gt 2{sinels? |= [2 n+ 2]=5 (m+ 8). 


Problem 6: Find by double integration the area lying inside the cardioid r = 1+ cos ® and 
outside the parabola r (1 + cos 8) =1. 


Solution: Eliminating r between the given equations of the cardioid and the parabola, 
we have 


(1+ cos@)=1/(1+ cos®@) or (1+ cos 6 =] 


or cos” 8+2cos®@=0 or cos 8 (2 + cos 8) =0 

or cos 8 =0 , because cos 6 cannot be equal to — 2 

or 6=4 1/2. 

Thus the two curves intersect at the points where 6 = — 1/2 and@= 1/2. 


Therefore the required area is enclosed by r = 1/(1 + cos 8) ,r =(1 + cos @),6=- 1/2, 
O=n/2. 
Hence the required area 


/2 p(1+ 6) /2 (1+ cos 8) 
a(t nap a 
—n /2 1/1 + cos @) ” n/212 1/(1+ cos 6) 


/2 
ae hi (1+ cosa? - + _, d0 
2 Jn /2 (1 + cos 0) 
/2 
=2.- i. (1+2cos@+ cos? 9)-—_1 _ d0 


J 
2 (2 cos” 5% 
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/2 /2 /2 
=|, (1+ 2cos 6) do + [" cos’ 0d -~ [* sect L909 
0 0 4J0 2 


/2 
=[0+ 2sing]? 42. R71 (1+ tan? 50) sec? 50.8 
8 2 2 


22 440 

/2 
me Slee i jsec? 0+ 2(tan? 0) (5 sec? 50) ao 
2 4 430 | 2 2 Jo 2°) 

nt /2 

29h 49 7 [2450+ 5 tan? 5 e| 
4 4 2 3 2 Jo 
~3% 19 [2+3 |= +2 2_3n,4_ (n+ 16). 
4 4 3 4 3 4 3 12 


Problem 7 (i): Transform the following double integral to polar coordinates and hence 
evaluate them: 


ap N(a? - y) 
a a (a? — x7 — y*) de dy. 


Solution: The given double integral 
a V (a2 - wy’) 2 

i are [a2 - (x7 + y”)] dr dy. 
From the limits of integration it is obvious that the region of integration R is bounded by 

x=0 xe (a2 - y*)and y =0 , yaa. 
Thus the region of integration is the area OAB of the circle ee Sa =a lying in the 
positive quadrant. 
Putting x =r cos®, y =rsin6@ the corresponding polar equation of the circle is r =a. 
From the figure it is obvious that for the area OAB ,rvaries from 0 to aand varies from 0 


to /2. Also the polar equivalent of dv dy is r dO dr . 
/2 
afr @ rr dar, [e+ =r] 
r= 


@=0 Jr=0 


jo \ 44 4 4 /2 4 4 

~[77[4 Vion (8? ont ger 

0 2 4 4 

Problem 7(ii): Transform the following double integral to polar coordinates and hence 
evaluate them 


1 pVQx-2 
fp [oO 2 + Peay 
O Jx 


1 pV¥@x-2 
Solution: The given double integral I =] ji J eae (x7 + y’) dx dy . 
x= 


yo 
Here the region of integration R is bounded by 


Double and Triple Inteqrals : 
(F121 LN 
YHK, = (2x-x")andx=0,x=1 


i.e., the region of integration is the area OBCO of the circle e+ Pa -2x=0 


bounded by the lines y=x,x=0O andx=1. 

Putting x =r cos®, y =rsin@ the corresponding polar equation of the circle is 
r? (cos* 9 + sin 0) -2rcos0=0 

or r=2cos0. 

The point Bis on the line_y = xwhich makes an angle n/4with OX and so, atB 0 = 1/4. 

At the point Oof the circle r = 2 cos 8 ,we haver = 0 and so@ = 1/2 . Thus for the region 

R ,r varies from 0 to 2 cos @ and 0 varies from 1/4 to 2/2 . Also the polar equivalent of 

dx dy is r d® dr . 


Hence transforming to polar coordinates, we have 
/2 2 cos 8 /2 2cosd -~ 
aff Pr dedr= fe fo 8 dedr 


O=n /4 =0 6=n/4 =0 
2 cos 0 
/2| ,4 /2 
=[" = do - 16 - cost 6 d0 
m/4 | 4 0 4 Jn/4 
r= 


tt /4 2 
tt /2 

=] [!+2 0320+ 
/4 


T 


p : 2 
=4[" (Ss) do= fr, (1+ 2 cos20 + cos” 26) d0 
T 


1+ seat | a0 


n/273 1 
=] [5+ 2092+ 5 cos] ao 
nm/4 12 2 


i : nm /2 
-[3 949 sin20, 1 sin 40] -|3 3h = 
[2 - "2 4 lee las 


Problem 7(iii): Transform the following double integral to polar coordinates and hence evaluate 
them: 


ital VPNs peas 


We2-2 
Solution: The given double integral I =|" a J . y V(x2 4+ yy’) dx dy . 
x= J= 


Here the region of integration R is bounded by y =0, y = V(a* -x*)andx=0,x=a. 
Thus the region of integration R is the area of the circle e+ a =a" lying in the positive 
quadrant. The polar equation of this circle isr = aand for the region R , rvaries from 0 to 
aand®@ varies from 0 to 2/2. Putting r=rcos®, y=rsin® and replacing 
dx dy by r d® dr , we have 


ie ae ? six? Boy cr ae 4 sin? 6 d0 dr 


2) >> Son /2 5 
=[- cal sin ?9da=" {* a ee 
5 5 40 5 2 
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Comprehensive Problems 3 

WN Evaeae () (° [Pye dye 

roblem 1 (i): valuate | oJ, wills yz dz dy dx. 


| 2 2 
Solution: We have J 6 i ‘ J ‘ x yz dz dy dx 


=JioSp eof: epee 
 foltr2] o@-2 [fee no]a 
fateleo sfosafe os 


a 
=. [?. al tend fa? ara] 5] a 
2 0 420 3 3 


0) 


Problem 1(ii): Evaluate if f, i e**t IT? dy dy dz. 
Solution: (if if ip e*t I+? de dy dz = iP Jo grt yrs | dy dz 


_fif¢l xt ytzq! _ fl 1 lt yt+z  ,ytz 
ile owe [ferro ale 
1 1 Hf 

=|, eda cae de= | {(e2t? —elt2)_ (elt? ey dz 

= 1 2+2 _ l+z Zz oe 1 2 z 

=[, ee )dz = [le 2e+l)e% dz 

1 
= (2 ~2e+1) fj e* dz =(e-1P [e*]h =(e-1P (e-2° ) 
=(e it (e-l)=(e iy, 
X+Z 

Problem 1 (iii): Evaluate { nis i (x+ p+z)dydxvdz. 


Solution: Here x-ztox+ zarethe limits of integration of y ,0 toz are those of rand 


—1to 1 are those of z. The given triple integral is 


h at se en 
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. 1 Zz 2 am I ae 

amy (4xz + 2z ) ade = _ [ee + 2274]2 dz 


1 
1 1 « 4 
=| (22.27 + 227.2) dz = 4 | ana]? | =L[1-1]=0. 
-l -l 4 1 


. log2 px pxtlogy vs yz 
Problem 1 : Evaluat ae 
roblem 1 (iv): Evaluate in lm J, e dx dy dz 
log2 px pxtlogy ,. 
Solution: We h “et IT? dy dy d. 
olution: We have le i. li e x dy dz 


=f PET hel 
= é 
0 0 


integrating w.r.t. z regarding x and _y as constants 
Z (igi pero teiogy neta] dx dy 


x+log y 
de dy, 
0 


log2 px : ; 
i, [e2%e eB I — Xe) ] dy dy 


0 


log2 ¥ oy y _ ey 
0 Ik i o Joe ey a 


ms fe Lye 36 _ 2% Le iy ~ 281095 |e 


! 

z J = i “Te2* ye? —e%e] de dy. [lS I = y] 
J 
J 


integrating w.r.t. y regarding x as a constant; to integrate 
ye? we have applied integration by parts 


log2 i bc dp. 8 
= ie [-* ie ae ee ee -1)| dx 


log2_ ‘ 
=f, [wem* = 2? * (eF =1) =e * + e*] ade 


log2 ; ; . log2 3 log2 9. log2 | 
=| : [xe7*— 69% + e*]de= | e xe7*dx— [ . tds | 8 Xd 


log2 9. log2 9. log2 | 
[xe8*] 06? - : ii ? ede | 8° 3X + i 8° de 


log2 
4[e*] _ 


(log 2)e? !08? 3 3 | + [e*] (08? 


(log 2) e!88 — 5 (ele? 14 (e182 i} 


28 +1= 2 tog? 
9 3 


log2 - 4 (8-1) + 2 1) = Flog? > 
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Problem 2(i): Evaluate i J 7 fo dy dx dz 
J 


l pl plex i ei 
Solution: We have J, J 9 J, “x dy de dz =, J ; ee. dy de 
wo Jy 


integrating w.r.t. z regarding x and _y as constants 


“Lop tno [fF +S] 


integrating w.r.t x oa y as constant 
oh ee ee a 1y1_ y? a 
= + dy = + 
J 0 E a 2 3 - J 016 2 » 


1 
-|j ree] _1_1, 1 _35-21+10 _ 24 _ 4 
0 


6 16 Si 6 10 21 210 210 35° 


Pde glee : 
Problem 2(ii): Evaluate I, I, * J ‘ ee 
AE YSZ 
a (Kanpur 2008; Avadh 13) 


ae Topix plw-y dy dy dz 
Solution: We have J, i J noe 
I-x-y 


1-2 | 
Solo bam, 


lel I-xf ] | 
=o |, Jo a tec 


_lpYid 1) *, rel i, | 
plo) 4? Geely gloat 5" 


1 
=a eee ! Fee Pee acare re, 
2/0] 4 4 (1+ x) 2) 4 4 2 


1 3 11 I 5 
= ~+=-—+4+ log 2 |—log 1}=—] log 2 : 
s|(- 4 42 °8 } e | a(los 4) 


3 pl V(x 
Problem 2(iii): Evaluate I, i I, um) xyz dx dy dz . 
h 4 


Solution: The given triple Anil is 


Rh [or eejeo-w hfs] ee 


© 9 3 
=; ie y jens fle | dx 
1/x 
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=7 fi [" abe log ‘| 


_l l 1 l oa! 
ral log 3) G log 1)] ral 5) log 3] ahs log 3]. 


8 par 
Problem 2(iv): Evaluate {*" do 0 fred rf ae rdz. 


Solution: The given triple integral is 


=frr a of arp ae r2)/a > aon" r (ae _r?) x 
0 0 a 
ba asin @ 3 D 
a mre a (2 sin? @ — sin? @) de 
a JO 2 4 0 4 JO 


-" fap. 3.5 B] Se. 
4 22 42 2 64 
ad px pxt+y 
Probl i): Evaluat gees 
roblem 3(i) va uate | lis Ie e dx dy dz 


Solution: The given triple integral is 


=folo [fo CP elaea= (Offer aa 


=0 
=folo [e244 _ Ft] dy dy = I Fe ee! (x+y) _ a ay 
0 
a] i . i ai] e <3 7 
=, E (e4* zy i? e*)] dv= J) tS ett 5 ety e*) dx 
ee ee 1 Pe 4 e*| 
24° 42 Jo 
1 4a _ 3 2a, a, 1 0 30, 0 
e “+e -e@ -~e +e 
IG ) \s i )] 
al Aa _3 day oa_(L_3 4 yeh ta _ 6-24 4 8 04-3) 
8 4 8 4 8 


Problem 3(ii): Evaluate ihe i, oe i, TF Qay dy dz . 


Solution: The given triple integral 


=|. (ae ead x dx dy dz =|. \,. # El. dx dy , 


integrating w.r.t. z regarding x and y as constants 


= [a-x- y |dedy= f°? [(a-x)- y]dxdy 
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Y [(a- x? — 5 (a af Jae 


Problem 4: Evaluate the triple integral of the function f ( x, y,z )= x over the region V 
enclosed by the planes x =0, y=0,z=Oandxv+ y+z=a. 
(Rohilkhand 2012; Avadh 12) 

Solution: The given region V is bounded by the co-ordinate planes x =0 , y =0 ,z =0 
and the plane x + _y + z =a.Tocover the region V , let the values of x, y lie within the 
triangle bounded by x-axis, the y-axis and the line («+ y=a,z=0). Then for any 
point( x, y,0)within this triangle,z varies fromz =Otoz =a-—x-— yintheregionV. 
But the values of x and _y vary within the triangle formed in the xy-plane. Therefore x 
varies from O to a and for any intermediary value of x, y varies from 0 toa — x. 
Therefore the region of integration V can be expressed as 

O<sxsa,0S ySa-x,0Szsa-x-y. 


Hence the required triple integral = ie I, = iP TF 2 dy dy dz . 


Now proceed as in problem 3 (ii). 


Problem 5: Find the volume of the tetrahedron bounded by the plane x/a+ y/b + z/c =1 
and the coordinate planes. 
Solution: Here the region of integration V to cover the volume of the given 
tetrahedron can be expressed as 

O<sxsa,0s ysb(l-x/a),0<z<sc(l—x/a- p/h). 
Therefore the required volume of the tetrahedron 


= [ff dearae=f" io ea dx dy dz. 


Now proceed as in Example 18. The required volume = = : 


Problem 6(i): Evaluate I ce over the region 
( 


X+ y+z+I) 
x20, y20,z20,x+ p+zSl. (Avadh 2013; Kanpur 15) 
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Solution: The given region of integration R can be expressed as 
O<sxsl,0< ypsl-x,0szsl-x-yp. 


Hence the required triple integral = [ | | ia Mae 3 
R(x+ yptz+)) 
i=x# ¢1=%= 
Se 
0/0 (x+ yp+z4+1) 


je [pore yrerly? ie acay 


(0) 


_9 l-x-y 
(reais (xt+ yt+z41) dx dy 
0 Jo =9 ‘ 


Lelel-e fi I 
=H = —- —______ | dva 
5 JoJo F | 


2/0[4 (x+ y+1)]o 2/40] 4 2 (x+1) 
1 
= Lf (=x Fe log (x +1) 
2|2x4x(-1) 2 ie 
=-1 [0+ 4- 10g 2)- 4 +0-o=-1 pb -toga4 4] 
2 e 22 
1/5 5 
= log 2] = — [log 2 
sig eet es ] 
Problem 6(ii): Evaluate (ty xyz dx dy dz 
over the ellipsoid x7 /a? + y 27? + 27 fe? =1. (Kanpur 2011) 


Solution: Here the region of integration can be expressed as 
—asxsa,-bv{l-( aeute hae 
and —eV{l-( x /a) (y 2 Ib )\y<sz<seV{l-( v/a) (y 2 1h? )}, 
The required triple integral 
ai NCL - (2 /e2)} (ome (2 /a?) (3? /1*)} 


.z dz\dxd 
pV {1=(2 /2)} |) eV 1 = (2 fa2) - (y 102)} (xy) .z dz | dx dy 


=0. [ «zis an odd function of z and xy is 
treated as constant while integrating w.r.t. z ] 
Problem 6(iii): Evaluate I ( P4e ) dx dy dz over the sphere e+ yr +27 =1. 


Solution: The given region of integration can be expressed as 
=1é¥61,-V0=27)" yaN0-2) -V0 = = pf S220 =), 


Hence the required triple integral 
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V(- 22 - y?) 5 
=[! ie 2 re ee +z )dz|dx dy 


=0. fe ( DP+z )is an odd function of z ] 


Problem 6(iv): Evaluate fits iv? wdudv dw, 


where R is the region +v?<1,0<wsl. 


Solution: Here the limits of integration to cover the region R can be taken as 
=hSvet,=Vd— << lew) 0 <wel, 


where the first integration is to be aaiien with respect tov. 
(1-1) 
ie wv" w du dv dw = [, i: ip ame wv w dw du dv 


lel Vai 
=| J 2 w { v2dv | dw du , 
0J-1 -V (1-1) 
because the first integration is to be performed 
w.r.t. v regarding u and w as constants 


= f, (ie P ww i a0] dw du, 


because v2 


is an even function of v 


W(-i2) 


ee Qu? w fey dw du 
== |, ie wit aay? dw du 
“Fo[r 24," (au r= in| am 


1 /2 
= ; 0 n| ii sin? @ .cos? @.cos @ i dw , putting u = sin @ 


1 /2 1 
= . w J . sin? @ cos* 6 i dw = = a Jl, © aw 
0 3 40 


3 Jo 642 2 
aka =" 1-o0]=—. 
0 


=—|w 
24 Jo 24| 2 48 48 
Comprehensive Problems 4 


lp x(2-3 
Problem 1: Change the order of integration in J, o , f(x y ) dx dy. 


Solution: In the given integral the limits of integration of y are given by y = x ,which 


is a straight line passing through the origin, and 
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y=x(2-x)or p=2x-x° or (x-17 =-(y-l 
which is a parabola with vertex (1, 1) and passing through the origin. 


Again the limits of integration of x are given by x =0 ie.,the y-axis and x = | which is a 
straight line parallel to the y-axis at a distance | from the origin. 


We draw the curves y=x,(x iy =-( y-1),x=0 and xr=1, giving the limits of 
integration, in the same figure. We y¥ 

observe that the region of integration is 
the area OLBMO. 

In the given integral, the limits of 
integration of y being variable, we are 
required to integrate first wrt. y 
regarding yas aconstant and then w.r.t.x. 

If we want to reverse the order of 
integration, we have to first integrate w.r.t. 
x regarding y as a constant and then we 
integrate w.r.t. y . This is done by covering 
the area of integration OLBMO by 
drawing the straight lines y= constant 
ie., by dividing this area into strips parallel to the y-axis. 


So divide the region OLBMOinto strips parallel to the x-axis starting from the arc OMB 
of the parabola and terminating on the line OLB . 

For the point B , x = 1 .Putting x = lin the equation of the line y = x ,we get y =1.Sothe 
y-coordinate of the point B is also 1. 

For the region OMBLO , the lower limit of xis the value of xfound in terms of y from the 
equation (x1)? =1- y and the upper limit of xis the value of x found in terms of y 
from the equation y = x .From the equation ( x — 1 =1- y ,wegetx-l=+V(l-y) 
orx=l#¥V (1 —_y ).Since in the region OMBLO, xtakes values less than 1, therefore we 
take r=1-V(1- p Ve 

Thus in the region OMBLO , xvaries from] — V(1 — _y) to yand_yvaries from 0 toa. 
Hence by changing the order of integration, we have the given integral 


aft? gadis 
“Joli vaey feo ® 


Problem 2: Change the order of integration in the integral 
3 -V4-y) i 
as ou 2 ae 


Solution: Inthe given integral the limits of integration of x are given by the straight 
line x=1 and the curve r=V(4- y )ie., ° =4- y ie, x =-( y—4) which is a 
parabola, symmetrical about the y-axis, with vertex at the point (0, 4)and existing in the 
region y < 4 .Again the limits of integration of y are given by the straight lines y = 0 (i.e., 
the x-axis) and y =3. 
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We draw the curves x =1, 1° =— (y-4), 
y=0 and y=3, giving the limits of 
integration in the same figure. Putting x = 1 
in the equation xr =-( y-4), we get 


y =3.Thus the straight line _y =3 passes 
through the point of intersection C of x =1 
and x = -( y —4). Also at the point of 
intersection B of the _ parabola i 
v= —( y —4) and the x-axis (ie., the line 


i =u 
y =0), we have x = 2 .We observe that the ’ 77 A a 7 * 
region of integration is the area ABCA . | ; = aS 
In the given integral the limits of ! y \ x = - fy 4} 


integration of vare variable while those of y 

are constant. Thus we have to first 

integrate w.r.t. x regarding y as a constant and then we integrate w.r.t. y. 

If we want to change the order of integration, we have to first integrate w.r.t. y regarding 
xas a constant and then we integrate w.r.t. x . This is done by covering the area ABCA by 
strips drawn parallel to the y-axis. These strips start from the line AB (i.e., y =0) and 
terminate on the arc BC of the parabola vr =4- y . Therefore for the region ABCA , y 
varies from 0 to 4— 2% and x varies from 1 to 2. Hence by changing the order of 


integration, we have the given integral 
2 p4-x led 
= + ; 
Rie ores 
Problem 3: Change the order of integration in the integral 


f(% y de dy. 
xtan o 


(Kumaun 2002, 10; Kanpur 05; Avadh 11) 
Solution: In the given integral the limits of integration of y are given by y = x tana 


ia ae 


(0) 


which is a straight line passing through the origin and 
yav (a2 a2 Vier =@-x ie, + ¥ =a" 
which is a circle of radius a with centre at the origin (0,0). 
Again the limits of integration of xare given by x = 0 ie.,the y-axis and x = a cos which 
is a straight line parallel to the y-axis at a distance a cos o from the origin. 


We draw the curves y = x tana x + y = 


,¥ =Oandx =a cos o giving the limits of 
integration, in the same figure. We observe that the region of integration is the area 
OMNO. 

In the given integral the limits of integration of y are variable while those of x are 
constant. Thus we have to first integrate with respect to _y regarding x as constant and 
then we integrate w.r.t. x. This is done by covering the area of integration OMNO by 
drawing the straight lines x =constant i.e., by dividing this area into strips parallel to the 
praxis. 
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If we want to reverse the order of ¥ 
integration, we have to first integrate (t].a¥ 


with respect to x regarding y as SS : 

constant and then we integrate w.r.t. ai 

y . This is done by covering the area of * 

integration OMNO by drawing the A Mia cos a, @ smo} 


straight lines y= constant ie, by \ 


roearshk 


dividing this area into strips parallel to 
the x-axis. 


Now if we take strips parallel to the rl 
w-axis starting from the line x=0, 

some of these strips end on the line OM while the others end on the arc MN of the circle 
r+ ¥ = a’. Sowe draw the line of demarcation MA dividing the area OMNOinto two 
portions OMA and AMN . 

For the point M,x=acosa. Putting r=acosa in the equation of the line 
y=xtano,we get y=asina.So the y-coordinate of the point M is a sina and the 
equation of the line of demarcation MA is y =asino. 


fa cos om. Oh xX 


For the region OMA , x varies from 0 to _y cot a and y varies from 0 to asina. 
For the region AMN , x varies from 0 to ie= y 2) and y varies from 4 sing toa. 


Therefore, changing the order of integration, the given double integral transforms to 


fern fe" Foy araee f a 


0 0 asina JO 


f(xy) dy dx. 


ly 
Problem 4: Change the order of integration in iL J , f(s y )dxdy. 


” (Lucknow 2010) 
Solution: Here the area of integration is bounded by the straight lines y = mr, yp =I x, 
x=0 and x=a. Drawing all these lines in one figure, we observe that the area of 
integration is OABO. 
To reverse the order of integration, cover this area 
OABOby strips parallel to the axis of x. Draw the 
straight line AN parallel to the x-axis and thus 
divide the area OABOinto two portions OAN and 
NBA according to the character of the strips. 
For the point A,x=a. Putting +=a in the 
equation of the line _y = mx, we get y = ma. Also 
for the point B, x =a; therefore putting «=a in 
the equation of the line _y =/ x, we get y=Ia. 


Now for the area ONA , x varies from the line 

y=lxto y = mv ie.,xvaries from y/I to _y/m and y varies from 0 to am .Again for the 
area NBA , xvaries from the line NB (_y = lx )to the line x = a i.e., x varies from y/I toa 
and y varies from am to al . 

Therefore, by changing the order of integration the given integral transforms to 
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am py/m 
(0) ee 


al a 
fn y)dy det le f(xy )dy de. 


3a-x 


2 
Problem 5: Change the order of integration in J ; a J D4 
x a 


flu y )dedy. 

(Agra 2001) 
Solution: In the given integral the limits of integration are given by x° /4a = y 
ie, = 4ay , (which is a parabola passing through the origin), and the lines y =3a - x, 
x=0,and x =2a. Drawing these curves in one figure we observe that the region of 
integration is the area OABMO. 
To change the order of integration, first we divide the 
region of integration into two portions OAM and 
MAB , by drawing the line AM parallel to the x-axis. “¥ 
Now to reverse the order of integration, cover the 
whole region OABMOby strips parallel to the x-axis 
starting from the line x = 0 .Some of these strips end 
on the arc OA while others end on the line AB. 
Forthe point A ,we have x = 2a .Putting x = 2ain the 
equation of the line y =3a — x, we get p=a. 
For the region OAM , xvaries from 0 to ¥(4ay )and_y 
varies from 0 toa .Again for the region MAB , rvaries from 0 to3a — yand _yvaries from 
a to 3a. 


Hence the transformed integral is given by 
a V(4ay) ; ae 3a p3a-—y ee 
[Cf rengaes[ [ra nae, 
Problem 6: Change the order of integration in the double integral 
a pb/(b+x) : ied 
JoJo fara. 


Solution: In the given integral the limits of integration of y are given by y =0 (i¢.,the 
x-axis) and y =b/(b + x )ie., y (b + x) =bwhichis a rectangular hyperbola having for 
its asymptotes the straight lines_y = 0 and x = — ) . Again the limits of integration of x 
are given by the straight lines x =0 (ie., the y-axis) and x =a. We draw the curves 
y(b+x)=b,y =0,x=Oandx =a , giving the limits of integration, in the same figure. 
We observe that the region of integration is the area OMABO. 

In the given integral we are required to r=-a|I¥ 


integrate first w.r.t. y and then w.r.t. x. | ae am 

To change the order of integration, we ' 

have to first integrate w.r.t. vregarding y 00,1) 

as constant and then we integrate w.r.t. Ms 

y . This is done by covering the area of . a A . eal 


integration OMABO by drawing the 
straight lines _y =constantie.,by dividing 
this area into strips parallel to the x-axis. 
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Now if we take strips parallel to the x-axis originating from the line x = 0, some of these 

strips terminate on the line AM while the others terminate on the arc AB . So according 

to the character of the strips we divide the region of integration into two portions 

namely NOMA and NAB , by drawing the line AN parallel to the axis of x. 

For the point B , x = 0 . Putting x = 0 inthe equation y (b + x )=b,we get y =1.Sothe 

coordinates of the point B are (1,1). 

Similarly putting x = ain the equation y (b + x )=b,we get y =b/(a + b)and thus the 

coordinates of the point A are (a, b/(a + b)). 

For the area NOMA , x varies from 0 to a and _y varies from 0 to b/(a+ b). 

For the area NBA , x varies from 0 to b (l—- y )/ y and _y varies from b/(a + b)to 1. 

Therefore, changing the order of integration, the given double integral transforms to 


b(l- y)/y 


) pa 1 
[fora ae J S(% y) dy ax. 


bKat+h 
J a+b) J0 


0 


2 
/x 
Problem 7: Change the order of integration in IJ ea SF (%, y) ax dy . 
x 


(Lucknow 2009; Kanpur 10; Kumaun 12) 
Solution: Inthe given integral the limits of integration of y are given by y = x which is 
a straight line passing through the origin equally inclined to both the axes and _y = a /x 
orxy = a which isa rectangular hyperbola. Again the limits of integration of x are given 


by the straight lines x = 0 (i¢.,the y-axis) andx =a. 


2-0 and 


We draw the curves y=x, w=a 
X = a, giving the limits of integration, in the same 
figure. We observe that the region of integration is 
the area LMOY ... extended upto infinity on the 
above side. 

In the given integral we are required to integrate 
first w.r.t. y and then w.r.t. x .Ifwe want to change 
the order of integration, we have to first integrate 
w.r.t. x regarding y as constant and then we 
integrate w.r.t. y . This is done by covering the area 
of integration by strips parallel to the x-axis. 


Now if we take strips parallel to the x-axis starting from the line x =0 , some of these 
strips end on the line OM while the others end on the arc ML of the rectangular 
hyperbola. So we divide the region of integration into two portions, the triangle OMN 
and the area YNML which extends upto infinity, by drawing the line MN parallel to the 
axis of x. 

For the point M , x = a .Putting x = ain the equation of the line _y = vor the rectangular 
hyperbola xy = a’,we get p=a. 

So the y-coordinate of the point M isa and the equation of the line of demarcation MN 
is y=a. 

For the area OMN , x varies from 0 to y and y varies from 0 toa. 
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For the area YMNL ..., x varies from 0 to a’ / y and y varies from a to ~. 


Hence by changing the order of integration, we have the given integral 
ce / 
=fo fe F(% y) dy de + |” I a f(x yp) ay ax. 


Problem 8: Change the order of integration in [" fo, iP) S(x,y) dx dy, 
a 


where c<a. 


Solution: In the given integral the limits of integration of y are given by 
2 


Via -x)ie., : +221 


a Ir 
which is an ellipse with centre (0,0) and the straight line y =). 


Again the limits of integration of x are V4 Ma 
given by the straight lines x = candx =a 
Draw the ellipse xia + i /b* =1 and 
the straight lines y=b,x=c and x=a, 
bounding the region of integration, in the 
same figure. We observe that the region of 
integration is the area ABECA . In the 
given integral, the limits of integration of 
y being variable, we are required to 
integrate first w.r.t. y and then w.r.t. x. 


s=fe 


In order to integrate in the reverse order, 


a Ata ¥ 


divide the whole area into strips parallel 
to the x-axis originating either from the 
line EC (i.e.,x=c) or from the arc AC of the ellipse and terminating on the line 
BA (i.e.,x =a). While integrating we must first obviously divide the region of 
integration ABECA into two portions CAD and ECDB according to the character of the 
strips. For the point C,x=c. Putting x=c in the equation of the ellipse 
Pe y 21h? =1, we get y=bV{1- (c* /a*) } which is the y-coordinate of the 
point C . The equation of the line of demarcation CD is thus _y = b V{1- (c* /a’)} 


For the area CAD, x varies from aV{1—(y 2 /b”)} to a and y varies from 0 to 

bV{1-(c? /a*)}. 

For the area ECDB , x varies from c to a and _y varies from b V{1l- (c? /a’) }tob. 

Therefore, changing the order of integration, the given double integral transforms to 
DN{1=(c2 /a2)} pa 

J J f (x y) dy de 


0 an{1— (9% /02)} 


a a au 
+ nee J. K(% y) ty - 
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Problem 9: Change the order of integration in J, J F(x, y) dx dy . 
x /a 


Solution: In the given integral the limits of integration of y are given by y = x = aie, 


x? = ay which is a parabola with vertex (0,0) and x - x 2 /a= py ie., ax — XxX 2 = ay i.e., 


(x } ay =-a( y ‘ a) which is also a parabola with vertex é a, ‘ a). 


The points of intersection of the two parabolas are (0,0) and G a, ; a). 
Again the limits of integration ¥ 

. i r=0i Fe ee 
of x are given by x=0 ie., the ip iG | 


y-axis and x=a/2 which is a 
straight line parallel to the 4", 
y-axis at a distance a/2 from the Th 


origin. 
Draw the two parabolas 
= ay and 
(x-} ay =-a( y- 7a) 
2 4 


intersecting at O(0,0) and 
P G a, - a) along with the lines x = 0 and x = a /2 in the same figure. We observe that 


the region of integration is ONPLO. In the given integral we are required to integrate 
first w.r.t. y («the limits of integration of y are variable) and then w.r.t. x .To reverse the 
order of integration, draw strips parallel to the x-axis originating from the arc ONP of the 
parabola ax — r= ay and terminating on the arc OLP of the parabola r= ay . Then for 


the region ONPLO , the limits of integration for x are given by ax — r= ay and r= ay. 
2 


Solving ay = ax — x ie.,x -ax+ ay =O for x, we get 

rap las V(a- —4ay )| or r= 5 la-Ve —4ay )], 
rejecting the +ive sign since x cannot be greater than - ain the region ONPLO. 
Thus the limits of x are x = ; [a - V(a —4ay )]and x =V(ay ). 


Clearly for this region y varies from 0 to " a. 


Hence by changing the order of integration, we have 


hea. /a oe Ja Jie e a ie Pan 


Problem 10: Change the order of integration in 


2a p V(2ax) tI ) om 
X% bar, 
Jo Var 7 a oe (Kumaun 2013) 
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Solution: In the given integral the limits of integration of y are given by 
yp =V(2ax - v) i.e., yr =2ax-x° ie, ( x-ay + Va =a 

which is a circle with centre (4,0) and radius a and y = V (2ax) ice., yr = 2ax which is a 
parabola with vertex (0,0) and the x-axis as its axis. Again the limits of integration of x 
are given by x =0 ie.,the y-axis and x = 2a ,a line parallel to the y-axis at a distance 2a 
from the origin. 

We draw the curves (x- ay + x =a’, ¥ (a, 2a)| 
= 2ax,x=0 and x= 2a, giving the limits of 


integration, in the same figure. We observe that 
the region of integration is the area OABCO. 

To reverse the order of integration, cover this area 
of integration OABCO by strips parallel to the 
x-axis. Through A , draw the line EAD parallel to 
the x-axis (i.e.,tangent to the circle at A) so that the ,, : 
region of integration is divided into three portions (aU) B X 
OEA , ABD and ECD. 

For the point A ,x=a. Putting x=a in (x-a)’ + a 
y-coordinate of A. 


| (ea, OF 


=a’, we get y=a as the 


For the point C, x = 2a; therefore from vr = 2ax,we get y=2aatC. 


a ‘i 2 2 


Now from the equation of the circle( x — a)" + y* =a°,wehavex=a+ V(a - yw )ie., 


x for the arc OA is given by a- (a - y’) and for the arc AB, x is given by 


at+N(a a i Yi 
Now for the region OEA , x varies from if /2a (which is the value of x on the arc OE of 
the parabola as =2axr) toa-V(a - yp ) which is the value of x on the arc OA of the 


circle and _y varies from 0 toa .For the region ABD , xvaries from the arc AB of the circle 
to the straight line BD (ic.,xvaries froma + V (a’ - a )to2aand y varies from 0 toa. 


And for the region ECD , x varies from the arc EC of the parabola to the straight line 
X = 2a ie., x varies from yp /2a to 2a and _y varies from a to 2a. 


Hence the transformed integral is 
- Ve - a a 
) dy do dy dx 
=J5 J 200 ‘fle 9) J ah (ene pln 


2a p2a aa 
#1, yp /2a a 
Problem 11: Change the order of integration in the double integral 
ab /N (a2 +b) ¢ (a/b)N(b = y”) 
J J F(% y) dy dx. 


0 0 
Solution: In the given 2G the limits of integration of x are given by x = 0 ie., the 
y-axis and x= (a/b) V(b? =y 2) ie., Y /a + y 2 fh =] 


which is an ellipse with centre as origin. (Note) 
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Again the limits of integration of y are given by y=Oie., the x-axis and 
y=ab/\ (a? + b*) which is a straight line parallel to the vaxis at a distance 
ab /\ (ae +i ) from the origin. 
We draw the curves 

x=0 x7 /a* + [be =l,y=0 
and y=ab/N (a +5"), 4 
giving the limits of integration, in the 
same figure. We observe that the region 
of integration is the area OPBAO. 
In the given integral the limits of 
integration of xare variable while those of 
y are constant. Thus we have to first 
integrate w.r.t. vregarding y as a constant 
and then we integrate w.r.t. y. 


Ellipse 


— 


ee 


ye 
B 7 wf fa + 8°) 


\ 


t 
a Poy 


If we want to reverse the order of integration, we have to first integrate w.r.t. y regarding 
x as constant and then we integrate w.r.t. x. This is done by covering the area of 
integration OPBAO by strips parallel to the y-axis. Now if we take strips parallel to the 
y-axis starting from the line y =0 ,some of these strips end on the line AB while the 
others end on the arc BP of the ellipse. So we draw the line of demarcation BC dividing 
the area OPBAO into two portions OCBA and BCP. For the point B, 
y =abN(a +7), Putting this value of y in the equation of the ellipse 
va + yr /b? =1,we get x = ab/\ (a? + b*).For the region OCBA , y varies from 0 to 
ab/\ (a? + i’) and x varies from 0 to ab/N (a? + Bb’) ‘ 

For the region BCP , y varies from 0 to (b/a) V (a? — x”) and xvaries from ab/\ (a? +b) 
toa. 

Hence the given integral transforms to 


bN (2 +07) pabN(e2 +02 
[ee fee Fx, y) aeay + 


0 0 


V2 — 2) 
(e | (b/a) 


, p)dxdy. 
ab N(a2 +b) JO LE Dee 


m/2 p2acos® 
Problem 12: Change the order of integration in i. J, F(r, 9) dO dr. 


(Kumaun 2009; Kumaun 11) 
Solution: Here the region of integration is bounded by the polar curves r =0 (the 
pole), r = 2acos@ (a circle of diameter 2a passing through the pole), 6 = 0 (the initial 
line) and @ = 1/2 (a line through the pole perpendicular to initial line). 
We draw the curves r=0, r=2acos® , 8=O0 and 0= 7/2 , giving the limits of 
integration, in the same figure. 
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We observe that the region of integration ¥ f= 5 

is the area of the semi-circle OMPO. 

In the given integral the limits of Al 
integration of r are variable while those of 7 
@ are constant. Thus we have to first (> 
integrate with respect to r regarding @ as a iN i2e, (i) 
constant and then we integrate w.r.t. 0. a £ Peso 


If we want to reverse the order of 

integration, we have to first integrate with respect to 6 regarding r as constant and 
then we integrate w.r.t. r. This is done by covering the area of integration OMPO by 
circular arcs with centre as pole. On these arcs 8 varies and r remains constant. Thus 
for the area OMPO, for a fixed value of r, @ varies from the initial line (ie.,0=0 a 
point on the arc OMP of the circle r=2acos® ie. to a point for which 
8=cos! (r/2a) and r varies from 0 to 2a. 


Hence by changing the order of integration, we have 


12 p 2a 8 2 (r/2 
i, ‘ I, ee” f(r, 0) dO dr = I, ‘ i Oe see dide 


Problem 13: Change the order of integration in the double integral | * i. Tiga 
(a—x)(x- y 


and hence find its value. 

Solution: In the given integral the limits of integration are given by the lines y =0, 
y=x,x=0 and x =a. We observe that the region of integration is the area OAB. 
Now proceed as in Example 21. By changing the order of integration, we have 


a ) dx d ) dx d. 
Solo Te sa om gf eerrcer rear 


a : 
“lo 8 | Taye 
5) es 

Put x =acos’0+ sin? 0. 
Then a—x=a—acos’0— ysin’® 

=a (1-cos?@)— ysin*6 

=(a— y)sin’@ 
and x- y =acos*0+ ysin?0- y 


= acos’ 0+ y (sin? 6-1) 
=(a-y) cos”@ 


When x= y then x- y =Oie,0 =(a y) cos” @ 
or cos?@=Oor8=T7. 
When x = a then a—x=0 ie, O =(a- y)sin’@ or sin? 0 = 0 or 0=0. 
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GEN 


Nout ie dx =f" —2(a-_y)sin® cos@ dO 
’ yV{(a—x)(x- p)} Jn (a-_y)sin® cosé 
nt /2 eS 
= 2) do=2[0]%” =n. 
Thus, [20 (ray = mlo(16 = x (9a) - 00)]. 


Comprehensive Problems 5 


Problem 1: Transform a ae x, y) dx dy , by the substitution r+ yp=u, y=uvr. 
o Jo J ty , Oy J J 


Solution: As shown in Example 27. 
IJ f (x p)dedy= [Fwy udu dv. (Prove it here.) 


Now in the given integral, the region of integration is bounded by the lines 
y=0 ,y=a-x,x=Oandr=a. 


Put x=u- y=u-—uv=u(l-v )and y=w. 
Then in the uv-plane the four straight lines become 
uv =0 ,uv=a-—u(l—-v),u(l—v )=0 and u(1—v )=a, giving 


v=0,v=l,u=Oandu=a. 


Hence for the given region, v varies from 0 to | and u varies from 0 toa. 
Therefore, by changing the variables, the given double integral transforms to 


“('F du d 
I, I, (u,v )ududr. 
Problem 2: By using the transformation x + y =u, y = uv ,show that 
lpl-x 
PAD apap=) (esi 
Jo Je ‘ yo eo 


Solution: As proved in Example 27, we have dy dy = u du dv. (Prove it here.) 


Here the region of integration is bounded by the lines 


y=0,y=l-x,x=Oandyx=1. 
Changing these equations to new variables u and v by using the relations 


x=u- y=u-—uv=u(l—v )and y=uv,we have 
uv =0 ,we=l-u(l-v),uU-v)=Oandu(l-yv )=1, 
giving v=0,v=l,u=Oandu=l. 


Hence for the given region v varies from 0 to | and u varies from 0 to I. 
Further e INH I) <p writ — gv [e x+ pau, y=uy | 


Therefore, changing the variables to u, v , the given integral becomes 
lel 1 I 
v vl 1 0 
= "udu dv = | e udu = | e -—e )udu 
J 0 J 0 0 le Jo 0 ( ) 


| _ I 


(e-1l). 


= 1 : du = 1 
=(e- ft u=(e TE 5 


0 
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Problem 3: By using the transformation x + y =u, y = uv, prove that 
ff ord —x— yy? aeay 


taken over the area of the triangle bounded by the lines x =0, y=0 ,x+ y=lis2n/105. 
Solution: As proved in problem 2, we have dx dy = u du dv ; u varies from 0 to | and 
also v varies from 0 to 1. 
N 1/2 _ 1/2 
ow fy (l-x— yy = Lay {1- (4+ y ) 3 
=[u(l-v).u.(1—u)}!? [. x=u(0-v), y=ur | 
=u(l—- uy. pl (l-v ye, 


Hence the given double integral transforms to 
lel 
I i u(l—u)!?, p12 d-v)?. udu dv 


[fe 2 (1-2 au | Ia dy)? w | 
1 


a= iy, |e = = 
=o" lq ype can y2-la_y» pe ‘a | 


=BG; =). BG. >) [By the def. of Beta function] 
3 3 <3 1) 43 
T(3)r(e) re.re 2.[-V4 
TRE). oo cE ] _2n 
ros) res: eta 16 
2 2° 2 (99.99 
Problem 4: Evaluate | | ( (2 + yy? dx dy over the circle r+ Da =l1. 


Solution: Here the region of integration is a circle. Therefore we shall change the given 
double integral to polar coordinates by putting =r cos @ and _y =rsin@. We have 


ox ox 
pote). ar 20l— cos@ —rsin® | _ 
~ 0(r, 8) ~ oy oy “| sin@ rcosd | 
or 00 


Aa dx dy = J d® dr=r dOdr. 

Clearly the region of integration is the circle x 24 y* =lie., the circle with centre 
(0,0) and radius 1. 

Changing to polar coordinates, the region of integration is covered when r varies 
from 0 to | and @ varies from 0 to2 7. 


Jec2a% + 2712 ay w=f" fo? 2 yr le J dO dr 


on [9]! 


af." 2 nabae= ih i ® dedr= f° E 


d0 
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lp2e 
=9)o = GPlo =5 


Problem 5: Evaluate IJ ay (x7 + va yp? dx dy over the positive quadrant of the circle 
v4 a =l. 
Solution: Changing to polars by putting x =r cos@, y =rsin®,we have J =rso 
that 
dx dy = J d@ dr =r dOdr. 

The given region of integration is the area lying in the positive quadrant of the circle 
r+ yr =l. 
Changing to polar coordinates, this region of integration is covered when r varies 0 to | 
and 0 varies from 0 to m/2. 

The required integral 


/2p1 ‘ 
IJ xy (x2 + eye dx dy =f, I, r cos 8. rsin@ (7). r d0 dr 


I 
/2¢1 /2.,.7 
a J ‘ J r° sin @ cos 0 d@ dr = J * A sin 6 cos 6 d0 
0 0 0 7 0 


/2 
a 1 in 90 d0 = } 
770 2 


cos a 1 
14 


a ls 28 14, 


vy 2 
Problem 6: Evaluate IJ rma ae dx dy over the circle x 24 y 28g. 


olution: anging to polar coordina es, the equa jonx~ + =a ransrorms to 
Solution: Changing to pol dinates, the equation x 7 +_y 7 =a’ transforms t 


r2 cos? 6+ r? sin? 6= Lée.,r=a. 
Hence for the given region r varies from 0 to a and 6 varies from 0 to2 1m. 
Also dx dy =r d®dr. 


The required integral 


= [fer ae dy =[-" i ee oe 


2n a -tl . 2 
= J J e .—d0dt, putting r~ =tso that 2r dr = dt 
0 0) 2 


2 
2n [pt ]" 2 
=| “ie ie ef Te _ yy d9 
240 -l 0 240 
1 - a 2 tl -a 
= 5 ~ =e," at e “ ).In 


2 
=n(l—e~" ), 
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(stints to Objective Type Questions 


Multiple Choice Questions 


2 2 2 2 
it We have | ? J r d0 dr = | x 5 | do=— | . d0 
6=0] 2 i 2 J0 
=" 92" = on we 
2° 0 2 ; 
2. Weh Ame oe : 2)! dx d 
: . ave J) F i; eda Za Jo” 2 " J 
Z= 
1 
l 2. 
=; | dx = =| x dx 
J= 
1 
L1{x2 l1l1_1 
22|2|, 222 8 
Me -y) a [pv@-y) | Me 
3. Weh dy dx = dx | dy = e-y) 4 
. ave | I; ad J,-0|) -0 lid Jo [*],< ad 
a 
=| Va - x") ay 


/2 /2 /2 
4. We have I. Io Io cos? xcos* ycos” z dx dy dz 


Il 
ee 
3 
LB 
S 
i = 
o 8# 


cos” x cos” y [fr Zz i dx dy 


— 

es 

3 
aos 

cS 

tl 

a rT) 


cos? xcos” y: "le nH dx dy 


ll 
Ala Ala Ala 
le 
oS 

i) 
fay 
io) 
Mn 
Ne) 
bat 
| aera | 
NS] 
Nla 
——— | 
= 


nt /2 3 
J cost xdy= ZB. Eat. 


la 
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5. We have I, i I, et d*? dy dy dz =| es eve fe =08 ie acay 


1 I 1 
= ond) p21 dx d 
= ig i ee’ [el -0 BY 
I I 


as ee a vee 


nt /2 
0 


/2 Dy) p 
“li cos ds] f} cos y || cos? de [aL LL, 


7. See Problem 1(i), of Comprehensive Problems 2. 


2 p2 2 
8. We have I, i (x7 + a dx dy = [; js + al dx 


n /2 n /2 
6. We have i J, cosx cos y cosz dx dy dz 


see alge crs 


9. See Problem 1 (ii), of Comprehensive Problems 1. 


10. See Problem 1 (ii), of Comprehensive Problems 2. 
™ x mT Tv 
ll. Weh i r= - Y dy = = : : 
e have I, i; sin. y dy dx i ( cos ¥) 9 dx I, (— cos x + cos 0) dx 


| 


go — ™: 


=, (1- cos x) dv = (x-sin x) 


12. See Example 1 (ii). 

13. See Example 4. 

14. See Example 11. 

15. See Problem 7(i) of Comprehensive Problems 2. 
16. See Example 16(i). 


Fill in the Blanks 


1. We have [[aa=f- eee flor dx 


=| ae i, =3. 


2. We have JoJo dx dy ai ‘J ,-0? ya 
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We have fofee dx dy = (os Xx I, ane | dx 


I vali l 3 4 
S| Ae dx =f a ee x a oy oe ie 
0 | 2 x=0 2 2) 4 24 8 
y=0 0 


/2 p2acos® /2 2 () 
4. We have in i, rd dr =f | siti 


» 


rar| a 
6=0 r=0 


pl 2 2acos 0 p 
T tT 
= J | d0= J 2a? cos* 6 dO 
0 2 0 

r= 


5. We have ie i ea dx dy a=[ Srao? (Jeno? ie acay 
2 2 a7 2 2 
=, ee es oF] ze a 
2. i 2 2 ‘ 
25] eotlore—4[Z] =. 
6. We have [ i in ro 
=f, sy lz] Tai ey = 2p [I _o|4 
=0/ JV, 2 t= 2 f° dx=2[r]?=2-0 l)=2. 
7. We have (tt woof | |e 
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True or False 


Dp) oe) a 
is We have f ® etn ns d0 
e=-n/2 Jr=0 -n 2 
3 


2 tm 
n2 _a@ [um ,_"u|]_@ 
73. ete a i, 5) - ; 


2, Weave ff" 2 eo [Lv nea 


rafal raza five # a 


= 


a 
na] Ste) r)+ picts] =4.0 BL ag, 
> 0) 


e-x) aed a 
xdedy= fo Lo 


a V( 
3. We have J J 
-a JO 
=|" x(a 1) dv=0 [av (a? - is an odd function of x ] 
—a 


OOO 
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Areas of Curves 


Comprehensive Problems 1 


Problem 1: Find the area bounded by the axis of x , and the following curves and the given 


ordinates : 
(i) yrlogx;x=a,x=b(b>a>l). (Kanpur 2015) 
(ii) =e" ;x=a,x=b,(a>b>0). (Kashi 2012) 


b b 
Solution: (i) The required area = J yax= J log x dx 
a a 


b 
b 
= og X).x - i - .x dx , integrating by parts 
a Boe 
= [b log b — a log a] —- [b — a] = (b log b — b) - (a log a— a) 
= b log (b/e) — a log (a/e). [. loge =1] 
wa . a aD 2 
(ii) The required area = I, yax= I, (c* /x) dx, [e y=er/x | 


a 
= 7. E Xx =¢? (log a — log b)=c? log (a/b). 
b 


Problem 2(i): Find the area bounded by the curve y = x, the y-axis and the lines y = 1 and 
y =8. 


Solution: Here the curve is bounded between the axis of y and the lines parallel to 


X-axis. 
8 
Hence the required area = J x dy (Note) 
ye=l 
8 
=() y'B ay, [ext = pores yl] 


8 
3 =| 3 (94/3 _ 143) _3 p94 45 
=|2 fC jS2 OF <is=: 
Fe a/ ] ae ] , 


Problem 2(ii): Show that the area cut off a parabola by any double ordinate is two third of the 
corresponding rectangle contained by that double ordinate and its distance from the vertex. 


Areas of Curves = 
[1-147 | 


Solution: Let the parabola be yw = 4ax . Also let x = b be any double ordinate. Since 
the curve is symmetrical about x-axis, therefore the area cut off the parabola y =4ax by 


the double ordinate x = is 2 x (area included between the x-axis, x = b and curve in the 
+ive quadrant). 


: b b 2 
“) The required area=2f yde=2[e \ (4ax ) dx, [sy =4ax | 


aye |? 82) 28a. 08”, (1) 


Again, at x=), from a = 4ax , we have 
a =4ab or y=2V(ab). 
Length of the double ordinate = 2 y = 22 V(ab) =4 V(ab). 


Now area of the rectangle contained by the double ordinate and its distance from the 
vertex 


=2yxx=2y.b=4V (ab). b =4a'? PP”. 


Its two thirds = - Aa? 73? = ail? BP 
= area cut off a parabola by the double ordinate, from (1). 


Problem 3(i): Find the area of the quadrant of an ellipse ( x /a’) + ( yr /b*)=1 
(Agra 2000; Bundelkhand 10; Kanpur 11) 
Solution: See Fig. of Ex. | after article 2. Here the required area (i¢., the area of a 


quadrant) lies between the limits x =0 and x= 


. Area of the quadrant = I ydx= m is V(a2 - - ) dx, from (1) of Ex. 1 
a 


abl) ge 2)4) Baer (2) ] 


a\2 2 a 0 
_bfl ]_ nab. 
oe Go, 


Problem 3(ii): Find the whole area of the ellipse ( xv /a) + ( yr /? )=1 

(Avadh 2010; Rohilkhand 10B; Kumaun 12) 
Solution: Clearly the area of an ellipse is 
4 times the area of a quadrant. 


The required area of the ellipse 
T ae 
=4 I. J bea TE 


from problem 3(i) 


=tTab. 
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Problem 4(i): Trace the curve ay" = x° (a — x )and show that the area of its loop is 8a? /15. 
(Avadh 2008) 
Solution: Tracing. (i) The curve is symmetrical about x-axis and passes through the origin. 
(ii) Equating to zero the lowest degree terms in the 
equation of the curve, we get ¥ -~x =0 ie, p=tx 
as the tangents at origin and these being real and 
distinct the node is expected at the origin. 
(iti) At y=0, we get r=0 and x =aie., the curve 
crosses the x-axis at (0,0) and (a,0). Also when 
x>a, yr is negative, ie., y is imaginary. Hence the 
curve does not exist for values of +>a. Also as x 
decreases from 0 to — «, y increases from 0 to ©. 
(iv) No asymptotes. Thus the shape of the curve is 
as shown in the figure. Clearly the loop is formed 
between x =0 and x=a. 


Required area of the loop = 2 i, pax, [ Curve is symmetrical about x-axis] 


=2 i Mees) dx , putting for y from the equation of the curve 
a 


=2j*” asin? @ (a) .cos ® 


2a sin® cos 0 d6, 
0 Va 


[Putting x =a sin? 0, dx = 2a sin cos ® d0| 


3 1 
r2r2 Vn 
/2 
= 4a? f sin? @ cos? @d® = 4a2 2 = 4¢". 2 ag 
0 aT g.2.2,24n 1 
2 22-2 


Problem 4(ii): Find the area of the loop of the curve 3ay” =x(xr- ay. 


Solution: The curve is symmetrical about x-axis. Putting y=0, we get x=0 and 
x =a,i.e., the loop is formed between x =0 and v=a. 

. Required area of the loop = 2 I pax, [.: Curve is symmetrical about x-axis] 
Now for the portion of the loop lying in the first quadrant, y is tive and xlies between 0 


and a. Therefore for this portion of the loop, we have y = {1/V(3a)}. V(x) (a—x). 
Required area of the loop 


=2 [iets putting for _y from the given equation of the curve 
= 4 ee is 
Ten Jo ie 
a 
2 2 [2a rial _ 8a 
V(3a) 13 5 0 15/3 
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Problem 4(iii): Find the area of the loop of the curve yr =x(x- iy, 


Solution: Here also the curve is symmetrical about x-axis. Putting y =0 ,we get x =0 


and x =1 ie., the loop is formed between x =0 and x=1. 
1 
Required area of the loop = 2 J, yp ax 
1 
=2 i (l—x).Vxdv, putting for y from the equation of the curve. 


[Note that we have taken, y = V(x).l-x) 


1 1 
=2f (x! 8) de=2[2 8? =?) -2/= 2|-3 
0 3 5 0 3 SJ 15 


Problem 5: Find the area (i) of the loop of the curve 
x(x + y)=a(r =~ 7 yor ye (atx)=x% (a-x). 

(ii) of the portion bounded by the curve and its asymptotes. 

(Garhwal 2000, 02; Meerut 04) 
Solution: The curve is symmetrical about x-axis. The 
tangents at origin are a ( ¥ - ) =Oie., y=+ x.Since 
there are two real and distinct tangents at the origin, 
therefore the origin is a node on the curve. Putting 
y =0, we get x=0 and v=a ie., the loop is formed 
between x =0 andxv=a. 

Required area of the loop 


=2 I y dx, by symmetry 


=2 J “y (: = 4 dx , putting for y from 
0 a+x 

the given equation of the curve 

=2 J BO aNE 2) pe , multiplying the numerator and the denominator 


0 V(a2 - x*) 
by V(a- x) 


.acos0dée, 


=25*" asin @ (a —asin0) 
0  V(a* - a? sin? 6) 
putting x=asin® so that dv = a cos 0d 


/2 /2 12 
= 2a? [ sin @ (1 — sin @) d0 = 2a” [i sin 6 de — iM sin’ ‘| 


= 2a [1 - ; ‘ ; mt], by Walli’s formula 
=o 1-1 gyal 2 (4-2). 
4 2 
(ii) The line x = — ais the asymptote of the curve. 


Now the area lying between the curve and its asymptote 
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caf oe 


the value of y to be put from the equation of the curve 


0 = 
=D, J x (: 4 dx, [Note that for the arc of the curve lying 


in the second quadrant x is —ve and y is tive 
so that y=—xV{(a—x)/(a+x)} for this arc.] 


=2{" = “ei Teo dx 


ex 


a cos 80) d6, 


a (0) ae ee 
9 : 
ee V (a2 — a* sin? 0) : 


putting x=—asin® so that dy =— a cos 0 d0 


0 /2 
=—2a° J sin 6 (1 + sin 8) d0 = Qa? in (sin @ + sin? 8) dé 


n /2 
= 2a? [1+ 7 sf mt], by Walli’s formula. 
2 1 1 2 
=2a er hia 5e (4+ nm) 
Problem 6(i): Trace the curve yr (2a — x)= v and find the entire area between the curve and 
its asymptotes. (Avadh 2011) 


Solution: Tracing of the curve yr (Qa-x)= P, 
(i) Since in the equation of the curve the powers of y 
that occur are all even, therefore the curve is 
symmetrical about the axis of x. 

(ii) The curve passes through the origin. Equating to 
zero the lowest degree terms in the equation of the 
curve, we get the tangents at the origin as 2Qay” =Oie., 
y =0, y =0 are two coincident tangents at the origin. 
Therefore the origin may be a cusp. 

(iii) The curve cuts the coordinate axes only at the 
origin. 


(iv) Solving the equation of the curve for y ,we get 


3 


2 e 
J 2Qa-—x 


When x=0, a = 
When x 2a, y — co. Therefore x = 2a is an asymptote of the curve. 
When 0 < x< 2a, yp is tive ie., y is real. Therefore the curve exists in this region. 


When x> 2a, x is -ive i¢., y is imaginary. Therefore the curve does not exist in the 


region x>2a. 
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When x<0, oF is -ive. Therefore the curve does not exist in the region x< 0. 


Combining all these facts, we see that the shape of the curve is as shown in the figure. 
Now the required area = 2 x area in the first quadrant 


=2[" par af —_ 


Now put x = 2a sin’ @, so that dr = 4a sin @ cos 6 d®. 
(2a sin’ 9) i 
V (2a -2a sin? 6) 


S| 
S 
ll 
bo 
a 
| 
a 
oy 


-4a sin ® cos 6 dO 


n /2 
. The required area =2 J 


/2 /2 
=16a° f° sin’ ® sin 8 cos 6 d8=16«" f* sint 6d 
cos 8 0 


=16«2 3A eal , by Walli’s formula = 3 na. 
4.2 2 


Problem 6(ii): Find the area between the curve a (4-x)= x and its asymptote. 
(Avadh 2012; Kanpur 14; Bundelkhand 14) 
Solution: Thecurve is symmetrical about the x-axis. It cuts the axis at x = 0 ie.,at the 


origin. The straight line x = 4 is the asymptote of the curve. 


= ] dx , 


putting for y from the equation of the curve 


4 4 
Required area = 2 I, yax=2 i ; 


4 /2 in? 
=2f # dv=2{" =n a -8sin@cos6d60, 
0 V(4-x7) 0 (4-4sin* 6) 
putting r=4 sin’ @ so that dr = 8 sin @ cos 6 d® 
m/2 3 2, ‘a 
=32 Ie sin’ 0 d0=32.- a [By Walli’s formula] 


7 nS units of area. 


Problem 6(iii): Find the whole area of the curve ax = Si (Qa-y). 
Solution: The given curve is ax = yp (Qa-y). ...(1) 
It is symmetrical about y-axis and it cuts the y-axis at the 
points (0,0)and (0, 2a) .The curve does not exist for _y > 2a 
and y<0O. 

.. The required area = 2 x area OBA 


2a Qa y 3/2 V = 
= = J (2a - y) 
2 J) ay 2 J) a a 


from (1). 
Putting y =2a sin’ @and proceeding as in Example 4, after 
article 2, we get the required area = na. 


(Note that this is also the area of a circle of radius a). 
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Problem 7(i): Find the area bounded by the curve xy" =4a* (2a — x )and its asymptote. 
(Rohilkhand 2009B) 
Solution: The given curve is symmetrical about the x-axis and ( 
cuts the x-axis at the point (24,0). 

Equating to zero the coefficient of highest power of y in the 
equation of the curve we get +=O ie., the y-axis as the 
asymptote of the curve parallel to_y-axis. 

Hence the required area 


go cee ees 


[.; from the given equation of 
the curve, ee = 4a" (2a — x )/x]. 
Putting x = 2a sin? @ so that dr = 4a sin ®@ cos 0 d0 , we get the 


required area 


2%, i= \ (2a) cos @ 4a sin ®@ cos 0 dO 
V(2a).sin®@ 


= 1600 f°" cos? 6 d® 
=160. 5 — 1, by Walli’s formula = Ana. 


Problem 7(ii): Find the area enclosed by the curve xy =a (a—x)and y-axis. 


Solution: Proceed exactly as in Problem 7(i). Here also y-axis is the asymptote 

and in place of 2a we have a i.e., replace a/2 in place of a. 

The required area = 41 (a/2¥ = na’. 

Problem 7(iii): Trace the curve a yr =a'x’ — x4 and find the whole area within it. 
(Rohilkhand 2012; Avadh 12; Bundelkhand 14) 

Solution: The given curve is a af = x’ (a — x’). Since in the equation of the curve, 


the powers of x and y are all even, therefore the curve is symmetrical about both the 
axes. 


The curve passes ee the origin and the tangents at the origin are 
ay" -a °=0 ie, a( y*? -x)=0 

ie., y= =0 Le. Protx. 

The Salle cuts the axis of ywhere y = Oie.,where 

xr (a2 =x )=0 or x=0, +a. Therefore the 

curve cuts the x-axis at (0,0) ,(a,0.)and(- 4,0). a, 0) 


The curve intersects the y-axis only at the origin. ' 
Tangent at (a, 0) . Shifting the origin to the 


point (a,0) the equation of the curve becomes 
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a yr =(x+ ay {a —(x+ ay}=(x+ ay (- x —2ax ). 
Equating to zero the lowest degree terms, we get x = 0 as the tangent at the new origin. 


Thus new y-axis is tangent at the new origin. Solving the equation of the curve for _y ,we 
get 


When x=0, yr =0. 

When Lea, yy =0. 

When O<x<a, yp is tive. 

Therefore the curve exists in the region0 << x<a. 
When x>a, y is — ive. Therefore the curve does not exist in the region x>a. 
Hence the curve is as shown in the figure and it consists of two equal loops. 
By symmetry, the whole area within the curve 

xvV( (a? ee ) 


a 


dx , 


= 4 x area of half a loop = 4° yax= a\. 
putting for y from the given equation of the curve 
n /2 
=4], sin8.acos@.acos@d0, 
re x =asin@so that dv = a cos 0 d® 


= ad’ {*" cos? 0 sin @ d@ = 4a = -1, by Walli’s formula = oa a. 


Problem 8(i): Prove that the area of a loop of the curve at a =x1 (@ -x)is na? /8. 


Solution: The curve is symmetrical about both the axes. Putting y =0 in the given 


equation of the curve, we get xt (a2 ?) =Oie.,x=0,x=+a.Thus the above curve 


will have a loop between x = 0 and x =a. By symmetry, the area of a loop 


=2 [9 ive pee) dx, 


ee for y from the given equation of the curve 


/2 
{. asin? 6 V(a —@ sine 6). a cos 6 48, 
putting x =a sin @ so that dv = a cos @ d0 


T [By Walli’s formula] 


Problem 8(ii): Show that the whole area of the curve at y =x (2a- x) is to that of the 
circle whose radius is a, as 5 to 4. (Kanpur 2010) 
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Solution: The given curve is symmetrical about x-axis. It passes through the origin and 
the tangents at the origin are at a =Oie., yr =Oie, y=0,y=0. 
The curve cuts the x-axis at the points (0,0) and (2a, 0) . It intersects the y-axis only at 
the origin. When 0 < x< 2a, yr is tive so that the curve exists in this region. When 
x>2a I is—ive so that the curve does not exist in this region. When x < 0 aie is—ive so 
that the curve does not exist in this region. 
Thus the given curve consists of a loop lying between x = 0 and x = 2a . Hence the whole 
area of this curve 
2a 2a pr Ia-x 1/2 
=2[° y de =2 | eee] 


putting for y from the given equation of the curve 


29 J n/2 (2aP? si @.(2a)! cos @ Aa sin @ cos 6 d® 
0 e 


putting x =2a sin? @ so that dv = 2a 2 sin® cos 6 d® 


Also the area of the circle of radius a is na. 
Area of the curve _ 5 na’ /4 5. 
Area of the circle mae 4 


Problem 9(i): Find the area between the curve a (a-x)= x (cissoid) and its asymptotes. 
Also find the ratio in which the ordinate x = a/2 divides the area. (Agra 2001, 03) 


Solution: The figure of the curve is similar to problem 6(i). Equating to zero the 
coefficient of the highest power of y ,we get a— x =Oie.,x = aas an asymptote of the 
curve parallel to the y-axis. 


Let A be the whole area between the curve and its asymptote. Then 
A=2 of ya 
=2*x in the first quadrant) = = ———— 
(area in the first quadrant) ls ye ia aT ary 


putting for y from the given equation of the curve 


ax , 


-2 pe a>” sin? 6 2a sin® cos 0 d 
0 V(a).cos 8 
putting r=a sin? @ so that dv =a.2sin@ cos @d0 


/2 
= 4" ie sin’ @ d0 = 4a’ 35 : ; = a : ..(1) 


8, 


Now let A, be the area of the portion between x =0 and x= 5 a.Then 
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a/2 a/2 p/2 ; 
A =2 iF ydv= 2, aa dx , 


putting for y from the given equation of the curve 


tt /4 
= 4a? i, sin? 6 d0, putting x =a sine 6, etc. 


=a ie (2 sin? 6) a = [*" (1 — cos 207 d0 (Note) 
_ I n /2 
=" |, (1- cos oY do, 


[putting 26 = oso that 2 d@ = do and adjusting the limits ] 
/2 
=50 is (-2 cos 0+ cos? o) do 


é srl" a2" cos d+ f™" cos? oae| 
n /2 2 n/2 1. =| 
#|19)5 (sin gi? + 2.3 
a E m—-21+ | | 
2 4 


-5¢ |= aj=i0 (3-8). 


Now let Ay be the area of the portion of the curve lying between x = ; aandx=a. 


Then Ay = A Ay => ma” = (3x 8)= =a Ge +8). 


Ay _ (a’/8)(8n-8) _3n-8- 
Ay (a /8)(3n+8) 3n+8 


Required ratio = 


Problem 9(ii): Find the area of the loop of the curve yp (a-x)= xv (a+x). 
(Purvanchal 2011) 
Solution: The given curve is symmetrical about the x-axis and cuts the x-axis at the 
points (0,0) and (— 4,0). 
The tangents at (0,0) are yr =r ie, yH=tx. 
Clearly there is a loop which lies between x =- aand x=0. 
The required area of the loop = 2 x area of the upper half of the loop 
0 0 V(atx) 
=2 dx =2 x: dx 
i, i= V(a-x) 


putting for y for the upper half of the loop 
from the given equation of the curve 


? 


0 atx 
ge rte va 


multiplying the numerator and the denominator by V(a+ x). 
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Now put x. =—asin@so that dv =— a cos0d0. 
When x =-a4,0= MADE ERE Oe 


— asin) 
The required area = 2 i —asin®) weae -(—a cos 8) dO 
V(a- - a sin? 6) 


0 
=- 2a ‘ sin 8 (1 — sin ®) d8 


/2 
= 2a’ i, (sin 8 — sin? 


9) do 


[By Walli’s formula] 


Problem 10: Trace the curve a (a+x)=(a-x ‘4 and find the area between the curve and 


its asymptotes. 


Solution: The curve is symmetrical about 
x-axis. It does not pass through the origin. 
Putting x = 0 in the equation of the curve, we 
get y= a and putting y =O in it we get 
x =a.Thus the curve cuts the y-axis at the 
points (0, + a) and it cuts the x-axis at the 
point (4,0). 

Equating to zero the coefficient of the 
highest power of y the asymptote parallel to 
y-axis isa+x=Oie,x=-a. 

The equation of the curve can be written as 


y =(a-x rit (a + x )} which shows that 


for x>a, y is imaginary i.e., the curve does 
not exist for r>a. Thus the shape of the 
curve is as shown in the figure. Now the 
required area =2 x area lying above the 
x-axis 


=2" ydr= 2f" ea 


—a V(a+ x) 


(Purvanchal 2007) 


A(a, 0) X 


yp /2 


? 


putting for y from the equation of the curve 


a N(a —x 


= =2{" Gos nna dx , multiplying the Nr. and the Dr. by V(a - x ) 
) 


m/2 (a—asin@y 
=2 
lap V(a* — a’ sin? @) 


.acos8 dé, 


putting x=asin® so that dy =a cos @d6 
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/2 /2 
= 2a? [. s (1 -sin ey d@ = 2a” [c e (1-2 sin@+ sin? 8) d6 


12 
= 22 [i (= 2sin 8 + = (cos 28) } do 


n/2 
= 20 () =3na’. 


= 2a? [5 Ot 2 cose 7 sin 26] 
2 4 -1/2 


Comprehensive Problems 2 


Problem 1: Find the common area between the curves a = 4av and x = 4ay . 


(Agra 2002, 14; Meerut 04B, 08) 
Solution: Proceed exactly as in the Example 6. Here b =a. Solving the given 


equations, we get the points of intersection as (0, 0) and (4a, 4a) and hence the required 
area 
_16 2. 
3 
By double a The required area 


2N (ax) 4 2V(ar) 
=f. al; — v= ae, Vie say 


_ 4a[ 2 | 2 3) ie. IL 4a 
ae a Gh 2a |e ii a 4 
4 \(a).(4a)3? F r= 2g JO ae 
3 1a | 3 2" 3 


Problem 2(i): Find the area included between aa =4axand y=mx. 


Solution: Solving the equation of the parabola x = 4ax 
and the equation of the line y = mx for x, we get 

nt x =4av or x (ne x-4a)=0. 
This gives x =0 or x = Aa/ne. 


Thus the two curves cut at the points where x =0 and 
x=4a/ne. 


The required area 


Aa/ne 9 
= J, y dx from the curve y* = 4av 
Aa/ne : 
- i. y dx, from the st. line y = my 


4a/n 4a/ne 
=| ~ V (dar ) de — | On nx de 
0) 0 
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=2V(a) E eae —m E an 


_4Na eg l n(28) 32a Bae _ 8a? 
3 lane 2 ne 


30 3? 
Problem 2(ii): Find the area of the segment cut off from the parabola y* = 4x by the line 


y =8x-1. 
Solution: Proceed exactly as in Example 7. Here the points of intersection are 
(=: - >) and & 1) hence the required area = Ls : 

16 2 4 64 


Problem 3(i): Find the area common to the two curves yp =ax, e+ yr =4ax. 


(Meerut 2005B, 06, 09B) 
Solution: Da = ax is a parabola with vertex at 
the origin and axis along x-axis and latus rectum 
a,andx- + of = 4avis a circle with centre (2a, 0) 
and radius 2a . 
Both these curves are symmetrical about x-axis. 
Solving the equations of the two curves for x ,we 
have 

xv +ax=4av or x —3ar=0 

or x(x-3a)=0. 
Therefore x =0 ,3a. 
Thus the two curves intersect at the points 
where x =0 and x=3a. 
Also A is the point (4a, 0). 
The area common to the parabola and the circle (i.e., the shaded area) 


=2 [Area OPS + Area PSA], [By symmetry] 


3a 2 
=2 (I, y ax, from the parabola y* = «| 


+ (is yadx, from the circle x7 + y = 4a] 
3a 4a 
= ‘ V(ar )de+ [ Vidar 2) de] 


=2a ee dee 2 fo tae? ~(x—2aY] dv 


3a 4a 
-2Va(2 32] 2/3 ean ve (x aay’) + 4 rs 
[3 2 2 " 


2a 


Areas of Curves = 
— SSSS==a====E=E= | 1-159 LN 


= 402 13 +2[(0 — 5 a3 a) + 2a { (1/2) — (2/6) }] 


=4N3 a? — a? V3.4 % ma = 3.30" 4% mal = (813-4 =n). 


Problem 3(ii): Find the area lying above x-axis and included between the circle 
x + a = 2ax and the parabola ie = aX. (Bundelkhand 2007) 


Solution: The figure is similar to that of Problem 3 part (i). Here we are required to 
find the unshaded area ORP in the figure of part (i). Solving the given equations y = ax 


and x* + y* = 2ax for x, we get x =O and x=a. 


A eo 2 
. The required area = iis y dx, from the curve r+ ye = 2ax 


- Ik y dx, from the curve ra = a| 


Problem 4(i): Show that the area included between the parabolas 


iy =4a(x+a), ° =4b(b—x)is 2 (a+ b)V(ab). 
3 (Rohilkhand 2013) 


Solution: y = 4a ( x + a) represents 
a parabola whose vertex is (— a,0) and 
latus rectum is 4a .Also yr =4b (b-x) 
represents a parabola whose vertex is 
(b,0) and latus rectum 4b. Both the 
curves have been shown in the figure. 
Equating the values of y from the two 
given equations of parabolas, we get 
4a(x+a)=4b(b—x)orx=b-aie., 
the abscissa of the point of intersection 
Pish-a. 

Now both the curves are symmetrical 
about x-axis. 


The required area 
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=2 [Area APM + Area PMB], by symmetry 


b-a 2 
=2 [J y dx , for the parabola y* =4a(x+ a) 


—a 
2 
+ (I, y dx, from the parabola y* = 4b(b - ») 
—a 


=2) [Vedat aides ff Vea) | 


—a 


b-a b 


(xt ay? des 4b f V(b — x) dx 


—-a 


=4Va[ 


say (2 ey sp)" alle Sel 
aura + a) - ave He) a 


== (8 Va. ]+ 2 [8 Vb a3!) 


= 2 (ab) (0 ‘ a= (a +b) (ab). 


Problem (ii): Show that the area common to the ellipses a’x* +b? y* =1, 
bx? + ay" =1, whereO<a<hb,is4 (ab)! tan! (a/b). 
Solution: The given equations of the two ellipses are 

r+ y= (1) 
and ve + ee =I. se(2) 
Since 0 < a<b), therefore (1/a)> (1/b). 
The ellipse (1) cuts the x-axis on the positive side at the point (1/a, 0) and it cuts the 
y-axis on the positive side at the point B (0, 1/b). The ellipse (2) cuts the x-axis on the 
positive side at the point A (1/b, 0) .Both the ellipses are symmetric about both the axes. 


Solving (1) and (2) we have the coordinates of the point of intersection P in the first 
quadrant as 


(I/V (a? + 7}, 1/V{ a? + b7}). 
Draw PM and PN perpendiculars to the axis of x and the axis of y respectively. 
Now the area common to the two ellipses (i.e., the shaded area) 
= 4 x (common area in the Ist quadrant) = 4 area OAPB 
=4 [area OMPB + area APM | 
=4[{area of thesquare OMPN + area BPN} + area APM | 
= 4 [area of the square OMPN + 2 area APM | ...(3) 
[; area BPN =area APM on account of the symmetrical 
situation of the area OAPB about OP | 
Now the area of the square OMPN = OM .ON 
- 1 1 Z 1 : 
Vae+B?) Vae+b) (a? +3") 
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a/b 
WN(c2 +7) 


ai Ea ee a: 


IN +5) a a J1N(a? +17) V2 


Also the area APM = { y dx, from the ellipse xe + ay" =] 


L/b 
et C8 
a2 \\i 2b VPN ni +02) 


aw 04+ sinn! 1 : : 
2a Ir V(a2 +?) bV(a? +5?) 


Hence from (3), the required area 


1 1 _la 1 4 -] (*) 
=4 +2 tan = — tan : 
E + {am b 2@+ al ab b 
Problem 5: If A is the vertex, O the centre and P any point (x, y) on the hyperbola 


tia = yr /b? =1, show that x =a cosh (2S/ab), y =b sinh (2S/ab), where S is the 
sectorial area OPA . 


Solution: The given hyperbola is shown in the 
figure. We have 
S =the sectorial area OAP 


(ie., the dotted area) 
= the area of the A OMP . 
—the areaPAM * 


for the hyperbola | -——~ 
i xb Py 9 
= P dx 
2 v i; a af . ) , 


[. from the equation of the hyperbola _y = (b/a) V( x= a) ] 
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_1l_b 9, blx 9 I -1x]* 
phe Ve a) [EM e a) 5 cosh Al 


ky 2 b[x dy 1 -1%_¢@_o)l 
a a) 7 ald a’) 5 cosh ; ( 0)| 


aa ge a) x I 2 ye ag ee? eget, 
2a 2a 2 a 2 a 


Thus S= ab cosh”! = 


Also J= Vere jab He? cosh? 2 — «| 


Problem 6: Prove that the area of a sector of the ellipse of semi-axes a and b between the major 


axis and a radius vector from the focus is . ab (8 — ¢ sin®) ,where 8 is the eccentric angle of the 


point to which the radius vector is drawn. 
Solution: Let the equation of the 
ellipse be fae + yy /b? =1. 
Let Obe its centre and S be its focus 
(ae,0).Let®@ be the eccentric angle of 
any point P(x, y ) on the ellipse. 
Then 

x=acos0, 

y=bsine. 
Now SP is the radius vector of P 
drawn through the focus S and SA is 
the radius vector along the major 
axis. Atthe point A,x=aand0@=0. 
Draw PM perpendicular to the x-axis. 
The required area of the sector SAP (i.e., the dotted area) 

= area of the A SMP + area PMA 


= sm MP + [" 


gf dx , for the ellipse 


a COs 


0 
(OM - OS).MP + |, yd 


0) 
= (a cos@—ae)hsin@ + fb sin@ (— asin 8) d0, 
[x =acos®@and y =hsin@] 


8 
= ab (cos@—e)sin® + [ ab = (1~ cos 28) d0 
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. i) 
ab (cos @— e)sin® + xf [e- aed 
10) 


2 


NI Rem be 


ab (cos ~ e) sin 8 + = ab (0~ .2sin@ cos.) 


=—ab|cos @sin8—e sin® + 6 -sin® cos 6] = > ab (8 -—esin®). 

Problem 7: Find the area common to the circle x° + y = 4and the ellipse Paes 4y" =9.. 
(Garhwal 2002; Purvanchal 09) 

Solution: The equation of the circle is x7 + yr =4, rae 


and the equation of the ellipse is 1° + 4 y* =9. ...(2) 


Both the curves (1) and (2) are symmetrical about both the axes and have been shown in 
the figure. Solving (1) and (2) for x, we have 


r+44(4-7)=9 or 3% 57 or Y=7/3. 

The .x-coordinate of the point of intersection P lying in the first quadrant is V (7/3). 
Also putting y =0 in e+ ¥ =4,we get 
x=2at C. 

Now the required area is symmetrical about 
both the axes. 
. The required area (i.¢.,the area common to 
the circle and the ellipse) 
= 4 x (common area lying in the 
first quadrant) 


=4 x area OCPB 


=4 [area OBPM + area CPM | 


(7/3) 2 
=4 Ma y ax , for the ellipse + Pe B) y ax, for the cic 


V(7/3) 
J 


] 2 
; pNO-P)aet [1 MAH Pad, 


[: for the ellipse, y = ; V(9- xr) and for the circle, y = V(4 - xr )} 


(7/3) 
=2] 16"), 9 sine! (5) 
2 2 3 


(0) 
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Qe) 3" fe) | 


+4[2sin7 (1) - , VW V@)-2 sin! (ZO i 
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_) V7 4 
313 


=4n+9sin7! (5 -N(7/3)} ~ 8 sin! (5.7). 


5 + 9sin 


2 _-1 V7 
An 3 ¥85) 8 sin Sas 


Problem 8: Find the area included between the parabola xr =4ay and the curve 


y = 8a? /( x7 + 4a”). (Rohilkhand 2008B) 
Solution: The curve y( v +40 = 8a? 


is symmetrical about y-axis. Equating to 
zero the coefficient of the highest power of 
x in the given equation, we find that 
y=Oie., x-axis is an asymptote of the 
curve parallel to x-axis. Also this curve cuts 
the y-axis at (0, 2a). 

Solving the two given equations r= 4ay 


and y= 8a? /( xv + 4a ), we get their 

points of intersection as (+ 2a, a). 

Also both the curves are symmetrical about y-axis. 

Now the required area OPAQO = 2 x area OPA (by symmetry) 
=2 x [area OAPM - area OPM | 


2 B 20 
= 2) [9 defor y= 8082 + 40?) — JQ" y de, for 2 =4ay| 


2a 3 2a 
=2{ fee og 2f gare 
+ Paap 0 4a 
2a 3 2a 2 
=l6a. u [ian! =| Lele =2na a =([2n 42. 
2a 2a}g 2a| 38 0 3 3 


Problem 9: Find by double integration the area bounded by the curves y (x7 + 2) =3x and 
4y= on 
Solution: Eliminating y from the given equations, we get 
8x/(+2)=7/4 or ldx=x* (x +2) 
or x(12- x -2x)=0, 
giving x =O and x=2. 
Thus the two curves intersect at the points where x =0 and x=2. 
Both the curves have been shown in the figure. 
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The required area 


“fo pata 


the first integration to 
be performed w.r.t. y 


(+165) 


A (2, 1) 


5 3x/(x2 +2) x’ 
ile Tee 
0 2/4 
Ee " 
0/242 4 | 
3 (2 2.xdv 1 Pie? go z ey 
he ah. ee l2|, 
3 sg 2.3 2 
[log 6 — log 2] [8] 5 eS) : 5 OE? 


Problem 10: Find by double integration the area lying between the parabola _y =4x— x? and 


the straight line y = x. 
Solution: OA is the line 


pat ..(1) 
and OBAD is the parabola 
y =4x-x" (2) 


On solving (1) and (2), we get x =0,3 
and y =0,3. 
‘. The line (1) meets the parabola (2) in 
O(0,0) and A(3, 3). 
We are to find the area OBAO 
. Required area OBAO 
= area OCABO - area of AOCA 


YA 


Comprehensive Problems 3 


Problem 1: Find the area included between the curve 
C= int), y= t) and its base. (Agra 2005) 


X=a(t+t sint), y=a(1—cos 
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Solution: The givencycloid has been shown 
in the figure. [To trace one complete arch of 
this cycloid proceed as in Example 11, after 
article 4]. 

Since the curve is symmetrical about the 
y-axis and its base is the line y = 2a ,therefore 
the required area 


ofa 


B 
=2f" 02 r rdt=2 fa a(t+sint)asin t dt 
= 2a [ (t sin t + sin? t)dt=2a° [" tsin ¢de-+ 2a” { * sin? t dt 
0 0 0) 
2 a nt - n/2 9 
a & cos ft) }o i, 1.( oats im sin’ t dt 


= 2a G -O)+ [, cos tat] + 42 4a’ 


=3 na. 


Problem 2: Find the area of a loop of the curve 
X=asin2t, y=asin tor a?x- =4y" ia = 
Solution: Totrace the given curve, we first find its cartesian 
equation by eliminating tf. We have 
X= asin 2t=2asint cost. 


x =4d’ sin? t cos” t = 4a” sin? t(1 ~ sin? t) 
= 4a’ ( y*/a*){1-( y?/a*)}, 
[- y=asint | 
or ax =4y" (a - ¥) 


is the cartesian equation of the given curve. 


Now we trace the curve from its cartesian equation. The curve 
is as shown in the figure. 


AtO,x=0, y=0 and sot=0. 
Again at B, x=0 1p =a and so => Tt 
The required area of a loop of the curve 
=2 x area OAB [By symmetry] 


/2 
=2" xdy= rs ie xX: wy de=2 f° asin 2t.acos t dt 
y=0 t=0 dt 0) 


Areas of Curves 
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/2 /2 
= 2a I; sin 2t cos t dt = 4a? I, sin t cos? t dt 
0 0 
= 4,2 a -1, by Walli’s formula 
= 4a? /3 . 


Problem 3: Show that the area hounded by the cissoid x = a sin? ty =(a sin? t)/cos tand its 
F 2 
asymptote is 3 ma’ /4. (Purvanchal 2006, 14; Avadh 09; Rohilkhand 11) 
Solution: Eliminating ¢ from the given parametric equations, we get 
+6 2 fy fir Ws) 
ped sin’ t — a(x’ /a) _ P /a _ x 


co’ t l-sintt 1-(x/a) (a-x) 


Therefore the Cartesian equation of the given curve is ar (a -— x) =x. To trace this 
curve see Problem 6(i) of Comprehensive Problems 1. 
The curve is symmetrical about x-axis, passes through the origin, the tangent there being 
y =0 .Also there are no real points of the curve if <0 or if x> a. The line x = ais an 
asymptote of the curve. When x=0 ,t=0 and when x=a,t= 1/2. 

The required area 


/2 /2 asin? 
=2f" y dx = af" y @ae=2 f* asin" fda sin t cos t dt 


t=0 dt 0 cos t 
5 RB pl paca mda ee 
=4a J sint tdt=4a2 2 2 = 4,2 2 2 = 
0 2T3 22) 4 


Problem 4: Find the area of the loop of the curve 
x=a(l ?), y=at(l ),where-1<t<l. 
Solution: Eliminating t , we have 


y=de (l PP =r? =P {1-(x/a)} =x (a-a/a. 


Therefore ay’ = x’ (a — x)is the cartesian equation of the given curve. To trace this 


curve see Problem 4(i) of Comprehensive Problems 1. 


The required area of the loop 


ix 
=3 dy = sdb, 
i J afr dt 
0 . 
=2 fp Seat, [when x =O ,f=1 and when x=a,t =O | 


=2[° at (1 — t”) .(- 2at) dt = 4a? [,@ -t*)dt 


: I 
= 40 E fa =? = 40 E =| 8 a. 
0, 


3 5] 15 
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Comprehensive Problems 4 


Problem 1: Find the area between the following curves and the given radii vectors : 
(i) The spiral 10)? =4;0=0 ,O=f. 
(ii) The parabola |/r =1 + cos 8;0=0 ,O =a. 


Solution: (i) The required area 


2 

ay Pdo=1 [© ae, [. rol? <a] 
2 J0=a 2/00 

2 Bog 

a pb 1 a a 
=—| -—d0=—| loge =—}] = 
pi ee Petia 
= 1 2 tog ( Bia) 

(ii) The required area 
al ea -1°_1_ a 
“2 240 (1+ cose? 


ee for r from the a equation of the curve 


oo 


=50 


ate |, sec# | 
8 0 2 


(2 cos? oe = 7° 


Now put = £so that + d0 = dr. Also when @=0 ,¢=0 and when @=01 ,¢= >a. 


/2, 
Required area = ; [= * sect t dt 


a. 
1], 2 t sec * a * tee t) sec” t dt 


a /2 
ar { sec? t+ (tan? t) sec * t } dt 


0 


12 ftant a+) tan? Lat 
2 3 2 


2 Leta y) 1 3 
l [tan e+ Stan | ; [ = J cane? sect dt = > (tant) | 


Ble Ble BIR el 
~ 


Problem 2: Find the area of the loop of the curve r = a ® cos ® between 9 =0 and@= 1/2. 


(Kumaun 2003; Kanpur 09) 
Solution: The required area 


/2 /2 
=5 Jo P do=> I a & cos? dO 


Areas of Curves 
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/2 /2 
=o" # costode= [" 0” (1 + cos 20) de 
2 J0 4 JO 
2 pn /2 
al, Pao ©" 6 cos 20 do 
4 40 4 JO 
cE Bee ee paint Pik ont 
_a {10 44 [ 92 sin 20] ie 99. Sin 28 1g 
4/3], 4 29 \h 440 
/2 
2€ nw r e 0 a’ [@ (— cos 20)]” ¢ a i Fe cos 20] ig 
28 8 4 2 |» 440 [| 2 
_w © 4 e1R | a ae wa nae 
96 8 L2 8L 2 Jo 96 16 
na 9 
= -6 
73 ( ) 
Problem 3(i): Find the area of one loop of r = a cos 40. (Rohilkhand 2007) 


Solution: The given curve is r = a cos 40. 


It is symmetrical about the initial line. 


One loop is obtained by two consecutive values of @ for which r is zero. We have r = 0 


when cos 4 0 = Oi.¢.,40 = ; T 5 Tt i.¢.,9 = — 1/8, n/8. Thus two consecutive values of 8 


for which r is zero are — 2/8 and 1/8 . Therefore one loop of the curve lies between 
@=-— 2/8 and r/8 and this loop is symmetrical about the initial line @=0 . 
Hence the area of a loop 


/8 /8 
=o(, xr? dof" a cos’ 40 d0, [. r =a cos 40] 
0 2 0) 


g pr 2 : 
ee |. cos” ¢ dt , putting 40 = ¢ so that 4 d6 = dt 


wel B| 
i) 
~ 


nm, by Walli’s formula = “ na. 


Problem 3(ii): Find the area of a loop of the curve r =a sin 30. 


Solution: The given curve is not symmetrical 
about the initial line. We have r=0 when 


sin 30=0i¢.,30=0 ,mie.,8=0 5 mz. Thus two 


consecutive values of @ for which r is zero are 0 


and ; m. Therefore one loop of the curve lies 


between 0 =0 and ; mt. In all there are three 


loops as shown in the figure. For the first loop @ 


varies from 8 =0 t00= = qT. 
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Hence the area of a loop 


/3 /3 
= i r? do=*[* a’ sin’ 30 d0, [r= asin 30] 
2 J0 240 
2 /3 n/3 2 
=" d=costende=? 2 los! sae] _@[nl_na : 
4 Jo 4 | 6 o 413] 12 


Note: Also whole area of the curve r = a4 sin 30 


=3 x (area of one loop) =3 x (1/12) a = na. 


Important: The above curve is a particular case of the curves of the type r = a sin 6 


which have n loops when n is odd and 2n loops when n is even. 


Problem 4(i): Find the whole area of the curve r = a sin 20. (Bundelkhand 2009) 


Solution: Here the given curve is r = asin 26. 


Comparing with r= asin n@ we observe that 
n=2 (i.e., even), therefore the curve has four 
loops. This curve is not symmetrical about the 
initial line. Putting r = 0 , we get sin 20 =0 i.e., 


20=0,7ie.,0=0 5 nm. Thus two consecutive 


values of 6 for which r is zero are 0 and ; qT. 


Therefore for one loop of the curve @varies from 
Otot Tq. 
2 


Now the whole area of the curve 


= 4 x area of one loop 


/2 /2 /2 
=4f° <r? do=2 [ a? sin? 26 d0 = a? { 2 sin? 20 do 
0 2 0 0 


n /2 


p 
= f* (1~ cos 46) d@= «8 ) 


asd’. 
0 2 
Problem 4(ii): Find the whole area of the curve r = a cos 20. 


Solution: Comparing the given equation 

with r =a cos n@ we observe that 1 = 2 (ie., 

even), therefore the number of loops 
=2n=2x2=4. 

This curve is symmetrical about the initial 

line. 

Putting r =0 , we get cos 26 =0 

or de-+1¢ or Gad1 

2 4 


ie., for the first loop 6 varies from — 1/4 


Areas of Curves 


(1-171 LN 
to 2/4 and this loop is symmetrical about the initial line @=0 . 
Whole area of the aoe = 4 x area of one ae 


=4~x x2 fm e d0= af + 2 cos” 26 dé. 


Now put 20 = ¢ so that 2 d0 = dt. When®@=0 ,t =0 and when o=2 wae” qT. 


NO 


/2 /2 
. The required area = 4a’ [, cos? t. ; dt = 2a* im cos” t dt 


= 2a? - Le to! na. 


22 2 
Problem 5(i): Find the whole area of the curve 1° =a cos’ 0+ Bb’ sin’ 0. 


Solution: The given curve is symmetrical about the initial line ( the equation of the 
curve remains unchanged when 80 is changed into — 8), and the curve is symmetrical 
about the line@ = 1/2 (i.c., y-axis) as the equation remains unchanged when is changed 
into(m — 0) .Also there is symmetry about the pole as the equation of the curve remains 
unchanged when r is changed into — r. 

In this curve r cannot be zero and ris real and finite for all values of 0. The figure of this 
curve is roughly like that of an ellipse. 

Whole area of the curve = 4 x area lying in the first quadrant 
=4~x he ° de=2 (ae (a? cos” 6 + b* sin’ 0) dO 
2 0 


/2 /2 
= 2a i cos? 6 d0 + 2h? is sin? 6 dO 


Problem 5(ii): Find the area of the cardioid r = a (1 — cos 8). 
(Agra 2001; Kumaun 02, 14) 


Solution: The givencurve is symmetrical about the 
initial line. We have r =0 , when cos 9 =1ie.,A=0. 
Therefore the line 6 = 0 is tangent at the pole to the 
curve. Also r is maximum when cos 0 = — li.e.,O = 1 
and then r = 2a. When 8 increases from 0 to 2,1r 
increases from 0 to 2a . Thus the curve is as shown in 
the figure. 

The required area 


=2 455) r? do= fo @ (1— cos 6) dé 


=a (ie (2 sin? 5o d0 


= 4a? in sin? 5010 = 8a" (i oie odo, 
oe 5° = so that 7 = do and adjusting the limits] 
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3n ae ; 


=8a2 1m 
2.2 2 


3 
4. 


Problem 6(i): Show that the area of the limacon r = a + b cos 8 ,(b < a) is equal to 
2 142 
n(a +—b*). 
( 5 ) 


Solution: The given curve is symmetrical about 
the initial line. 

We have r=0, when cos0=~—a/bi.e., 
9= cos! (- a/b) which is not real because a>b. 
Thus in this curve r cannot be zero. Also r is 
maximum when cos@=lie., 8=0 and then 
r=a+b.Againris minimum when cos 0 = — lie., 
@= 1 and then r =a —b which is positive. Some 
values of r and @ are as follows : 


1 1 2 
(0) = % — 1 = 1 u 
. 3 2 3 
. at+hb se bs a gods a-—b 


Hence the curve is as shown in the figure. 
The required area = 2 x area above the initial line 


7 tT | 2 _ ™ 
=2 id d=. (a + b cosy d0, 


putting for r from the given equation of the curve 


7 Io (a + 2ab cos ® + b* cos* 0) dé 


= [e l + 2ah [sin @ l +e 7 (1 + cos 26) d0 


2 . Tw 2 
=f +022 [ox = = pel n=n(a-+1 4), 
2 2 Jo 2 2 


Note: If we put b =a or — a, we get the area of the cardioid r = a (1 + cos 0) 


or r=a(l—cos8). 


Problem 6(ii): Prove that the sum of the areas of the two loops of the limacon r = a + b cos ®, 
(b> a) is equal to & (2a? + b?)/2 ; 

Solution: The given curve is symmetrical about the initial line. We have r = 0 , when 
cos 0 =— a/b ie.,0 = cos”! (- a/b) =a (say). Since cos aiis-ive, therefore T<O< 7. 
Nowr is maximum when cos 6 = 1 i¢.,8 =0 and thenr =a + b.Alsoris minimum when 


cos 8 =— 1 ie.,8= mand thenr = a — bwhich is negative because bh < a .Some values of r 
and @ are as follows : 


Areas of Curves 


1 
Q 0 =n son a a<O<7 T 
3 2 
1 
] ath at—b 
2 


Thus the curve is as shown in the figure. 
For the upper half of the larger loop 6 
varies from 0 to aie., cos” ! (- ab) and 
for the lower half of the smaller loop 6 
varies from a to 7. 

Required sum of the areas of the two 


loops 
= Hog? aoe fo or? aol 
02 a2 


by a property of definite integrals 
=f, a d= { (a+b cos 0 d0 


=| (a2 + 2ab cos 0+ b* cos” 0) de 
=[.@ d+ 2ab { * cos 6.d0+ b f* cos” 6d0 
0 0 0 


= [o L +0 + 2b? [7° cos? 0.0 


a2 nt ws teens Panel nee+P). 
22 2 2 


Problem 7: Calculate the ratio of the area of the larger to the area of the smaller loop of the curve 


jae 08, 
2 


Solution: The given 
curve is symmetrical 
about the initial line. 
In the given equation of 


the curve r = 5 + cos 20 


putting r =0 , we get 
cos 20 = — — i.e., 

2 
20=+2n/3 or + 4n/3 


ie, O=+ 2/3 0r 
+27/3. 
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The greatest radius vector of the loop lying between 6 = — ; mand @ = ; tis given by 
@=0 and it is equal to ; - The greatest radius vector of the loop lying between 0 = : ™ 
and 8 = ; tt is given by 0 = ; m and its numerical value is ; : 


Thus we observe that the larger loop lies between 8 = — 2/3 and @= 1/3 and it is 
symmetrical about the initial line @=0 . 

Also the smaller loop lies between 0 = 1/3 and@=27/3. 

Hence area of the larger loop 


3 8 
=o), xr? dof" (1h + cos 20y ae, 
0 2 a) 


putting for r from the given equation of the curve 


/3 
i ie + cos 20+ cos* 20) d@ 


n/3 ] 1 
ee aa as cos 46) ] dé 


(0) 
: nt /3 
=|2 94 beinge4 | sae] 
l4a°" 2 2 4 Io 
a nm, ¥3 1Vv3]_1 Pre | (4n +313). 
4 4 28 4 4 16 
Area of the smaller loop (lying between 0 = 1/3 and 0 = 2177/3) 
22/3 2n /3 
= L 9? gee! . (1 + cos 262 de 
n/3 2 24n/3 2 
‘ nis 
-5 [0+ 1 snap sind , as in the Ist case 
214 2 2 4 |r 


“3 /E+5 V3 Baie ( all 
214 2 2 oO) ela 2 
-i|% V3, | [3 a8) 
2|4 2 8] 2|4 8 16 


| 45433) 


Area of the larger loop _ 16 _4n+3N3 ; 


Required ratio = 
Area of the smaller loop | (2n-3V3) 2n-3 V3 
16 


Problem 8: Show that the area of a loop ofr = a cos nOis & a’ /An nbeing integral. Also prove 
that the whole area is m a’ /4 or m a’ /2 according as nis odd or even. 


Solution: The number of loops in r = a cos nO will be 1 or 2n according as n is odd or 
even. 
The given curve is symmetrical about the initial line. 
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i 4 


Also putting r = 0 , we have cos 18 = 0 i.e.,n8 = ; Tq is tT ie.,80=—-— n/2n,n/2n.Thus 


two consecutive values of 8 for which r is zero are — t/2n and n/2n. 
. One loop lies between @=- m/2n and @= n/2n and it is symmetrical about the 
initial line 6 =0. 


/2 
.. Area of one loop = 2. is ; r? de, (By symmetry) 


/2 [2 
=[. r? do= |" "a cos? n0 de. 
0 0 


Now put 76 = ¢ so that n d@ = dt. Also when @=0 ,f =0 and when @= n/2n,t= 1/2. 
eln ma 


2 pm 
The area of one loop = oe pape a oe 
n 40 n 2 2 4n 


Now if 1 is odd, the total number of loops will be 7 and the whole area 
=n area of one loop 


=n(u a’ /4n) = : na. 
If nis even, the total number of loops will be 27 and then the whole area 


=2n x area of one loop = 2n x (1 a /An) =; na. 


Problem 9: Trace the curve r = V3 cos 36 + sin 30, and find the area of a loop. 
(Garhwal 2003) 


Solution: The given equation of the curve is 


r= V3 cos 30 + sin 30= 2 { (V3/2) cos 30 + ; sin 30 }, (Note) 
= 2 {sin 1/3 cos 36+ cos 1/3 sin 30 }, 
2 1 
= Sit — = and cos — = 
[ S 


=2 sin (30+ n/3)=2sin3 (0+ 1/9). 

Now turning the initial line through an angle — 1/9 the given equation of the curve 
becomes 

r=2sin3 (0- 21/9 + n/9)=2 sin 30. 
Now we shall trace the curve r = 2 sin 30. 
This curve r = 2 sin 30 will have 3 loops and is not symmetrical about the initial line. 
Also putting r = 0 , we get 

sin 36=0 i¢.,30=0,7ie.,0=0,7/3. 
Therefore the lines@ = 0 and@ = m/3are tangents to the curve at the pole and one loop of 
this curve lies between these two lines. For this loop r is greatest when sin 30 = 1 ie., 
30 = 1/2 i.e.,8 = 2/6. Thus this loop bends at 6 = 1/6 and there r is equal to 2. 
Here one loop of the curve lies in the region 0 <@< 2/3, one loop lies in the region 
m/3 << 21/3 and one loop lies in the region2n/3 <@< 1m. If @ increases beyond x to 
2m the same branches of the curve are repeated and we do not get any new branch. 
The shape of the curve is similar to that shown in Problem 3(ii). Here a =2. 
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Now to get the location of the given curve turn the initial line back to its original 
positioni.e.,in the figure of Problem 3(ii), turn the initial line through an angle 1/9 . 
The required area of a loop 


/6 /6 
=2x |" “1? do=f* 4 sin? 30 do 
0) 2 10) 
nt /6 


5 (TH, _ofg_ sinoo]" _ a. 
=2], (I — cos 60) de 20 te a 


Comprehensive Problems 5 


Problem 1: Find the area outside the circle r=2acos® and inside the cardioid 
r=a(l+ cos 8). 
Solution: The two curves intersect where 
2a cos 0 =a (1+ cos 8) ie., cosO8=1 ie.,0=0. 
Besides this the two curves also intersect at the 
poler =0 .Since for all values of @ ,2a4 cos 0 i.e., ‘ 
a cos®+ acos@<a (1+ cos®), therefore the g — q 
circle lies entirely within the cardioid. : 
Hence the required area 

= Area of the cardioid 

— Area of the circle. 


(1) 


Now area of the cardioid 


= a (1+ cos 8) dO = a’ I, 4 cos# 1640 
0 0 2 


n /2 ae | 1 
= 82 4 odo, tting — @= so that — d@=do, 
a i, cos’ odo (pu ne oso tha 5 (0) 
also when 8=0, 6=0 and when 0 = ",6=~ m) 
ror. ener 3 2 
= 9q2 2 2_@,.2 2 Na 
2T3 252.31 2 
And area of the circle = 1 a, because the radius of the circle is a. 
From (1), the required area = = na na =} na. 


Problem 2: Find the total area inside r = sin ® and outside r =1 — cos ®. 


Solution: Eliminating r between the given equations, we have 
sin ®@=1— cos 6 
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or sin? 6 =(1—cos 6) 

=1+ cos” 6-2 cos0 ie 
or 1- cos* 0 =1+ cos? @—2 cos @ 
or 2 cos 8 (cos8-1)=0. 0-0 


*- cos8@=0 orcos@=1ie.,8=0 or n/2 .Thus the 
two curves intersect at the points where @ = 0 and 
6=n1/2. 

Draw the two curves in the same figure. The first 
curve is a circle passing through the pole and the 
diameter through the pole along the line®@ = 1/2. 
The second curve is a cardioid. 


Required area 


/2 
Zo. r? d®, for the curve r = sin® 
240 
/2 
-ty* r2 d®, for the curve r =1—cos@ 
240 


[2 /2 
ani sin? odo ~~ [* (1- cos 6? de 
0 2/40 


2 
/2 2 
=5 . hs? 0-0 } 
/2 /2 
ae 2 (cos @ — cos” @) do=[ sino |. -5E-(1-4). 
2J0 0 2.2 4 


Problem 3: Find by double integration the area lying inside the circle r = a sin @and outside 
the cardioid r = a(1 — cos 8). 
Solution: The given circle is r=asin® and the 
cardioid is r=a(l1—cos®@). Note that the given 
circle passes through the pole and the diameter 
through the pole makes an anglen/2 with the 
initial line. 
Eliminating r between the two equations, we 
have 

asin® = a (1—cos®@) 


re Ocos lo 


sind _ BY 9 _ tan®@ 
or 
1—cos0 2cos2 ly 2 
2 
ro Da ay ie., O= 1/2. 
2 4 


Thus the two curves meet at the point where 6 = 1/2. Also for both the curves r = 0 
when 6 = 0 and so the two curves also meet at the pole O where 6 = 0. To cover the 
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required area the limits of integration for r are a(1— cos@) to asin@ and for @ are 0 to 
m/2. Therefore the required area 


Pp 5 pf 2 asin @ 
qT asin wT 
afer’ rdodr=f 5 | 40 
(1 — cos 8) 0 2 
(1—cos 8) 


/2 
-1 i‘ [a? sin’ @ — a* (l- cosé)’ ] d0 


/2 

[sin @—1+ 2.cos@— cos* 6|d0 
2 2 

_a [3 Tioy ~ 2 |=)2 z= e[1 “|. 
2122 2 22 2 2 4 


Problem 4: Find the area common to the circle r = a and the cardioid r = a (1 + cos ®). 
(Meerut 2007) 


Solution: Eliminating r between the given equations, we get 
a(1+cos@)=a or cos®=0 or O0=+ 7/2. 

Thus the two curves cut each other at 6=n/2 
the point where @=+ 1/2. 
Both the curves are symmetrical 
about the initial line and have been 
shown in the same figure. 
Hence the required area 

= 2 x area ABCOA , 

(By symmetry) 
=2 x (Area OABO 
+ Area OBCO) 


Now area OABO 


/2 
aif* de, forr=a 
9 Je= 
/2 / 2 
Lal inl at dn leptal eta te. 
0 2 0 0 2 2 4 
And area OBCO 
1 


OO ae 
= r“ d0, for r=a(1+ cos) 
, nm /2 


=>] ere (1 + cos 8) Pdo=ow fr, (1+ 2 cos@+ cos 6) d0 
™ 


ol (* (142 cos@+ = (1+ cos 28)} a0 


2 n/2 
aly . (2 +2.cose+ | cos.29) de 
2 n/2 2 2 


Areas of Curves 


wT 2 
= © [® + 2sino+ 07] -4 (= an 2)=" Gn 8). 
212 4 Ian 2 8 


Hence from (1), the required area 


=2) 80 + Ce fe 2). 


Problem 5: Find the area of the portion included between the cardioids 
r=a (1+ cos 8)and r =a (1—cos 6). 
Solution: Eliminating r between the given equations, we get 
a (1+ cos @) = a (1 — cos 8) or 2 cos0=Oie, O=+ 2/2, 
showing that the two curves meet at the points P (0 = m/2) and Q(8=- 2/2). 


Also by symmetry it is clear that the required area 
=4x area OLPO, 
where OLP is an arc of the cardioid r = a (1 — cos @) 


nf p 
Ls 5rd = ae 5 cos 6) dé 


= 2a Pi Pease eae 6) dO 
0 


2 
= 2a" in [1-2 cos@+ Al + cos 20)] d0 


n/2 
= 2a [29-2 sine+ 1 sin20] =2a* (7-2). 
L2 40 Io 4 
Problem 6: Show that the area contained between the circle r = aand the curver = a cos 5Ois 
equal to three-fourth of the area of the circle. (Meerut 2013) 
Solution: Thecurver =a cos 58has five loops (-. here n = 5 is odd). Also putting r = 0 


we get 
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cos 58=0 or 50=+ a nor@=t+—™., 
2 10 

Therefore 6 varies from — 1/10 to 2/10 
for the first loop. Also the curve is 
symmetrical about the initial line. 
Further giving values to@ from 0 to2 min 
r=acos5@, we observe that the 
maximum value of r is a and hence the 
curve r = a cos 58 lies completely inside 
the circle r = a as shown in the figure. 


Now area of the five loops of the curve 
r=acos 50 
= 5 times area of the one loop 


/10 /10 
=i, sro do=2 J" a cos? 50d0 


-n/10 2 -n /10 
/10 /2 
=2.2]° a cos? 50 d0 = a2 is cos? odo, 


[putting 50 = so that 5 d= dq; also when 0=0, 
and when @= 27/10, o= 


o=0 
n/2] 
Also area of the circle = 1 a”. 
:, Area contained between the two curves 

=area of fs circle —area of the curve r =a cos 50 


=na — a= (3/4).1 a = (3/4) of the area of the circle. 


Problem 7: Find the area between the curve r = a (sec ® + cos ®) and its asymptote. 
(Purvanchal 2010) 
Solution: The givencurve is symmetrical about the initial line. When@ = 0 ,r = 2a. 
The given equation of the curve can be written as 
r=a{(1/cos8)+ cos0}=a(l+ cos” 8)/cos 0 
1 cos 8 


or = = f (0), say. 
roa(l+ cos” 6) y 
Now f (8) =0 gives cos 8 =0 ie.,0= 1/2. 
Also f’@)= —sin@ (1+ cos? eee a) 
a (1 + cos“ 6) i 


Putting 6 = 2/2 in (1), we get f’(n/2)=-I/a. 


Asymptote of the curve is 


or rcos0@=a ie, r=asecO. 


‘ 1 
rsin(@-— %)= 
( 5 ) 


(-I/a) 


Areas of Curves 


The cartesian equation of the asymptote is r=a. 
To find the area between the curve and its 
asymptote. 
Let OQP be a radius vector cutting the curve at P 
andthe asymptoter = a sec 8@atQ. Let Z XOP =0. 
Then the shaded area MAPQM 

= area OAPO —- area OMQO. 


Now area OAPO 
8 
= i 5 rd, forthe given curve 


8 
= =| a’ (sec 8 + cos 6) d® 
9 Jo 


Asymptote 


8 
2s 6 a (sec 7 6 + cos” 6+ 2) de. 


Also area OMQO 
8 
= i : r° d®, for the st. line r =a sec 0 


8 
ae . a2 sec? 00. 


The shaded area MAPQM 
1 78 2 2 1/8 2 
=~] a (sec 8+ cos 6+ 2)d0-— | a’ sec” 0 d0 
2/40 2J0 


8 8 
=, a2 (cos? 6+ 2) d0 =50 i; (5 (+ cos 26) + 2) d0 


Q : 8 
al? (> + 5 00820} do= 2 [P04 Se) 
2 O\2 2 2 2 2 2 Jo 


=50 (20+ : sin 20) == «? (100+ sin 28), 
2° NS 8 


Now we move the point P further off along the curve. Its vectorial angle goes on 
increasing and ultimately when its distance from Otends to infinity its vectorial angle 
tends to 1/2. 
Hence the area between the curve and its asymptote lying above the x-axis 

= limit of the shaded area when @—> 1/2 


P 
= lim @ 10 0+ sin20]=“ 10-(5 n= one. 
6>1/2 8 8 2 8 


By symmetry, the total area between the curve and the asymptote 
=2.(Sna’/8)=5na’/4. 
Aliter:; The above area can also be easily found by changing the equation of the curve 
to cartesian form. The equation of the curve can be written as 


rcos@=a(l+ cos” 0) or rcos@—a=a cos’ @ 
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or r 7 


- (r cos@-a)=ar cos” @, multiplying both sides by r a 
Now putting r cos @= x andr 2a 4 ¥ we get 

(x2 + yy") (x= a) = ar or Cas (x a) =a x (x - a) 
or y (x-a)=x (Qa-x), 
which is the cartesian equation of the given curve. 
Now trace the curve with the help of this cartesian equation. The curve is symmetrical 
about x-axis. It meets the x-axis at the point (2a, 0) and the line x = ais an asymptote of 
the curve. Here origin is a conjugate point because we get imaginary tangents at the 
origin. The curve does not exist in the regions x > 2aand x < a .It exists only in the region 
a<xs2a. 


Hence the required area 


=2)"" yar=2[ "x C= )« 


(putting for y from the given equation of the curve). 
Now put x =a+ asin’ @ so that dr = 2a sin® cos 6d. 


Also when x = a,sin@=0 or9=0 and when x= 2a,sin0=lor0= 1/2. 
The required area 


/2 
=2 f° (a + asin? 6) cost 


- 2a sin ® cos 8 d@ 


sin®@ 


/2 
= 4a" in (1+ sin’ 0) cos” 6 de 


/2 
= Aq” Ie (cos? 8 + cos* @ sin? 6) do 


= 4," Fearewit [By Walli’s formula] 
= 4a" : ®j4 + ]o42.1, a . 
22\ 4) 4° 4 4 


Problem 8: Ois the pole of the lemniscate r = a* cos 2and PQ is acommon tangent to its two 
loops. Find the area bounded by the line PQ and the arcs OP and OQ of the curve. 


Solution: The given curve is symmetrical about the initial line and also about the pole. 
The curve consists of two loops as shown in the figure. 


Areas of Curves 
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From the figure it is clear that the common tangent to the two loops of the curve i.e.,the 
line PQis parallel to the axis of x . Thus the tangent PQat the point P makes an angle 
with the x-axis ie., y= mat P. 


Now differentiating the given equation r 2 = cos 20, we get 
. 2 gi 

Gp@ ee (— 2 sin 26), or A eee 

a0 de r 

. 2 
Ganga" = 7 = ee cot 20 = tan (1 x +26). 
ur a’ sin 20 a sin 20 2 
1 
=— n+ 20. 

: 2 


But for any point of the curve, 


1 


1 
6+ o=0+ 


m+ 20)=— 71+ 30. 
2 


Since at P , w= 7, therefore atP m= > m+30 or 0=7/6. 


Thus the vectorial angle 8 of the point P is 7/6 and the radius vector OP is given by 
OP? =a’ cos {2.(n/6)} =a" /2. 
: OP =a/N2. 

Also putting r = 0 in the equation r? =a cos 20, we get 

cos20=0 or 20=tn/2 or O=+ 2/4. 
Thus 6 = + 1/4 are the tangents at the pole to the curve. 
Now the required area (i.e., the dotted area) 

= 2 area of the AOPM 

— area of the segment OPSO of the curve r 2 = cos 20 | 


T 


/4 
=2 1 OM .OP - i. 12 d®, for the curve 7 =a cos 20 
2 /6 2 


/4 
2[F (OP sin 2m) (OP coe | n)~{" 3? cos 200] 


6 t/6 
3 tt /4 
=2 1 op? ain? meee Tt I 2 [“S] 
2; 6 6 2 2 Jrié 
oe One ee 
222 2 4 2 
ofV3 1. V3] 
16 4 8 
28 3442-13] 
16 


2 
a 
= © 13 - 4). 
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Comprehensive Problems 6 


Problem 1: Find the area of a loop of the curve + ¥ = 4a’ xy : 


Solution: Changing the equation of the curve 
4 yt = 4a? xy into polar form by putting x =r cos 0, 
y =rsin®@,we have 
74 (cos# 6+ sin? 0) = 4a’r? cos 0 sin ® 

or 1 =4a’ sin® cos 6/(cos* 6 + sin* 6). (1) 
From (1), r=0 , when sin@=0 or cos 6 =0 ie.,8=0 or 
n/2. 

A loop lies between @ =0 and @= 1/2. 
Hence the required area of a loop 


~) ere jo 4a’ sin ® cos 0 
240 “9 


d@, from (1) 


cost 6+ sin? 6 
/2 
=2a2 Ih 7/2 tan @ sec” @ ———— d®, dividing the Nr. and Dr. by cost 
1+ tan? 0 
Now put tan? @ = t so that 2 tan@ sec” 6 d0 = dt. 
Also when @=0 ,t =0 and when8—> 2/2 ,t> ©. 
The required area 


=0 fe SS =a [tan7! t|~ =a [tan7! eo —tan!O]=a (m/2). 
O14 0 


Problem 2: Find the area of a loop of the curve (x7 + saa y= 4axy”. 
Solution: Changing to polars by putting x =r cos@, y =rsin®, the equation of the 
curve becomes 
(r2)? =4a (r cos 8) (r sin 8 or r = 4a cos @ sin’ 6. (1) 
From (1), 7 =0 when sin? 9 =0 or cos @=0 ie.,0=0 or n/2. 
A loop lies between 8 =0 and @= n/2. 
Hence the required area of a loop 


/2 
eli” r? do == 1602 {*! ” cos? Osin?® dd, [From (1)] 
9230 
ag? 1.3.1 4 na 

6.4.2 2 4 


Problem 3: Prove that the area of a loop of the curve yo + x7 = a yr is mar /12. 
Solution: Putx=rcos®@and y =r sin @to change the equation of the curve into polar 
form. Then the curve becomes 

7° (cos® 9+ sin® 0) = a’r* .cos”@ sin’ 0 


Areas of Curves — 
1185 | 

or 7° =a’ sin? 0 cos” 8/(cos°@ + sin® 6). (1) 

From (1), 7 =0 when sin’ 8 =0 or cos* 0=0 ie, =0 or n/2. 

. Aloop lies between @=0 and@= 1/2. 


Hence the required area of the loop 


[From (1)] 


1 (ag 2 d= 1 i, asin? 8 cos? 6 dO 
2 Jo 240 cos @ + sin® 6 
a ¢%/2 tan @ sec? 0 


2 40 1+ tan? @ 


d@ , dividing the Nr. and Dr. by cos 0. 


Now put tan? @ = t so that 3 tan’ @ sec” 6 d0 = dt. 


Also when §=0 ,t=0 and when9—> 2/2 ,t> . 
The required area 


Die piso 
@ dt SH ie Nile 
640 14f 6 
=< @ (tan! o tan"! 0] 
rr eens ee 
6 2 12 


Problem 4: Find the area of a loop of the curve 43 ey + 2y4 =a wy. 


Solution: Putx=r cos ®@and y =r sin @to change the equation of the curve into polar 
form. Then the curve becomes 


fA (cost 0+ 3 cos” Osin® 0+ 2 sin? 0) = ar? 


cos 8 sin 8 
>: 
ae pis a sin® cos ® : (1) 
cost 0+ 3 cos” Osin? 6+ 2 sin? 6 
From (1), 7 =0 when sin@=0 or cos 6=0 ie,8=0 or 2/2. 


. A loop lies between @=0 and@= n/2. 
Hence the required area of the loop 


/2 
ae x de 
230 
1%? a sin ® cos 0 d0 
= J i ee aT [From (1)] 
240 cos* 0+ 3 cos* Osin® 6+ 2sin* 0 


_# (ia tan 0 sec” 6 d0 
240 14+3tan26+2 tan? @ 
dividing the Nr. and Dr. by cos? 0. 
Now put tan? @ = tsothat 2 tan@ sec” @ dO = dtand the newlimits are t = 0 tot = ©. 
The required area 


-#{" dt i i dt 
4 J0 14+3¢+22 4 40 (14+ #) (1+ 2¢) 
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2 wes 
ae J, i — aa) [By partial fractions] 
? vow 1422) )- 
is ey 
= —} log (1+ 2t) —log (1+ t cae br 
[og (+ ) ogo | = [s(S2) | 
2 2 
= lim log (I/t)+2]_a log (424) (Note) 
tre “lasoelf FL Pee 20 
Zo p 
4 


a [log (2/1)]— + 2 [log (1/1) ]=2 zi log 2. 


— 


Problem 5: Prove that the area of a loop of the curve eae ’ =5ax’ yr is five times the area 


of one loop of the curve r 2 =a? cos 20. (Purvanchal 2014) 


Solution: Changing the equation of the curve r+ rs =5ax ca into polar form by 
putting r=rcos@and y=rsin®, we get 

r (cos? 9+ sin 0) = Sar* cos” @ sin? @ 
or r=asin’ @ cos” 9/(cos? 0+ sin 0). ..(1) 
From (1), 7 =0 when sin’ 6 =0 or cos* 6=0 ie., when @ =0 or @= 7/2. 
‘, The loop of the curve (1) lies between 0 =0 and@= 1/2. 
Hence the required area of the loop of r+ 5 ia =Sa ry 

1 n /2 2a 


2, 
ae 25a sin? se () 10, fPiom(1)) 


(sir? 8+ cos? ey 
_ 25a? ¢/2 tan? @ sec? 6 do 
2 40 (tan? 0+ ly 


, dividing the Nr. and Dr. by cos! 9. 


Now put tar’ 6+ 1=tso that 5 tant @ sec”6 d0 = dt. Also when 0 = 0, 
t=1+ tan0 =land when@—> 2/2,t> ©. 


The area of the loop 


_25a* p@ 1 dt =0 4 
2125 ig 


Also from Example 13, the area of one loop of the curve r 2 = cos20 is 1 a2. 


(Deduce it here.) 
Thus the area of a loop of r+ ~ = Sar’ y" is 


=2 0 25. a)=5. [area of a loop of r* = a* cos 20] 


Areas of Curves 


Nee 
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(itints to Objective Type Questions 


Multiple Choice Questions 
The area bounded by the axis of x, the curve y = sin? x and the ordinates 


TM: 
x=0,x=—is 
2 


/2 /2 
=| y de =f dir ege=” to. 


ae 22 4 
The curve 3ay ? = y(x-a) meets the x-axis where y =O ie., where 
x(x—a) =0 ie., where x =0 or where x =a. 


When 0 < x< 4, y is positive i.¢., y is real. So, the loop of the curve lies 
between x=0, v=a. 

The given curve is r 2 = cos2 9, which is symmetrical about the 
initial line. 

We have r = 0 when cos 2 8 = 0 i.e., when 2 6 = — 5 or20= a ie., when 


6=- : or8= 1 Thus, two consecutive values of 8 for which r is zero are 
— m/4and_ 1/4. So, one loop of the curve lies between the lines 8 = — 1/4 


and @ = 1/4 and it is symmetrical about the initial line. 
2 2 


Area of one loop of the curve r~ = a“ cos 28 
/4 /4 
a +P ae= |" a’ cos 26 d® 
0 2 0 
: tt /4 2 
=a Bel = [sin a sin0 ] eg 
2 2 2 2 


See Problem 3 (ii) of Comprehensive Problems 1. 


‘ 1 2 1 52m 9 L911 2 
-_ dQ = — d0 = — = 
Required area J, r d0 J a d0 a [0] 


See Problem 8 of Comprehensive Problems 4. 
See article 1. 

See Example 2. 

See Example 4. 

See Example 15. 


Fill in the Blanks 


See article 1. 
See article 2. 


A i88) 


3. 


Li 


Kaiskew's Integral Calculus 


The required area 
=o r ao=1 [° een d9 
24a 24a 
B 
_1 alee a a (e2mB e2ino. 


2 2m 4m ) 
o 


The number of loops in the curve r = a sin nis n if n is odd and is 2 n if nis 
even. Here, m = 3 which is odd. So, the curve r = a sin 36 has three loops. 
The required area 


4a 
= [var J, ecosh(®)ar=efesinn 4 = sinh“ sinh |= 0? sinh. 
0 0 € oma) c c 


True or False 
See article 5. 
The number of loops in r = a4 cos 10 is 2n or n according as n is even or odd. 
See Example 12. 
See Problem 3 (ii) of Comprehensive Problems 1. 
OOO 
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Kectification 


(Lengths of Arcs and Intrinsic Equations of Plane Curves) 
Comprehensive Problems 1 


Problem 1(i): Find the arc length of the curve y = 7 r= 7 log x fromx=ltox=2. 
(Meerut 2012B) 


— a oS a oe 
Solution: The given curve is y = 5 xr z log x. (1) 


_ ae 
4x 4x 


Differentiating (1) w.r-t. x, we get a =x 


Required length of the curve 
ype) yeh yt Sa 
247 +1 2 1 [2 Jo Al 31 
=| dx= | (x+ Jars eee) Soy log 2. 
1 4x 1 4x [2 |, 2 4 


Problem 1 (ii): Find the length of the curve y = log [(e* —1)/(e* + 1) |fromx =ltox =2. 


(Agra 2001, 02, 06; Meerut 04B; Avadh 08; 
Kanpur 11; Kashi 13; Rohilkhand 13) 


Solution: The given curve is y = log [(e* —1)/(e* + 1)] 


or y = log (e* -1)- log (e* +1). (1) 
x x x 
Differentiating (1) w.r-t. x, we get We : : ae 
eo gal etek erat 

2 2 [ x ie 2% 

Now (=) =1+(2) sie) che 
dx dx le 7 -l} (e Mn 1) 
_(* -17 442% _(e*% + 1P 
(e7* = iy ie _ ir 


Measuring the arc length s in the direction of x increasing, we have 


i 2x x -x . 
fe ol oe : = - , dividing the Nr. and the Dr. by e* 
a es ee a 
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x — x 
e*+e 
or ds = ————_ dx. 


et—e* 
The required length s) is given by 


—prert4e%* , [ eT 
S] J, er a [ios -e Me 


numerator being the diff. coeff. of denominator 


= log (e? e7) log (e e!) 
= log [{ e? — (I/e*) }/f e — (1/e) }] = log (e + 1/e). 


Problem 2(i): Show that in the catenary y = cosh (x/c) , the length of arc from the vertex to 
any point is given by s =c sinh (x/c). 

Solution: The given catenary is y =c cosh (x/c). (1) 
The point A (0, c) is the vertex of the catenary and let P (x, y) be any point on it. We 
have to find the length of are AP for which x varies from x =0 tox=x. 
Differentiating (1) w.r-t. x, we have 


OM a aie ae 
dx c c c 


Ifs denotes the arc length of the catenary measured in the direction of vincreasing, then 


2 
ec 1+(2) = [1 + sink? *) = cosh * 
dx dx c c 
or ds = cosh (x/c) dv. 
Integrating, we have 


3 
J, =. cosh # el, sinh x] =csinh~ or s =c sinh (x/c), 
0 0 Cc | ele Cc 


which is the required arc length. 


Problem 2(ii): Ifs be the length of the arc of the catenary y = c cosh (x/c)from the vertex (0, c) 


to the point (x, y), show that = a ag, (Lucknow 2005) 


Solution: The given curve is y =c cosh (x/c). (1) 
Proceeding as in Problem 2(i), the length s of arc extending from the vertex (0, c) to 
any point (x, y) is given by s =c sinh (x/c). se(2) 
Squaring and subtracting (2) from (1), we get 

yr ~s* =c? cosh? (x/c)- c* sinh? (x/c)= ce 


or yr -¢* =s? . This was to be proved. 


Problem 3(i): Find the length ofan arc of the parabola_y* = 4ax measured from the vertex. 


Solution: Let the given parabola be yr =4ar. (1) 
Differentiating (1) w.r.t. x, we get 2 y (dy/dx) = 4a. 
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dy/dx=2a/y or adx/dy = y/2a. 
If s denotes the arc length of the parabola eo = 4ax measured from the vertex Oto any 


point P (x, y)lying on the upper half of the parabola, thens increases as _y increases. 


The required length of arc s = lie (Note) 


J a 
=[5 [\. 2\9- 


- [du +4) + tog ty + New +4) 


J 


2a 0 


=a Ly MC y+ 4?) + at log { y+ V(_y? + 4a?)} - 4a? log 2a] 
a 


2 2 
= Er teaeyvae (gp) BO ae) gi 


Problem 3(ii): Find the length of the arc of the parabola ae = Aaxcut offby its latus rectum. 

(Kumaun 2001) 
Solution: Here we have to find the arc length L’OL , which is double of the length 
found in Example 2. 


Problem 4(i): Find the length of the arc of the parabola x° = Aay from the vertex to an 
extremity of the latus rectum. (Kanpur 2008; Purvanchal 09) 
Solution: The given parabola is v= Aay, (1) 
whose vertex is the point (0, 0) and whose axis is along the y-axis. 
Let s; denote the arc length of the parabola measured from the vertex O (0,0) to an 
extremity of the latus rectum (2a, a). 
Differentiating (1) wrt. x, we get 

2x = 4a (dy/dx) or (dy/dx)=x/2a. 


2a d 2 
The required arc length s; = a 1+ (2) dx (Note) 
dx 


2a 
=i [eM CaP ye ieeriwe V(x 242y3| 
a|2 2 i 
=a[V2+ log (1+ V2)]. [Proceeding as in Example 2] 
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Problem 4(ii): Find the length of the arc of the parabola vr =8 y from the vertex to an 
extremity of the latus rectum. 
Solution: Proceed exactly as in part (i). Here a =2. 
Problem 5(i): Find the length of the arc of the parabola Da = Aaxcut offby the line y = 3x. 
Solution: We have yr = 4ax ..(1) 
and y=3x. (2) 
Substituting for xin (1) from (2), we get 
yp =4a.( y/3) or 39" — 4ay =0 giving y =0,4a/3. 

From (2), the corresponding values of x are 0 and 4a/9. Hence the points of 
intersection of the parabola and the given line are _ 0) and (4a/9, 4a/3). 
Also differentiating (1) w.r.t. x, we get 2 y (dy/dx) = 
¥ dy/dx=2a/ y or dx/dy = y/2a. 


If s denotes the arc length of the parabola measured from the point (0,0) to the point 
(4a/9, 4a/3) , then 


as | a] a 
=f 3 (3) |e {i 3 p+ 25] 


ae pw 4a/3 
=—|JV( y° +40)+ “1 ? 4 dig 
2al2 \'/ + y+ 5 og { y+ Vy + ay 


eu ey eae ee 
2a 2 3 
+ Dae log {2 a+ Va? + da?) — 20? log (2a)] 
2 72g? ata oe eg tte 2a } — 2a? log (2a)] 
a 3 e 4 
= a5 V(I3) + log (5 + V3) 


=a E V(13) + log P+ yet) 


Problem 5(ii): Show that the length of the are of the parabola _y* = 4ax which is intercepted 
between the points of intersection of the parabola and the straight line3_y = 8xis a (log 2 + 2 )- 
(Gorakhpur 2006; Purvanchal 06) 
Solution: Solving y = 4ax and 3 y = 8x for y, we get 
¥ =4a.(3.y/8) or 2 y* -3ay=0 or y=0,3a/2. 


Thus the parabola and the straight line intersect at the points where y = 0 and3a/2 .We 
need not find the x-coordinates of these points. 


Also differentiating ir = 4ax , we get 
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2 y (dy/dx)=4a or dy/dv=2a/y or dx/dy = y/2a. 


If s denotes the arc length of the parabola measured in the direction of y increasing, 
then 


2 
Pe 1+ das oJ V (4a? + y?) or ds = \(4a2 + y?) ay. 
dy dy 2a 2a 


Let s; denote the required arc length from y =0 to y =3a/2.Then 
3a/2 
T ds =| . | (402 + yy) dy 
2a 


0 0 
r 9 3a/2 
or gs ez 
a|2 2 0 
1 fsa [fsa 3a 250° | 
=} + 4c log j— + : — 4a? log 2a 
4a | 2 4 2 4 
15 
=a[—+ log2 
a 08 2] 


Problem 6(i): Find the perimeter of the curve e+ yr aa 


(Avadh 2010; Rohilkhand 13B) 


Solution: The equation of the curve is cae ¥ =a’. (1) 


Here the curve is the standard equation of the circle with centre (0, 0 )and radius a . Also 
it is symmetrical about both the axes. So the required perimeter will be four times the arc 
length lying in the first quadrant ie., between x =0 to x=a. 
Differentiating (1), w.r.t. x,we get 2x + 2 y (dy/dv)=0 
or (dy /dx) = - (x/ y)=-x/N (a? - 7). [From (1)] 
The required perimeter 
= 4x {length of the arc in the first quadrant from (0, a) to (a,0)} 


=4f" bs (2) Jars c A] puting tor 


a — 


e a dx ~gelecsi f* ii 
4a in Tae — 4a ia (=), 
= 4a [sin-! (1) -sin-! (0)] = 4a 5 n-O]=2an. 


Problem 6(ii): Find the length of the arc of the semi-cubical parabola ay” =~ ‘from the vertex 


to the point (a, a). Bundelkhand 2010; Kanpur 15 
p Pp 


Solution: The given curve is ay” =~, (1) 


It is symmetrical about the x-axis. We have to find the length of the arc from x = 0 to 
x =a in the first quadrant. 


— Keiskew's Integral Calculus 
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Differentiating (1) w.r.t. x, we get 2ay (dy/dx) = 3x. 
dy 3% 3x° 
dx 2ay 2a(x*/a)'? 
=3 (gl? pgl2y, 
2 


, substituting for y from (1) 


a sof 2] 
Required length =] ‘ |! + (2) | dea i + =| dx 
xe : 


= id 1/2 1 [2 eo 1] 

=a Jo (Ox + 4a)! de= 5-5 (9x + 4a) ; 

= [3ay/? — (4a? ]= (4/27). [13 V(13) 8]. 
a 


Problem 7(i): Show that the length of the arc of the curve x =a? (l-e Hie measured 
from the origin to the point (x, y)is a log {(a+ x)/(a—x)}—x.  (Rohilkhand 2010B) 
Solution: The given equation of the curve is vr =a (l-e Ji “) 


or pola yp or 2 = (1-5 ] 
a a a 
2 
or y=atog( 4 = or y =a log (a -x*)-alog a .(1) 
a 
: ig dy _ -—2x 
Differentiating (1) w.r-t. x, we get as ea 
a —x 
/2 1/2 
uf ale 2 2 
Required arc length = [ ” 1+ ®) a= ["|14 4a? dx 
a dx o| @—2y| 
Ter : 
=|. e+e de ={ 1+ 2a” dx (Note) 
ol2-2)" Jol "2-2 
x 
2). geo Lig? ?| alog £** Xx 
[ 2a a-x|, a-Xx 


Problem 7(ii): Prove that the length of the loop of the curve 3ay” =x(x-a) is 4a/V3. 
(Meerut 2005B, 08, 09B) 

Solution: The given curve is symmetrical about the 1-axis. 
At y =0,we have x =0 and x =a. So for the loop, x varies from 0 toa. 
The equation of the given curve is 

3ay” =x(x-ay. 
Taking logarithm, we have 

log 3a + 2 log y= log x + 2 log (x-a). 
Now differentiating w.r.t. x, we get 
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Xx x-a x(x—a) 
dyy _ Gx-ay y? 
Thus (2) 2oant j 
_ (Bx-af x(x- al 
v (x-ay .12a 
_ (Bx-ay 
12ax 


=| & 

I 
— 
eo 

— 

+ 
eames" 
B |S 
7 

N 
SS 


. The required length of the whole loop 


a 2 

=) i, | + (2) dx [By symmetry] 
43x+a 1 1 -1/2 
OV(2ar) -V(3a) Je pe ee 

_ 1 [42 3p iyi _ 1 3/2,_ 4a 

~ ¥(3a) 23 a lo Tea aac 


Problem 8(i): Find the perimeter of the loop of the curve Say” = (x -2a)(x- Say. 
Solution: The given equation of the curve is Say” = (x - 2a) (x- Say. (1) 
Shifting the origin to the point (2a,0), the equation (1) becomes Say” =x(x- Bay. 


Now this is similar to the curve of Problem 7 (ii). (Here we have 3a in place of a). So to 
find the required length, proceed exactly as in Problem 7(ii). The required length is 


5 fP4xta 
=2]) ae 


Problem 8(ii): Show that the whole length of the curve a - ?) = 8a? y* is nmav2. 
(Bundelkhand 2006; Purvanchal 11) 
Solution: The given curve is 


¥ (a - x) =8a' y’. (1) 


The curve (1) is symmetrical about both the axes 
and it passes through the origin. Putting y =0 in 
the given equation of the curve, we get 


¥ (a —x°)=0 


ie., #=0-7 S25 
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fl 196) 
So the curve passes through the points (0, 0), (a, 0) and (— a, 0). Therefore for one loop x 


varies from 0 toa. 
. The required whole length of the curve 
= 4 x length of the half loop (lying above x-axis) 


=4)" }+(2) f# (2) 


Now differentiating (1) w.r.t. x, we get 


2 

1602 y B= 2d x43 oe Bee = 23°) 

dx dx 8a? y 

2 

1+(2) (gf ee ae: 

dx 64a* yr 

=l+ o (a - 20) , [Substituting for 8a’ y” from (1)] 
8a? x(a - x°) 


(7-27) _ (3a? -27) | 
8a? (a2 - x?) 8a? (a* - x) 


From (2), the required whole length of the curve 


[ (a2 -27 P| Ga = ae 
=4 
Jo eee r)| ola = 
alo (@ -x) a | 
dx N 

a eola V (a2 - x") Ve -2)| oe 
V2 4 V2¢¢ 
all AV —P)dee = J “ae 
2N2 [x V( Pa-¥) 4 sect aol alsin- 2] 

a [ 2 “|, | ap 
222) Bla2« = na V2 

a Be 2 | 


Comprehensive Problems 2 


Problem 1(i): Find the whole length of the curve (astroid) x =a cos-t, y =a sin-t 
(Rohilkhand 2011) 


Solution: The given parametric equations of the astroid are 


ah 


x=a cos? t, y =asin’t. 
The shape of the curve is as shown in the figure of Example 4. 
We have dv/dt = — 3a cos” tsint, dy/dt =3a sin’ t cost. 
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The astroid is symmetrical about both the axes. For the arc of the astroid lying in the first 
quadrant, we have ¢ = 0 at the point (a,0) and tf = 1/2 at the point (0, a). 


dsV _ (ax dv _ 942 7 ee) sin? 2 
Now + 9a’ cos” t sin” t + 9a“ sin’ t cos* t 
dt dt dt 
= 9a’ sin’ t cos* t (sin? t + cos’ t ) = (3a sin t cos iy. ..(2) 


If s denotes the arc length of the astroid measured from the point f = 0 to any point P 
towards the point ¢ = 1/2, then s increases as t increases. Therefore ds /dt will be taken 
with positive sign. So taking square root of both sides of (2), we have 
ds/dt=3asintcost or ds =3asintcostdt. 
Let s; denote the arc length of the astroid lying in the first quadrant. Then 
nt /2 


22 [ sin? | 
“lds = J "8a sint cost dt or $s) =3a a“ 228. 
veh ae 


Whole length of the curve 
= 4x length of the curve lying in the Ist quadrant = 4. (3a/2) = 6a. 


Problem I (ii): Find the whole length of the curve (Hypocycloid) 
x=acos*t, yah sit. 
Solution: The given curve is similar to that of part (i) ie., the curve is symmetrical 


about both the axes and in the first quadrant ¢ varies from 0 to ; Tt. 


Here dv/dt = -— 3a cos? tsint , dy /dt = 3b sind t cos t. 
. The required whole length of the curve 
= 4x length of the curve in the first quadrant 


412" HS) +(8) fa 


/2 
=4 i, V{ 9a’ cos! t sin? t + 9b? sin* t cos? t } dt 


a /2 
=4 in 3 sin t cos tV (a cos’ t + b? sin? t)dt. 


2 cos? t+ b? sin? t= 2, 


Now put a 
so that (— 2a? sin t cos t + 2b” sin t cos t)dt=2z2dz. 

sin t cos tdt={z/(b" - a) }dz. 
Also z =awhent=0 andz =bwhent=17/2. 
Hence the required length 


b z dz 12 bio 
=12 . = d 
)e ew aap a 
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Problem 2: Rectify the curve or find the length of an arch of the curve 

X=a(tt+sint), y=a(l-cost). (Rohilkhand 2000, 09B) 
Solution: Differentiating the given parametric equations of the cycloid w.r.t. f, we 
have 

dx/dt = a (1+ cos t ) 

and dy/dt =asint. 
If we measure the arc length s in the direction 
of t increasing, we have 


tani) «(4)°| 


=V{a (1+ cost % + a’ sin? t} 


1/2 


=a{l+ cos? +2 cost+sin? t} 


=a 2 (1+ cost)!” =aV2 cos’ = t)l? =2a cos >t. 


ds =2a bose: 
2 


For an arch of the given cycloid lying between two successive cusps t varies from — 1 
to nm. Also this arch is symmetrical about the y-axis and we have t = 0 at the vertex 
O. 
.. The required whole length of the arch 
= 2 x length of the arc fromt = 0 tot = p 
mT 
=2 i, 2a cos 4 tdt=4a J" cos 4 tdt=4a{2 sin + | 
0 2 02 2 to 
=4a[2-O]=8a. 
Problem 3: Prove that the length of an arc of the cycloidx = a(t + sint ), y=a(l—cos t ) 


from the vertex to the point (x, y) is V(8ay). (Bundelkhand 2007; Meerut 12) 


Solution: Let s denote the arc length of the cycloid measured from the vertex to any 
point P (i.e., fromt=0 tot=f). 
Then proceeding as in Problem 2, the required arc length 


me, 2 
| (2) +(4) dt=2a {cos tdt 
0 dt dt 0 2 


t 
292 | dein 7 =4a sin! t= (8a .2 sir? 1 ¢) 
L 2 Jo 2 2 


=V{8a.a(1—cos t)}=V(8ay). [ y=a(l-cost)] 


Problem 4: Find the length of the arc of the curve x =e! sint, y =e'cos t, from t=O to 
1 
t=—T. 
(Kumaun 2000, 08; Kanpur 09) 
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Solution: The given equations of the curve are x=e'sint, y =e! cost. 


Differentiating w.r.t. t, we have 
dx/dt = e' cost + e' sin t = e' (cos t + sin ft) 


and dy/dt = e' (-sin t)+ e' cos t= e'(cos t —sin t). 


9. 2 2 
The required arc length = i, (2) + (2) | dt 
t x 


/2 
= ie V {e7# (cos t+ sin ty + e7* (cos t—sin t}} dt 


/2 /2 
=f, e' V{ 2 (cos” t+ sin” t) } de = V2 f* ema ir? 
= J2[e"? -1). 


Problem 5: Show that in the epi-cycloid for which 
x=(a+b)cos 0—b cos {a+ b)/b}®, y =(a+ bh) sin®—b sin {((a + b)/b}8, 
the length of the arc measured from the point ® = mb/ais { 4b (a + b)/a} cos {(a/2b) 8}. 
Solution: Differentiating the given equations of the epicycloid w.r.t. 6, we have 
dx/d® = (a + b) (— sin ®) — b [— sin {(a + b)/b} 8]. [(a + b)/b] 
=-(a+b)[sin®-sin {(a + b)/b} 0] 


and dy /d® = (a+ b) (cos ®) — b [cos {(a + b)/b}0]. {((a + b)/b} 
= (a+b) [cos @- cos {(a + b)/b} 8]. 
2 2 2 
We have (=) -(<) +(4) 
d0 de d0 


ath 


athel” | 


[ 2 
=(at by ne —sin of + {eos 8 — cos 


9 gathb at+hb 


=(a+ by isn 0 + sin 6-2 sin@sin 8 
+ cos” 0+ cos” G1 Ds yaccecog 2 al 
=(a+by ji +1-2(sinesin + ho cos 8 cos a+ he) 
l b | 
=2(at+ by [I= cos £0] =4 (a + pp sin? a” ..(1) 


If s denotes the arc length of the epicycloid measured from the point @ = mb/a to the 
point 6 = @ in the direction of 6 decreasing, then s increases as @ decreases. Therefore 
ds /d® will be negative. So taking square root of both sides of (1) and keeping the 
negative sign, we have 
4 __9 (a+ b)sin 0 (Note) 
d@ 2b 
or ds =—2 (a+b) sin (a/2b) 0 0. 


— Keiskew's Integral Calculus 
fl 1-200 | 
The required length s is now given by 


8 2b [ ool 
a 2 (a+ b)sin (a/2b) 0 d0=—-2 (a+ b)- =| - cos —0 
' ete ( ) ( ) : ( ) a 2b loess 


_ 4b (a+b) [ge WO n|_ 4b(a+b) eae ie 
a | Ob 2 | a 2b 


Problem 6: In the ellipse x =a cos 6, y =b sin , show that 
ds =aN(1- e* cos” ) do, 
and hence show that the whole length of the ellipse is 


2 2 
[ 1)? 1,3 eA Wee ae e® | 
2 nma}\1 . : : walls 
2 1 2% 3 (2.4.6 5 
where e is the eccentricity of the ellipse. (Meerut 2005) 


Solution: The given equations of the ellipse are x =a cos , y =D sin o. 
We have dr/db = — asin 9, dy/do = b cos o. 
If we measure the length s in the direction of ¢ increasing, 


2 2 
ds _ dx dy me Oe ee, DD 
i (a) + (2) | V(a* sin® 0 + b* cos 6) 


=V{a sin? o+ a (1 - e”) cos” o}, 
[ for ellipse, Pad (1- e*)] 


=a V(1—e* cos? ). 
ds =aN(1- cos? ) do. see(th) 
Also the ellipse is symmetrical about both the axes and in the first quadrant ovaries from 


0 to; m . Therefore whole length of the ellipse = 4 x length of the ellipse lying in the first 


quadrant 


/2 
=4f" avil - ¢? cos” ) do, [ From (1)] 
2 
=4a Ie d= e* cos* oy? do 
nif) lo 9 1 4.4 13 6 6 | 
=4a l-—e~ cos’ 6 - ——e cos —-—~_e? cos’ o-...}| do, 
i hae 6 o- peal 
[On expanding by binomial theorem] 


/2 2 on /2 4 /2 
al i 1. do- SJo cos? odo- [> cost o do 


1.3 
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Comprehensive Problems 3 


Problem 1: Find the entire length of the cardioid r = a (1 + cos 8). 
(Purvanchal 2007; Rohilkhand 09, 11B) 

Solution: The given curve is 

r=a(l+cos@). ...(1) 
It is symmetrical about the initial 
line and for the portion of the curve 
lying above the initial line @ varies 
from6=0 to@= 7. 
Now differentiating (1) w.r.t. 6, we 
have dr/d@ =— asin8. 
If s denotes the arc length of the 
cardioid measured from the vertex 
(ie., the point @=0) to any point 
P(r,8) in the direction of 6 
increasing, we have 


ds _ || 9 dr)? aan? 2 + 92 
= fly +(4) =V{a° (1+ cos 6)" + (—asin6)} 


=v{ a (2 cos” ly ea, (2 sin 9 cos Ley } 
2 2 2 
=2aV{ cost toy sin? P peee Ly 
2 2 2 

=2a \{cos* EL 8 (cos* A 0 + sin? J 6)} 

2 2 
=2a (cos 2 0) = 2a cos d 0. 

2 2 

ds =2a cos 568 (2) 
Lets, denote the arc length of the upper half of the cardioid (i.¢.,from@ = 0 to = n). 


Tv 
Then i, ds = in 2a cos 50 d0 = 2a [5 sin A | 


2° Io 
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et 9) =4a [sin > x sin0]=4a (1-0) =4a. 


By symmetry, the whole length of the cardioid 
= 2 x the arc length of the upper half of the cardioid = 2 . 4a = 8a. 


Problem 2: Find the perimeter of the curve r = a (1 + cos 8)and show that arc of the upper half 


is bisected by @ = 7/3. (Gorakhpur 2005; Purvanchal 07) 
Solution: As proved in Problem | length s) of the upper half of the cardioid 
r=a(1+ cos ®) is 4a. (Prove it here) 


The perimeter of the cardioid = 2 .4a = 8a. 
Again, if sy denotes the arc length of the cardioid from the point 6 =0 to the point 
6= 7/3, then 


/3 
$9 = i. 2a cos ; 6 48, [Refer the result (2) of Problem 1] 
Gately gl ett ge ed 
=2a ,2sin—0 =4a)sin sin0 |} =4a- 
[2 Jo [6 ‘a? 


a 
2 


= — (s,) = half the arc length of the upper half of the cardioid. 
Problem 3: Prove that the line 4 r cos ® = 3a divides the cardioid r = a (1 + cos ®) into two 
parts such that lengths of the arc on either side of the line are equal. 
Solution: The given equations of the cardioid and the line are 

r=a(1+cos@) and 4rcos@=3a. 
Eliminating 7, we have a (1 + cos 8) = 3a/(4 cos 8) 


or 4cos0+4 cos? @=3 or 4cos* 6+ 4cos6—-3=0 

or (2 cos 8-1) (2 cos 8+ 3)=0 je. 008 = 5 or cos =~ > 

But the values of cos 6 cannot be numerically greater than 1. Therefore cos 6 = — ; is 
inadmissible. 


So we have cos 0= ie., O= 1/3. 


Hence the vectorial angle of the point of intersection of the cardioid with the given line 
is t/3. The cartesian equation of the given line is x = 3a/4i.e.,the line is perpendicular to 
the x-axis. So now we have to prove that the arc of the upper half of the cardioid is 
bisected by 6 = 2/3. This is the same as Problem 2 and so prove it here. 


Problem 4: Show that the arc of the upper half of the curve 

r=a (1— cos 0) is bisected by 8 = 21/3. (cumaun 2003) 
Solution: As proved in Example 8, the arc length of the upper half of the cardioid 
r=a(l—cos6)is 4a. (Prove it here) 
Also, the arc length of the cardioid from the point 6 = 0 to the point 6 = 27/3 
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2n/3 . | 
=2a ie sin 5 6 46, [ Refer the result (3) of Example 8] 


=o, 2 cos 2 oe | cos ago 4a (1 1] 
L 7°], alae | 2 


=2a= ; (4a) = half the arc length of the upper half of the cardioid. 


Hence the arc of the upper half of the curve r = a (1 — cos 8) is bisected by 6 = 2177/3. 
Problem5: Find the length of the cardioidr = a (1 — cos ®)lying outside the circler = a cos ®. 
Solution: The given cardioid is r = a (1 — cos 8). (1) 
It meets the circle r = a cos 6. 


Eliminating r between (1) and (2), we have 
a (1— cos 0) =a cos® 


or 1-— cos @=cos@ 
or 2 cos0=1 
lL. 1 
or cosO=— ie, O=—T. 
2 3 


Hence the vectorial angle of the point of 
intersection P of the cardioid r= a (1 — cos @) 
with the circle r =a cos 0 is 1/3. 


So for the portion of the  cardioid 
r =a (1— cos 8) lying outside the circle r = a cos @ (above the initial line) 6 varies from 
0= 2/3 to8=n7. 
Also differentiating (1), we get dr/d® = — asin®. 
By symmetry, the required length of the cardioid 
= 2 x thearclength from@ = 2/3to@ = ofthe upper half of the cardioid 


=2]° ( +(#y | 

6=2/3 d0 

=2]" V{a? (1- cos + (-asin@)} de 
n /3 


=2a[” VE Qsin? 0) + 4 sin? 700s 5 0} dO 
tt /: 


Lee cos? 1 9) } 0 
2 2 


1" 
"leis 


=4a ae V{ sin 7 (sin? 


=4a f" sino do=4al ene” 
aw) [ 5) 


= 8a [cos 1 x cos | x] = 8a [0 | 3] = 4a V3. 
2 6 2 


Problem 6: Find the length of the arc of the equiangular spiral r = ae, taking s =0 
when, 0 =0. (Kanpur 2007) 
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8 cot a 


Solution: The given equiangular curve is r = ae (1) 
Differentiating (1) w.r-t. 6, we get 

dr/d0 = ae °° | cota =r cot a, from (1). 
If s denotes the arc length of the equiangular spiral measured from 6 = 0 to any 
point P(r, @) in the direction of 8 increasing, we have 

ds drV 

io = | ( + (=) 7 V(r? +r cot” 0) 

= rcosec a = ae? . cosec a 

or ds = ae®™ . cosec a dO 

8 ) - 

Integrating, i ds = a cosec a I. 8 Cot & 1g 
or $ =a cosec @ - ——- aged 
cot a 
= asec o [e2°® — 29] =asec a [e9* © - 1]. 

Problem 7: Find the length of any arc of the cissoid r = a (sin” @/cos @). 
Solution: The given curve is r =a (sin? 6/cos 0) 
or r=atanOsin8@. .(1) 
Differentiating (1) w.r.t. 8, we have 

dr/d® = a [tan ® cos 8 + sec ? @sin 6] 

=a[sin0+ sec” 6sin0]=asin6[1+ sec” 6]. 

We have (ds /dey” =r? + (dr/d0y 

=a’ tan’ Osin? 0+ a’ sin? 0 (1+ sec” 6) 

=a sin’ 0 [tan? 6+ (1+ sec? 0)" ] 

=a sir? 9 [tan? 6+14 sect O42 sec? 0] 

=a’ sin? 0 [sec 0+ sect +2 sec” 6] 

=a sin’ 0. sec” 6[3 + sec” 0] 

=a’ tan’ 0 [3+ sec? 6]. ..(2) 


If s denotes the arc length of the cissoid measured from the point 6 = ®, in the direction 
of 0 increasing, then 


ds =atan@v(3 + sec” 6) dé, 
on taking square root of (2) and keeping the +ive sign. 


Let s; denote the required arc length from 6 = 6; to@ = 8) . Then 
jwes 
ss a tan@ V(3 + sec* 8) d0 
0 O= 0] 


=a[ sin 0 [- 1 Jj 


81 cos®é cos @ 


Rectification (Lenaths of Arcs and Intrinsic Equations of Plane Curves) 


(205 J 


"2 sin® J +3 cos? 0) d0 (3) 


81 cos? @ 


or sj=a] 


Let us first evaluate the indefinite integral 


l= J oe V{ 1+3 cos” 0} dé. 
cos? 8 


Put cos 6 = t so that — sin 7 d0=dt. 


Then l= 


(= SS 3) =-f 14+3¢ 
Pe V(1+ ey 
J J 3dt 
ETS V(1+ 32) 
To evaluate the first integral, put t = 1/z so that dt = — (1/z*) dz 


dt Dy. de 
Th = 
_ Pareces lereore ; V(z7 +3) 


V(z7 +3), 


by power formula 
1 1 2 
= +3]/= +3]=V(sec* +3). 
( a ( cos’ @ 


dt | dt 
bree 7 (i+?) 


Also the second integral 


=~ V3 log (1+ V(P + =) }=— V3 log { cos 8 + (cos? @+ 2)). 


1 


I =\(sec 7 6 + 3) — V3 log { cos 0+ V(cos* 6+ 5)}. 


Hence from (3), we get the required arc length 
2) 
syp= f (sec 7 6+ 3)-V3.a log { cos 0+ (cos 0+ 3) } 
9} 


= f (®%)— f (®), 
where f (0) =a V(sec? 6+ 3)—a V3 log {cos + (cos? 0+ a 


Problem 8: Show that the whole length of the limacon r = a + b cos ®,(a> b)is equal to that of 


an ellipse whose semi-axes are equal in length to the maximum and minimum radii vectors of the 
limacon. 
Solution: As shown in Example 10, the whole length of the limacon 


=2 Io V(a +b? +2ab cos®) d6, (prove it here). ...(1) 


Also the maximum and minimum radii vectors of the limacon are given by cos 6 = 1 
and cos 8 = —1 and they are respectively a+b and a—b. 
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Now the parametric equations of the ellipse with semi-major axis as (a+ )) and 
semi-minor axis as (a — b) may be taken as 


x=(a+b)cos 9, y=(a—b)sing. ves(2) 
Differentiating (2) w.r.t. 0, we have 

dx/do = — (a+ b)sin 0, dy/do = (a — b) cos 0. 
Now the ellipse (2) is symmetrical in all the four quadrants and for the portion of the 
ellipse lying in the first quadrant @ varies from @ = 0 to @= > Tq. 


By symmetry, the perimeter (whole length) of the ellipse = 4 x the arc length of the 
ellipse lying in the first quadrant 


“456 YB) (8) | 


=4 f°” VE{- (a+ b)sin 6}? + {(a — b) cos 6}? ] do 


a4 fe te sin? o+b* sin? + 2ab sin? o+ a cos” o+ b? cos” o 
—2ab cos” o } do 
a4 fe +P — 2ab (cos?  —sin® o) } do 
a4 fee? +b? -2ab cos 26 } do. 


Now put 20 = ft so that 2d = dt . Also when  =0, tf =0 and when = 1/2, t= 17. 
Then the whole length of the ellipse 


=4 J) VU? +0? ~2ab cose) = de 
=2[° Va? +b? ~2ab cos t) de 
=2 f° V{a? +b? ~2ab cos(n—t)} de, 
E fpf edde= ff flan 
=2 [Va +b? + 2ab cos t ) de 
=2 |" V(a? +b? + 2ab cos 6) d8, E fo face f fede 


= the whole length of the limacon. [ From (1)] 


Comprehensive Problems 4 


Problem 1: Prove that the intrinsic equation of the parabola v= Aay is 
s=atan sec w+ a log (tan w+ sec W). 
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Solution: Proceeding exactly as in Example 13, we get 
tan wy = dy/dv = x/2a. .(1) 


Also s=[o {i+(Z) faask fp? Pye 


mS Pere: + x) + 4a? log xt N(0 + 40)] sei(2) 
4a | 2a 
proceeding as in Example 13. 
Eliminating x from (1) and (2), we get 
s =a[tan y sec y+ log (tan y+ sec w)], 
which is the required intrinsic equation. 
Problem 2: Find the intrinsic equation of the parabola ¥ = 4ax . Hence deduce the length of 
the arc measured from the vertex to an extremity of the latus rectum. (Garhwal 2003) 
Solution: We have already obtained the intrinsic equation of the parabola os = 4axin 


Example 13, as 


s =a[cosec y cot y+ log (cosec y+ cot w)], ..(1) 
where y is the angle between the x-axis and the tangent at the point whose arcual 
distance from the vertex is s . (Prove it here) 


Now in the intrinsic equation (1) of the parabola the arc length s has been measured 
from the vert ex. We want to find the length of the arc from the vertex to an extremity of 
the latus rectum. Let this length be sy . 

At an extremity of the latus rectum, y = 2a.Also tan y = y/2a. So at an extremity of the 
latus rectum, tan y = 2a/2a =1i.e., y= 1/4. So putting y = 1/4 in (1), we get 


$s) =a[cosec — 7% cot i ™ + log (cosec 2 ™+ cot — n)] 
4 4 4 4 


=a[V2+ log (1+ V2)]. 


Problem 3: Show that the intrinsic equation of the semi-cubical parabola 
Say 2 = 2x3 is 9s = 4a (sec? y-l). 
(Meerut 2005, 09B; Rohilkhand O8B) 


Solution: The given semicubical parabola is 3ay 22x39, se(l) 
Differentiating (1) w.r.t. x, we get 6ay (dy/dx) = 6x? 
o bet. |e 
dx ay aNn(2x7/3a) \\2a 
aalca 
tan y= = =4/] — ]- tO 
ve (2) 


Ifs denotes the arc length of the given curve measured from the point (0, 0)to any point 
P (x, y) in the direction of x increasing, then 


sf? p+(S) fark (1+ 32) a 
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nfo (0+ BY" ae eGo [ee BY 


ut) 


Eliminating x between (2) and (3), we get 


pe y= 54 


4a 2 3 
s = —[(1+ tan — (sec -l), 
5 [( v a w-]) 


which is the required intrinsic equation of the curve. 


Problem 4: Find the intrinsic equation of the catenary _y = cosh (x/c). 


(Garhwal 2001, 03; Rohilkhand 07; Kumaun 08; Kanpur 14) 


Hence show that cp = c? + 87, where pis the radius of curvature. 


Solution: The given curve is y =c cosh (x/c). (1) 
Differentiating (1) w.r.t. x, we get 

dy /dx = sinh (x/c). (1/c) = sinh (x/c). 

tan w = dy/dx = sinh (x/c). ...(2) 
If s denotes the arc length of the catenary measured from the vertex (0, c) to any point 
(x, y) in the direction of x increasing, then 


oe }+(¥) |ae= fp fran? 3] a 


= | cosh * de =e sinh *. ..(3) 
0 Cc é 


Eliminating x between (2) and (3), we get 


s =c tan y, which is the required intrinsic equation of the catenary. 
2 
Also pa aon wee daian wise 1+<_]| or cp=c* +57. 
dy ce 


Problem 5: Prove that the intrinsic equation of the curve 
XY=a(1+sint), y=a(1+cost)is stayw=0. 
Solution: The givencurveis x=a(1+sint), y=a(l+ cost). ay 


dx/dt=acost and dy/dt=-asint. 
dy _dy/dt _-asint _ 


tant. 
dx dx/dt acost 
Hence tan wy = dy/dv = — tant = tan(-t) 
so that wH=-t. «i(2) 


Measuring the arc length s from the point t = 0, we have 


fa) (Bf 
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Fie wien Digi d t 
= t t)dt= dt =at. (3 
J, Ya cos’ t+ a“ sin’ t )¢ af, a (3) 
Eliminating t from (2) and (3), the intrinsic equation is 
s=a(-wW) or s+ay=0. 


Problem 6: Find the intrinsic equation of the cardioid r= a (1 — cos ®). 
(Avadh 2005, 12; Meerut 07B; Rohilkhand 12; Kanpur 15) 
Solution: The given curve is r=a(l— cos 8). (1) 


Differentiating (1) w.r.t. 6, we have dr/d@ = a sin @. 


_d8 r r a (1- cos 8) 
tan o=7 
dr dr/d® asin® asin® 
2 sin? 2 8 1 
= rT =tan—6. 
2 sin — 8 cos — 0 
2 2 
1 1 Ba cs 2 
Therefore 6 = s 6,so that y=0+ b=0+ : O= ; 6, giving 6 = . Vy. (2) 


Ifs denotes the arc length of the cardioid measured from the cusp O(i.e.,the point@ = 0) 
to any point P (r,@) in the direction of 8 increasing, we have 


s=(, 724 (HY 10 =a f° V{(1- cos oF + sin? 0} do 
0 d0 0 


r) 8 
= 2a [ sin L@ do =4al etal 
0° 2 L > aly 


= 4a (1 - cos J 0) = 8a sin? u 0. a(3) 
2 4 


Eliminating 8 between (2) and (3), we get 


: 1 2 <> 1 
s =8asin? {-.2 or s=8asin’ —y, 
G gi ran 


which is the required intrinsic equation. 


Problem 7: Find the intrinsic equation of r = a 8 % 


(a,0). 


, Where s is measured from the point 


Solution: The given curve is r = a e8 © ®. (1) 
Differentiating (1), w.r.t. 6, we have 
(dr/d®) =a cota. e®°' * =r cota. 
We have tanod=r en tan a 
dr dr/d® rcota 
or g=asothatyw=0+0=0+0Q or O=yW-a. v(2) 


If we measure the arc lengths from the point® = 0 to any point P (7, 6)in the direction of 
0 increasing, we have 
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s =f. \driaep + 7?) do= fo vir? cot? a+ r7}d0 


8 8 
= J rV(l+ cot? a) dO = cosec & J r d® 
0) 0 


8 
= cosee at fae 9° do, [ roa et %y 
8 
[ ,Acot a | 
=a cosec o.| © =a seca fe 20% —]]. (3) 
cota |) 


Eliminating @ between (2) and (3), we get s =a seco [e\¥ ~ ) CF % _ J], 


which is the required intrinsic equation. 


Problem 8: Find the intrinsic equation of the spiral r = a®, the arc being measured from the 
pole. 
Solution: The given curve is r = a. (1) 


Differentiating (1) w.rt. 0, we have dr/d0 =a. 
d0 r ae 


dr dr/d® a 
o=tan | @so that y=0+ o=0+ tan”! 6. ss(2) 


Therefore tanod=r 


Ifs denotes the arc length of the spiral measured from the pole (0, 0 )to any point P (7,8), 


~ eh ? ae £) fam fo ee a 


1° 
=a [VO +1) d0=a) SN@ +1) )+ Flog (0+ V@ +1))] I 


0 
=) gfe v(1+ 02) + log (0+ V(1+ 02)}]. (3) 
The required intrinsic equation is obtained by eliminating @ between (2) and (3). 
Problem 9: Find the intrinsic equation of the curve f° =r? — a’. 
Solution: The given curve is r = -a@ (1) 


Differentiating (1) w.r-t. r, we have 
2p (dp/dr)=2r or r (dr/dp)= 
ds dr 2 
2 ag alpha 0 
Pag ae (7 ) (2) 


[| From (1)] 
Also from the equation of the curve we have p=0 for r =a. 
If we measure the arc length s (from r = a) in the direction of r increasing, we have 


a V(r? - aoa 


Rectification (Lenaths of Arcs and Intrinsic Equations of Plane Curves) 


21 


or Qas =r? — a? or V(2as) = V(r? =i) ...(3) 
Eliminating r between (2) and (3), we have 
As 
= (2as or & = (2a) dy. 
di (2as) Ts (2a) dy. 
: : S ds Me 
If s =O when y = 0, then integrating, we have J — =V(2a) dy. 
a Vs 10) 


2Vs=V(2Qa)w or spay, 
which is the required intrinsic equation. 
Problem 10: In the four-cusped astroid eS re = a’!?, show that 


(i) s= : cos 2w, s being measured from the vertex; 


(ii) s= 2 asin” w,s being measured from the cusp on x-axis; 
2 (Purvanchal 2014) 


(iii) whole length of the curve is 6a . 
Solution: The parametric equations of the 
given curve are 


x=acos t, y=asin t. (1) 
We have : 5 (Vertex) 
dx/dt = — 3a cos? tsint, 
and dy /dt =3a sin’ t cos t. 
Hae 
dy _dy/dt _ 3asin ea ers 
dx dx/dt ~3a cos“ tsint 
So we have 
tan y = dy/dv = — tant=tan(-t). 
Fe we=-t. (2) 
ds ¥ 7 4 2 4 2 
Now ( } -(¢ sy + (2 y= (9a* cos t sin t) + 9a? sin t cos” t ) 
dt dt 
= 9a" sin? t cos* t (cos? t+ sin? t) 


2 2 


= 9a sin? t cos? t. ...(3) 


(i) Ifs denotes the arc length of the given curve measured from the vertex (i.¢., the 
middle point of the arc in the Ist quadrant) to any point P lying towards the cusp on 
x-axis, then s increases as t decreases. Therefore ds /dt will be negative, so from (3), we 
have 

ds /dt = — 3a sin t cos t 
or ds =—3asint cos tdt. ...(4) 


— Kaisken's Integral Calculus 
fh 212) 
Now at the vertex of the given curve, we have t= 1/4. 

From (4), the arcual distance s measured from the vertex is given by 


t t 
s=~3a] sin t cos tdt =~ 4 sin 2t dt 
nt /4 2 Jn/4 


3a[ cos 2t]* 


3 
= 4 JE. at 
5 [ 5 an a cos 2t (5) 


Eliminating ¢ between (2) and (5), the required intrinsic equation of the curve is 


3 3 
s=—acos{2(- =—acos2y. 
{2(-w)} i W 


[*" cos (— 8) = cos 8] 
(ii) Ifs denotes the arc length of the given curve measured from the cusp on x-axis to 
any point P lying towards the second cusp on_ y-axis, then s increases as ¢ increases. 
Therefore ds /dt will be positive. Hence from (3), we have 

ds/dt=3asint cost or ds =3asint cost dt. 
Also at the cusp on x-axis, we have t = 0. 


t [ sin? ‘\" 3 
s=| 3a sin t cos t dt =3a =~ asin’ t. ...(6) 
. ae 


Eliminating ¢ between (2) and (6), the required intrinsic equation of the curve is 


3.4.9 Sogn 
sS=—asin - or s=—asit i, 
. (— y) : v. 


(iti) The whole length of the curve is already obtained as 6a in Example 4. 


Problem 11: Find the cartesian equation of the curve whose intrinsic equation is s = c tan 


when it is given that at y=0,x=Oand y=c. 


Solution: The given intrinsic equation of the curve iss =c tan v. (1) 

Differentiating (1) w.r-t.‘”,we have ds /dv =c sec 2 yw. (dw/dx). (2) 
ds dy)? 

Also B= [ls f 7) =\(1+ tan” y)=sec v. (3) 
dx dx 


Equating the values of ds /dx from (2) and (3), we get 

c sec 7 yw.(dw/dv)=sec y or dx=c sec wdy. (A) 
Integrating both sides of (1), we get 

x+ A =c log (sec y+ tan), where A is constant of integration. 


But as given y=0 when x =0 so that A =0. 
x/¢ 


Therefore x=c log (sec y+ tan y) or e */° = sec w+ tan w. ..(5) 
Now a ee : 3, ey = sec y—tany. 
ev! sec y+ tan y sec” w-— tan? y 
...(6) 
Subtracting (6) from (5), we get 
ere _ eX -Dtany or au 
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or Os sinh ~ (Note) 
dx c 

or dy = sinh (x/c) dx. 

Integrating both sides, we get y+ B=c cosh(x/c). (7) 


But (as given) when x =0, y =c so that B =0. 
Therefore putting B =0 in (7), we get y =c cosh (x/c), 
which is the required cartesian equation of the given curve. 


(iiints to Objective Type Questions 


Multiple Choice Questions 


1. See article 3. 
2. The given curve is r=a(l+ cos). 


OY 5 gsie 
(2) 


ds ¥ dv 9 2 
Now, ( } =r +() =a (1+ cos0)” + a sin® 


=a le cos? >| + (sin os8) 


20 28 
2 


= 4a2 cos cos + sin2 0] = 4a cos2 eo 
5 2 | 3 


Le eee 
d® 2 


ro) 2 2 
3. We have, (©) -(*} + (2) 
dt dt dt 
=(-3a cos? t sin ty + (3a sin? t cos t 
2 2 2 ) 


: 


=9a* cos* t sin’ t(cos* t+ sin® t 


2 


2 tsin? t= (3a sin t cos ty. 


= 9a" cos 
See Problem 1 of Comprehensive Problems 3. 
See article 1. 


See Example 4. 
See Example 9. 
. See Problem 4 of Comprehensive Problems 2. 
10. See Example 14. 
11. See Example 16. 


4 
oe 
6. See Example 1. 
vi 
8 
9 
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eS 
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Fill in the Blank(s) 


See article 1. 
See article 2. 
See Problem 1(i) of Comprehensive Problems 1. 
The given curve isr =ae COCO, 


dr 
 aa0ce®%™ cota=rcota. 


d0 
ds 2 dr 2 
Now, ( } =? +( } =1 + Prct’o =r? (1+ cot? a) =r? cosec 7 a. 
d® d0 
ds 
—z=rcoseca or ds =rcosec o dO. 
d0 
«2 2 2 
We know that & =l]+ (2) » 3 ds = /l+ (2) . 
dr dr dr dr 


See Example 5. 


True or False 


See article 2. 
The relation between s and y for any curve is called its intrinsic equation. 


See article 4. 
dr ) | 


ae 9 [ 2 
Th ] h b F pice 10. 
e arc length is given by t V} + (“ | 0. 


See Example 4. 
O00 


Chapter-9 


Volumes and Surfaces 
of Solids of Kevolution 


Comprehensive Problems 1 


Problem 1(i): Find the volume of a hemisphere. 

Solution: Proceed exactly as in Example 1. The hemisphere is generated by the 

revolution of a quadrant of the circle e+ y ? = q” about x-axis. The limits for the 

volume will be from 0 to a. The required volume of hemisphere is : na. 

Problem I (ii): Find the volume ofa spherical cap of height h cut off from a sphere of radius a. 
(Kanpur 2010) 

Solution: The limits for the volume of the spherical cap of height will be froma — hto 


a. Proceeding as in Example 1, we get the required volume 


ay" 
=| my de= mf" (a? rdea xfs ;| 
a-h a-h 
a-h 
3 13 48 il 3 
=n[a a —a (a-h)+=(a-h 
[ = (a—-h) aa yd 
=n[@—-18-B8+0@h+ 1 B-Cheae —-1 P| 
3 ) 3 


3 9 ] 
=n [al Ir |= nh* [a h). 
[ ] [ : ] 


Problem 2(i): A segment is cut off from a sphere of radius a by a plane at a distance ; afrom 
the centre. Show that the volume of the segment is 5/32 of the volume of the sphere. 


Solution: Draw the figure as in Example 1. Let BC be the line x = ; a. 


The segment of the sphere is generated by revolving the area ABCA of the circle about 


the x-axis. Hence the limits for the volume of the segment will be from x = : atox=a. 


. The volume of the segment of the sphere 


a 


= ee ia 2_ 2 ee ee 
=f ov dv= [ma i) dx, [x+y a | 


=1|@s 4 =n[a° La da eee eee (4 na}. 
a/2 
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Also volume of the sphere = ; na . [See Example 1] 
2 x na | 
Volume of the segment _ 39 °3° (5 
Volume of the sphere 4 na? 32 
3 
Les Volume of the segment = 2 of the volume of the sphere. 


Problem 2(ii): The part of the parabola yr = Aaxcut off by the latus rectum revolves about the 


tangent at the vertex. Find the volume of the reel 
thus generated. 


Solution: The given parabola is . a = 4ax. 


It is symmetrical about x-axis. The tangent 

at the vertex is r=0 ie., y-axis. LL’ is the 

latus rectum. 

A reel is formed by revolving about y-axis 

the area enclosed between the arc L’OL of 

the parabola and the axis of _y. The volume 

of the reel generated by the revolution of the 4" 

arc cut off by the latus rectum LL’ about 

y-axis = 2 x volume generated by revolving 

the area OLK about y-axis. 

Consider an elementary strip PMNQ 

parallel to the axis of x, where P is the point 

(x, y) and Qis the point (x + &, y + dy) on 

the parabola ¥ = 4ax. 

Then PM =x 

and NM =ON-OM =(y+6y)- y =6y. 

Nowvolume of the elementary disc formed by revolving the strip PMNQabout y-axis 
= 2 (PM) -(NM) = rx 8y. 


Also as the length of the semi-latus rectum SL is 2a, therefore y varies from 0 to 2a. 


The required volume 


2 
2a 2a 2 
- Ady = J fee gy = 
2, mu dy 2) ‘| Jo [es yw =Aax| 


2a 5 2a 4 
= | is dy = as J = * 32a = na. 
8 5 |, 40a 5 
Problem 3: Prove that the volume of the solid generated by the revolution of an ellipse round its 
minor axis is a mean proportional between those generated by the revolution of the ellipse and of the 


auxiliary circle about the major axis. (Rohilkhand 2010) 
Solution: Let the ellipse be ¥ la + a /i =1. .(1) 


Volumes and Surfaces of Solids of Revolution 


Also the equation of its auxiliary circle is zoe y 2 =A. (2) 


Q& + dx, y + Sy) 
S\ P (r, 9) 


Take an elementary strip PMNQ perpendicular to the axis of x. We have PM = y and 
MN = 6x. Now volume of the elementary disc formed by revolving the strip PMNQ 
about the x-axis = m. (PM)? -MN = ny” &. 

Also the ellipse is symmetrical about the y-axis and for the portion of the curve lying in 
the first quadrant xvaries from 0 toa. Therefore the required volume of the solid formed 


2m fy dem 2m J P22) a [ From (1)] 


2 a 2. 
=n? [2x 1 3] =2on? (a? lp\a* nab* = Vj, say. 
Pal 3 Jo a 3 3 


Also the volume of the sphere formed by the revolution of (2) about x-axis is 
; na? = Vo , say. [See Example 1; prove it here] 
Now we have to find the volume of the solid formed by the revolution of the ellipse 
about the minor axis ie., the axis of y. Consider an elementary strip PMNQ 
perpendicular to y-axis. Then the volume of the elementary disc formed by revolving 
the strip PMNQ about y-axis = 1 x : oy. 

The ellipse is symmetrical about x-axis and on the arc AB of the ellipse _y varies from 0 to 
b. 


. The volume of the solid generated by the revolution of the ellipse about y-axis 


=2f) Pay (Note) 
2 2 
=2n J, (b? — y”) dy -- From(l), x7 =a =i) 
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3 2 3 2 
_ Qna? by y _ 2na Bp b OTT oy casey 
Le 3 Jo i 3 ) 
Now mean proportional between V; and Vy 
4 94 3, 4 _9 
=V(ViVa)= (5 nabl = na") = = mat b= Vp 


= volume generated when ellipse is revolved about minor axis. 


Problem 4(i): Find the volume of the solid generated by the revolution of an arc of the catenary 


y =c cosh (x/c) about the x-axis. (Meerut 2009B; Purvanchal 11) 
Solution: The given equation of catenary is i 
y =e cosh(x/c). 


Let AL be an arc of this catenary where L is the 
point (x, y). 
Take an elementary strip PMNQ perpendicular to 
the axis of x,so that PM = y and MN = dr. 
Now volume of the elementary disc formed by 
revolving the strip PMNQ about the axis of x 

= .PM?. MN = ny? de. 


.. the required volume 


x 2 

= dx 
jin 
= a cosh? * av, 
c 

= ( + cosh 2") d= = [s+ © sinh 

2 c 

2 


The solid of revolution formed by revolving a catenary about its directrix is called a 
catenoid. 


Problem 4(ii): Find the volume of the solid generated by the revolution of the curve 
3 : 
y=a Me a x”) about its asymptote. (Garhwal 2001; Agra 02; Meerut 09) 


Solution: The given curve is 

y =a |(a’ + x?) 
or x? yp=a (a-— yy). ..(1) 
Equating to zero, the coefficient of the 
highest power of x, the asymptote 
parallel to x-axis is _y = 0 ie., x-axis. The 
shape of the curve is as shown in the 
figure. 
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Take an elementary strip PMNQ where P (x, y) and Q(x + dx, y + 8y) are two 
neighbouring points on the curve. We have PM = y and MN = 6x. 
Now volume of the elementary disc formed by revolving the strip PMNQabout the axis 
of x is 

= PM? .MN =n y* &. 
The curve is symmetrical about y-axis and for the portion of the curve in the positive 
quadrant x varies from 0 to e. 
‘.. The required volume 


a 
=2 ny” dx=21 x kk, [ From (1)] 
Ja lo @eeP 
and’ eS asec? 0d0 
(1+ tan? a (1+ tan? ey’ 


putting x =a tan@so that dv=a sec” 6 d0 


/2 2 /2 
=2na [ sec" 0 dO on i. cos? 6 40 


0 sec? @ 
sept aged Ta. 
a, 2 


Problem 5: If the hyperbola eo lr = y 2 /h* =1 revolves about the x-axis, show that the 


volume included between the surface thus generated, the cone generated by the asymptotes and two 
planes perpendicular to the axis of x, at a distance h apart, is equal to that of a circular cylinder of 
height h and radius b. 
Solution: The given hyperbola is 
x7 /a - y?/P=1, — ...(1) 
and the equation of its asymptotes is 
x*/a@ — y7/b =0 
or y=t(b/a)x 
Let the two given planes be at distances 
c and (c + h) from the origin O. Then 
the volume of the portion of the cone x’ 
generated by the asymptotes between 
x=cand x=c+his 


ae, 
= [ay ax, 
c 
where y=— x 
a 
(Note) 
cth 
eth} nb | x? ny 3 
=T < c+h 
I. > 5] a let ayo] 
te 


ale + 3ch? + 3c? h\=V), say. 
3 
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Now the volume of the portion of the solid generated by the hyperbola between the two 
given planes (i.e., between x =c and x =c + h) is 


+] 2 2: 
= [0 ny ae, where 7-41 (Note) 
é a b 
2 cal 273 cth 
a, e\iee i aex 
a se a |3 3 
nh? 1 2 
=——[-{(c+ hp -c }-a@ {(c+h)-c }] 
a 3 
ae 
= 7H 118 4 30h + 302 h- 3a’ h] = Vy , say. 
3a? 
. The required volume = Vj - V5 
_ nh? 


ue + 3c? + 3c* h - 3a? h] 


ee (Um + 3c? + 3c? h|- 
ze 


. 


a h=nb7h 
ae 


= volume of the cylinder of radius ) and height h . 
Problem 6(i): Find the volume formed by the revolution of the loop of the curve 
y 7 (a+ x)=x ‘ (a — x) about the axis of x. (Kanpur 2008) 
Solution: Proceed exactly as in Example 2. The required volume 


=2na? (log 2 - =): 


Problem 6(ii): Find the volume of the solid generated by the revolution of the loop of the curve 

y? =x? (a— x) about the axis of x. (Kanpur 2011) 
* (a - x) (1) 

Putting y =Oin(1) we get x =0, x =a ie.,the loop is formed between (0, 0 )and (a, 0). 


Solution: The given equation of the curve is yr =x 


The required volume = (. ny dx [ Proceeding as in Example 2 | 
a 2 
=T 4 (a — x) dx [ From (1)] 
3 4 a 
=n [ea P)dv=n a - = na! iE a ee na‘. 
0 3 4 |, 3 4 12 


Problem 7: Show that the volume of the solid generated by the revolution of the upper half of the 


loop of the curve y 2 = x? (2 — x) about x-axis is * 1. 
7 3 (Meerut 2005) 


Solution: Put a =2 and proceed exactly as in Problem 6(ii) . 


Problem 8: The area of the curve x2? 4 ye =a lying in the first quadrant revolves 


about x-axis. Find the volume of the solid generated. (Agra 2014) 
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Solution: The given curve is Ba 

PB 4 28. QB A) 
The curve is symmetrical about both the axes. The 
coordinates of Bare (0, a)and those of A are(a, 0). 
Take an elementary strip PMNQ where P is the 
point(x, y)and Qis the point (x + dx, _y + dy)onthe 
curve. We have PM = y and MN = &. 


Now volume of the elementary disc formed by 
revolving the strip PMNQ about the axis of x is ith, <a 


= ny” &x. 
The required volume 
= [7 dx, by symmetry 
=H i (a2 a : dx, 
[‘. from (1), wh = (a2 7) so that a 7 (a2 - Sy 
2 
= i. a cos® @- 3asin2 0cos® dO : 
putting x= asin? @ so that dr = 3asin* 6cosé dé 


1.6.4.2 _ 16na? 
9.7.5.3.1 105 — 


/2 
=3na Io sin? 0 cos’ 0 d0 = 31a? - 


Problem 9: Find the volume of the solid obtained by revolving the loop of the curve 
ay 22 (2a — x) (x — a) about x-axis. 
Solution: The given curve is a yr =x? (2a —x)(x-a). (1) 


The curve (1) is symmetrical about x-axis. It passes through the origin but the origin is a 
conjugate point. The curve cuts the x-axis at the points (a, 0) and (2a, 0) and so the loop 
of the curve is formed between (a, 0) and (2a, 0). 


2a x (2a — x) (x -a) 


‘ 2a 9 
The required volume = J Tu ydx=0 J 3 dx, [From (1)] 
xX=a a a 
a 72a 
an (i A 4 3ax? 202 2) dr= Be |? 4 Sart _ 2a? 2? 
«a a , we 5 4 3 Fe 


_ mu _ 320 jae 16a° © 4. 30 = 2a? 
wa 5 3 5 4 3 


= xa | 32 419 16 _1 an 28 eae 
3 5 4 3] 60 


Problem 10: A basin is formed hy the revolution of the curve x 3 = 64 y,( y>0) about the 
axis of y. If the depth of the basin is 8 inches, how many cubic inches of water it will hold ? 
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Solution: The given curve is 
* = 64y. (1) 

The curve (1) passes through the origin and 
the tangent there is the line y =0. When 
y > 0,we have x>0 and so no portion of the 
curve lies in the second quadrant. 
Take an elementary strip PMNQ where 
P(x, y) and Q(x+ dx, y+ dy) are two 
neighbouring points on the curve and PM 
and QN are perpendiculars from the points 
P and Q respectively, on the y-axis. 
We have PM = xand MN = 6y. 
Nowvolume of the elementary disc formed by revolving the strip PMNQabout y-axis is 

=1.PM *. MN = nx? &y. 


Clearly to form the required basin y varies from 0 to 8. 


The required volume (ie., ne capacity in cubic inches) 


sie nx dy= fo r(64ypP’?, [From (1)] 


8 8 
= 16n | 5 a wy alon [> P| 2788 252 50% cubic inches. 
0 5 0 5 5 
Problem 11: Show that the volume of the solid generated by the revolution of the curve 
(a — x) a = a’ x , about its asymptote is ; na. 


(Meerut 2004B, 06B; Kumaun 07, 08, 12; Rohilkhand 12) 
Solution: The given curve is (x + ax, vy + Sy) 
(a-x) y? =a" He (1) 


Its shape is as shown in the figure. Equating to zero, the 
coefficient of highest power of y, the asymptote parallel 
to the axis of yisa-—xv=Oie,x=a. 
Take an elementary strip PMNQ, where P (x, y) and 
Q(x + dx, y + by) are two neighbouring points on the 
curve and PM, QN are perpendiculars to the asymptote 
from the points P and Q respectively. We have 
PM =OL - OK =a- xand MN =6y. 
Now volume of the elementary disc formed by 
revolving the strip PMNQ about the line x = a is 

= 1.PM*. MN = n(a- xy 8y. 
The given curve is symmetrical about x-axis and for the 
portion of the curve above x-axis _y varies from 0 to o. 


The required volume = 2 J 7 ao (a-xy dy 
ge 
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. ae 2 vai? 
=2n a-—~—~ | dy, “from (1), x = ——_— 
[| | | yore 
- d 
= In ae UE Le 


Now put y =a tan@so that dy =a sec * 6 dO. 
When y =0,0=0 and when y > »,0—> 1/2. Therefore the required volume 
/2 2 
=2na° i 950 9g a ie cos? 6 d0 
sec* 8 0 
“a T= u Ca. 


ee 
2, 2 2 


Problem 12: The figure bounded by a quadrant of a circle of radius a and tangents at its 
extremities revolves about one of the tangents. Prove that the volume of the solid generated is 


5 1 3 

—-—_— 1) na. 

C > ) 

Solution: Let the arc AB be the 


quadrant of the circle x24 y 2, (0, a) 


The area bounded by the arc AB and 
the tangents AC and BC (ie., the area 
ABCA) is revolved about the tangent 

C, (say). Take an elementary strip 
PMNQ where P (x,y) and 
Q(x + dx, y + dy)are two neighbouring 
points on the arc AB and PM, QN are 
perpendiculars from P and Q on the 


K A (a, 0) 


(0, 0) 


tangent AC. 
We have PM =OA -OK =a-.x 
and MN = AN - AM = y+ &y- y=. 


Now volume of the elementary disc formed by revolving the strip PMNQ about the 
tangent AC (i.e., the line x = a) is 
=n.PM?.MN = n(a-xy by. 
Also for the arc AB, y varies from 0 toa. 
The required volume 


=|" m(a~ x) dy= mf" (a + x ~ Dar) dy 


y=0 
= J {a +(a - y*)-2aV (a2 = y*)} dy, [ y7 =a - y?] 
=x|20 y J 20 | yv(a y 2) 4 1 sin ‘sah 
. 0 
=n pa -1 8-2 sin l= na 2-5]. 
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Problem 13: The area cut off from the parabola a = 4axby the chord joining the vertex to an 
end of the latus rectum is rotated through four right angles about the chord. Find the volume of the 
solid generated. (Rohillhand 2009; Bundelkhand 09) 
Solution: The given parabola is y ? = 4ax. (a, 2a) 
Let LL’ be the latus rectum. The area bounded by the arc 
OL and the chord OL is revolved about the chord OL . 
Let P(x, y) and Q(x+6r, y+6y) be any two 
neighbouring points on the arc OL and PM, QN be the 
perpendiculars from P and Qrespectively on the axis of 
revolution OL . 
Now volume of the elementary disc formed by 
revolving the strip PMNQ about the chord OL is 
=n.PM*.MN=1n.PM?.d(OM ). 


(Note) 
Also equation of the chord OL is 
y-0= 26-0 (x-0)ie.,2x— y =0 (1) 


PM = the length of the perpendicular from (x, y) to (1) 
2x-y _2x- yp 


Va7+P) VS 


and OM = \ (OP? mre) le? 9%) (x= y | _2+2y, 


Now the required volume 


=|", n(PM Yd(OM ), 
= [" for the arc OL , x varies from 0 to a] 


ae 4s) 


af? 2x-2V(ax)\ d (x4+2.2 Var) oe 
=f" 0 V5 ) al 15 dx, [-s y=2V(ax)] 


= Hef) (22-2 Man? (144 Var las, (Note) 


nN 
a 
a 


© a 
4n [x 3ar? 2a? 3/2 
5 V5 Jo 5°V5]3 Z 3/2 0 
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Comprehensive Problems 2 


Problem 1: Find the volume of the solid generated by the revolution of the cycloid 
x=a(0+ sin®), y=a(l—cos 0),0O<SO0< Tt, 

(i) about the x-axis. (ii) about the base. 

Solution: The equations of the cycloid are x=a(0+ sin®), y =a (l1—cos8). 

The cycloid is symmetrical about the y-axis. For half of the curve@varies from Oto x. 

Now proceed exactly as in Example 5. 


Problem 2: Show that the volume of the solid generated by the revolution of the cycloid 
+=a(0+ sin®), y=a(l—cos8),OSO0< Tt, 
3,3 2 8 
a re 
GF 3) 


Solution: The curve is as shown in the figure. 


about the y-axis is na 


The required volume 


-/" nedy=n[™ 2 Dad 


7 nf a (0+ sin@)” asin®d0 
8=0 


= na’ | * of + 20sin0+ sin’ @) sin 6 d@ 


O}8=0,9=0 


= na ie ( sin@ + 20 sin’ @ + sin? 8) dé 
= na? (I) + 2Iy + Ig), say 
where Ty =f, e° sin@do=[-@ cos 0] + in 28 cos 6 dé 
24 [20 sine)" -2 [sino do= x2 +2[cose |" 
=m + sin - sin = 1° +2] cos 
i a ec ae aa A 


=n +2(-l-lh=r -4, 


In = Io 9 sin? 6 de = ie (x — 0) sin? (x — 8) dB, 


I So fla) de = f° fla-xy ae 


=| sin’ @d0— { ° @sin 6.d0= x { " sin” @.d0~ I} 
0 0 0 


/2 
so that 2p = m { * sin? @d0=2n |” sin? 6 40 
0 0 
/2 
or In=nfe sin? 9 do=n-t.L gal 22, 
0 22 4 
2 
and Iz =| * sin’ do =2 f° stp Baba a 
0 0 3.1 3 
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The required volume = na? (I 1 + 2p + Is) 


] < 


= na [(n 4)+2.1 w+ 22 na? e re S 

4 3 2 3 

Problem 3: Prove that the volume of the reel formed by the revolution of the cycloid 
x =a(0+ sin®), y =a (1—cos 8) 


ee) 


about the tangent at the vertex is ra. (Agra 2003; Kumaun 13) 
Solution: The given cycloid is symmetrical about the y-axis and the tangent at the 


vertex is x-axis. The reel is formed by the revolution about x-axis of the area enclosed 
between the cycloid and the x-axis. For the arc OA of the curve @ varies from 0 to 7. 


Ojo=T-~MN | 
~ ‘ 


Take an elementary strip PMNQ where P is the point (x, y) and Q is the point 
(x + dx, y + by). We have PM = y and MN =&. 

Now volume of the elementary disc formed by revolving the strip PMNQ about the 
tangent at the vertex (i.e., about x-axis) is = 7 PM 2 MN=n y 2 br. 


. The required volume 


=2 i ™ - dx , between the limits of integration from O to A 
n dx 
=2 2“ de 
Jo * i 
=9 ® « 2. : dx 
=2n J (l- cos 0)" .a (1+ cos @) d@, putting for y and — 
0 d® 
2 
=2na f 2sin2 2) . 2 cos? 9 d0 
0 2 2 
IEG auc 3 _ 0 
=2na J, Asin’ t.2 cos ai ae a 
3772 4 2 
=32na I, sin’ t cos* t dt 


=32 ma - 3.1.1 


io 
os 
i) 
Nia 
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Problem 4: Prove that the volume of the solid generated by the revolution about the x-axis of the 


loop of the curve x = roy =f : Bis? 


Solution: The given parametric equations of the curve are 
422, pore le (1) 
3 
Eliminating t, we have 


yr = PY =x 7k 


The curve is thus symmetrical about the x-axis. The curve cuts the x-axis at the points 
(0, 0)and (3, 0). Therefore the loop of the curve lies between these points. Putting y = 0 
in (1), we get 


(-2P)=0 giving t=0, + V3. 
Therefore for the upper half of the loop ¢ varies from 0 to V3. 


3 V3 
The required volume = {i Ty oy ie= = i‘ T(t — . oy 2t dt , from (1) 


Problem 5: Find the volume of the spindle shaped solid generated by revolving the astroid 


xP 4. y 213 =?! about the x-axis. 
Solution: The parametric equations of the given curve ae y 23 _ ?? are 
x=acos? t, y=asin t. .(1) 


The curve is symmetrical about both the axes. 


At the point B, x =0 and so t= 7 Tq. 


Again at the point A, x =a and sot =0. 
Therefore for the portion of the curve lying in the first 


quadrant ¢ varies from : Tt to 0. 


The required volume = 2 x volume generated by 
revolving the area lying in the Ist quadrant 


Late 27 5? Q dx 
=2] gt eH2[ tr ae 


0 
=2n | Ps a sin® t.(-3a cos” tsin t dt ), 
™ 


[From (1)] 
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1-228 | 
6.4.2.1 32 _ 3 


¢ /2 
=6na° iM sin’ ¢. cos’ tdt = 6na" «> Aas eS Ta. 


Problem 6: Find the volume of the solid generated by the revolution of the cissoid 
x= 2a sin? t, y=2a sin? t/cos t about its asymptote. (Kanpur 2006; Bundelkhand 14) 


Solution: The given parametric equations of the cissoid are 


x=2asin’ t, y=2a sin? t /cos t. [Remember] 
Let us eliminate t between these equations. 
We have sin? t= x/2a. (1) 
New y 2 _|9o4 sin? t cog sin® t ag (sin? ty 
cos t cos” t tsi = 
2 3 
— (4a (x/2ay"} : [ From (1)] 
{1 -(x/2a) } 
= ed ‘< . 
2a-—x 


Thus y* (2a — x) = 2° is the cartesian equation of the given cissoid and for the shape of 


the curve see Example 3. 


Proceeding as in Example 3, the required volume 
n /2 
t 


2 d 
=2 2a - xP dy =2 Qa- xP DB at 
mJ Og 2a xy dy nf, 2a it 
[-» t=0, when y =O and t> > m when yo | 


3 sin? t cos? t + sin? t 
a dt 


D 
=2n [f° (2a — 2a sin? ty? .2 : 
cos” t 


a ph/2 
=16na° J, cos” t(3 sin? t cos* t + sin? t ) dt 


=16na° - s (34+) =2r'a°. 


Comprehensive Problems 3 


Volumes Of Solids Of Revolution (Polar Equations). 


Problem 1: Find the volume of the solid generated hy the revolution of r = 2a cos ® about the 


initial line. 


Volumes and Surfaces of Solids of Revolution et 
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Solution: The given curve r = 2a cos 0 is a 


circle passing through the pole. It is symmetrical ys Te fo 
about the initial line (i.¢., x-axis). We have®@ = 0 at a 
the point A and@ = x/2at the point Owherer = 0. 4 = n/2 


Thus for the upper half of the circle @ varies from 0 fa Sf 
ens F 


tol n. ‘a 
2 / 
“. The required volume os 


2 pn/2 yt oe 


=— nr sin dO 
340 
[Note: We have used the formula given in article 2 (i) ] 
/2 
= : T i (2a cos 9) sin 8 d@ [. r=2a cos 0] 
3 pn 3 pn 
_lona I; cos? sing do=— OR" F* cos? @. (- sin@) de 
3 0 3 0 
‘ nm /2 
16na° ; se | 
3 A | 
ove na [O ie na 
3 3 
Problem 2: The arc of the cardioid r = a (1+ cos ®), specified by — 1/2 <O< 1/2 ,is rotated 


about the line ® = 0, prove that the volume generated is : na. 


Solution: See figure of Example 7. Here the portion B’ AB of the cardioid is rotated 
about the initial line (ie., x-axis). Obviously the volume generated is the same as the 
volume generated by the revolution of the portion AB about x-axis. For the portion AB,@ 


; ] 
varies from 0 to 5 Tl. 


The required volume 


/2 
=[- 2 ee? sine de 
0 3 


3 pn /2 
one. (° (1+ cos @)° sin @ d0 
3. Jo 
tn /2 
Ina " + cos 9)! | 
3 4 5 
d na [1-16] us na=> ra 
6 6 2 
Problem 3: Find the volume of the solid generated by the revolution of the cardioid 
r =a (1 — os 8) about the initial line. (Rohilkhand 2010) 


Solution: Proceed exactly as in Problem 2. Required volume = na, 
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Problem 4: Show that the volume of the solid formed by the revolution of the curve 
r=a+ bcos 0(a>b) about the initial line is 2 Ta (a? + b). 
3 (Meerut 2008) 
Solution: The given equation of the curve is 
r=a+bcos® (a>b). .(1) 
It is symmetrical about the initial line and for the upper half of the curve @ varies from 0 
to 1. 


“. The required volume formed by revolving the whole curve about the initial line 


= [7 2 mr? sino do 
3 


0 
Qn Be 5 
ie 6 (a+ b cos 0) sin 6 d8, [| From (1)] 
-- = i. (a + b cosy (— b sin ®) d® 
_ Qn (a + b cos6)* 7 
3b 4 6 


Note: If b =a,then the given curve becomes r = a (1 + cos @)i.¢.,a cardioid and hence 
the volume of the solid generated by the revolution of the cardioid 

r =a (1+ cos @) about the initial line = : Ta (a? + a) = : na. 

Problem 5: Find the volume of the solid generated by revolving one loop of the lemniscate 


7 = a’ cos20 about the line 0 = t Ti. 
2 (Garhwal 2002; Meerut 06; Kumaun 07, 11) 
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Solution: The given curve is 

r? =a’ cos20 swa(L) 
It is symmetrical about the initial 
line. 
We have r = 0 when cos2 0 =0 


Le, 5924 or gat see 
2 4 


Thus for one loop 0 varies from —1/4 
to n/4. And for the upper half of 


one loop 0 varies from 0 to ; Tt. 


Hence the required volume of the solid generated by revolving one loop about the line 


cae ; 
Q@=—_—T (Le., y-axis 
an J-axis) 
/4 
=2 f° 2 oP eoride 
3 


[Note. We have used the formula given in article 4 (ii)] 


/4 ; 
_ 4m i @ (cos 20)? cos 6 d0, [ From (1)] 
3 Jo 
3 pn /4 
_ na is g-2 sin? 9)? cos 6 dé. 
0 
Now put V2sin@ = sin ¢ so that V2cos@ d0 = coso do. [Note the substitution] 


Also when 6 = 0, 6=0 and when 0 = 1/4, b= 1/2. 
Then the required volume 


3 -n/2 
" 7 (1-sin? oy? cos do 
_ Ana’ TP od odpa 4m 3.1 m_ wa 
32 Jo 3V2 4.2 2 4V2- 


Comprehensive Problems 4 


Problem 1: Find the surface of a sphere of radius a. (Agra 2000; Kanpur 06) 


Solution: Suppose the sphere is generated by the revolution of a semi-circle of radius a 
about its bounding diameter (say x-axis). 


Let the equation of the circle be x a4 y 2a, .(1) 


the centre being the origin. 
Then as in Example 10, we get ds/dv=a/y. 
Also for the semi-circle, x varies from — a toa. 


The required surface 
a 


=2nf" yds =2n «Den Oe i ye 


a 
— dx 
x= -a - ig -a y 
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=2n f" ade=2nal x l. =2na (a+ a)=4na’. 


Problem 2: Show that the surface of the spherical zone contained between two parallel planes is 
2nah where a is the radius of the sphere and h the distance between the planes. 


(Kanpur 2009) 


Solution: Let the sphere be generated by 


the revolution about the x-axis of the circle 


xs ~ =a. sal E) 


Let the two parallel planes bounding the 
spherical zone be formed by the 
revolution of thelinesx =) and x=b+h. 
Then the required surface is generated by 
the revolution of the arc AC about x-axis. 
Proceeding as in Example 10, we get 


eo, 
dx sy 
The required surface 
bth ds 
= i 2ny — dx 
b+h 
=2n ~ y: F de 
z J 


Problem 3: Find the area of the surface formed by the revolution of the parabola yr = 4ax 


about the x-axis by the arc from the vertex to one end of the latus rectum. 
(Rohilkhand 2011) 


Solution: The given parabola is yr =4ax. (1) 
Differentiating (1) w.rt. x, we get 


2 y (dy/dx)=4a or dy/dx=2a/y. 


ds _ 1+(#) [ 14 4@ = yp + 4a? 
dx dx ge Pa 

1 (4ax + 4a”) 
J 

_2VaN(x+ a) 
J 


For the given arc from the vertex (0,0) to one end of the latus rectum, say the end 
(a, 2a), x varies from 0 toa. 


; [ From (1)] 


(2) 
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The required surface 


=i any B denn fy 2VENEFD ge, [ From (2)] 
x=0 dx y 


=4nVa ii (x+ a)? de=4nVa. E (x+ apr] 
0 


~ SN aap? 32) 8% 19 y9-1, 


Problem 4: Find the surface generated by the revolution of an arc of the catenary 
y =c cosh (x /c) about the x-axis, between the planes x = aand x =b. (Agra 2003) 


Solution: Proceeding exactly as in Example 11, the required surface 
b 


b ; 
=2n | ge dx = 1 + Ssinn (=) 
xea™~ dy 2 c/\q 
2b sinh] 
¢ 2 ce] 


Problem 5: For a catenary y =a cosh (x/a), prove that aS =2V = na (ax + sy), 


= 1 [« a)+ psinh 


where s is the length of the arc from the vertex , S and V are respectively the area of the curved 
surface and volume of the solid generated by the revolution of the arc about x-axis. 
Solution: The given equation of catenary is _y =a cosh (x/a). (1) 


The vertex of the see (1) is the point (0, a). 
Differentiating (1) w.r-t. x, we get at dx = sinh (x/a) 


2) \ + sinh’ = = = cosh = = 


or ds = it (x/a) dv 


Ifs is the length of the arc from the ee =0)to any point(x, y)on the catenary, then 


we have 
a 


= L cosh (*) dx = [« sinh 4 =asinh~.- si 2) 
0 a ajo a 


Now S = area of the curved surface of the solid generated by the revolution of the arc 
about x-axis 


=|. 2m y — Fava nales Ssinh | si(3) 


[As proved in Ex. 1] after article 6. Prove it here.] 


Also V = the volume generated by the revolution of the arc about x-axis 


=[on yP de=n fd cosh? F de = BE 2 cosh? * dx 
0 0 a 2 40 a 
2 " 2 ak 
-~ ij, [H+ cosh =| de = ue [s+ < sinh 2] 

2 JO a 2 2 ajo 
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2 
= ™ E + “sinh =|. (A) 
2 2 a 


From (3), aS = na [x+ xf sinh (2x/a)]. 
From (4), 2V = na2 [x+ xf sinh (2x/a)] = 


From (5) and (6), we have aS =2V. 
Also from (2), ma (ax + sy) = Ta [ax + a’ sinh (x/a) cosh (x/a)], [-: y =acosh (x/a)] 


= Ta| ax + a .2 sinh * cosh ~ 
2 a a 


= nar [ x + (a/2) sinh (2x/a)] = aS. [ From (5)] 
Hence aS =2V = ma (ax + sy). 
Problem 6: Find the surface of the solid generated by the revolution of the ellipse 
x74 4y ? = 16 about its major axis. (Meerut 2005, 06) 
Solution: The given ellipse is x? % 4y* =16. (1) 
The equation (1) of the ellipse can be written as rT + oe =1 


Comparing it with the standard form of the equation of the ellipse 
#7 las y ? /b? =1,we see that a = 4, b = 2and the major axis is along the x-axis. So we 


have to revolve the curve (1) about x-axis. 


Differentiating (1) w.r.t.x,we get 2x+8 =0 or = . 
g (1) g Ses a 
ds _ 1+(2) . Mi x? \. loy2 +x? 
dx dx [ Lay? | l6oy? 
=V{ (64-447) + x7}/4 py =V(64-3x7)/4y. (2) 


Now the ellipse (1) is symmetrical about both axes and for the arc of the ellipse lying in 
the first quadrant x varies from 0 to 4. 
The required surface 


=2 x surface a by the revolution of the arc in the first quadrant 


=2f" PLR * de = or Pa 


=n[_ V(64-3x)dv= nV3 
fy A 


2 
_ x 8 2 1 64. -1 xV3 
nv3 5 (#) x {+5 5 sin 5 . 


[From (2) | 


0 
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=n¥3)2 (= 16) + Baw (P)]=nvs[ +24] 


4n 
=8n}1+——_}- 
ji 3 | 
Problems on revolution about y-axis. 


Problem 7: Find the surface of the solid formed by the revolution, about the axis of y, of the part 
of the curve ay* = x from x =0 to x = 4a which is above the x-axis. 


¥ 


Solution: The given curve is 
ay? =x. sesh) 


Differentiating (1) w.r.t. x, we get 


2 
Day VF =32 or ee 
~ dx dx 2ay 
, 2 A 
ds _ 1+(®) 7 Iie Ox \ 
dt de | 4a” y*| 
4 
= lis 9x 9 [From (1)] 
| 4a.x°} 
9x 1 
= [1+ = V(4a + 9x 
( Pal 2Va ( 
The required surface 
4a 
=|, 2n x ds 
x=0 
4 
= “On eo de (Note) 
0 dx 
4c 
7 ‘On x: J V (4a + 9x) de 
2Va 


2 Jo x (4a + 9x) de 
a 


Put4a + 9x =? sothat9 dv = 2t dt. Whenx =0,t= \(4a)and when x = 4a,t = \(40a). 


. The required surface 


V(40a) 2 — (40 
_m p40a ? -4a a pe 9 die ik 
Va Jv(4a) 9 ner V4 
re 
20 [Ee 3] 228 ag? (sO ai: 
8lValL5 3 V(4a) 1215 
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Comprehensive Problems 5 


Problem 1: Find the surface area of the solid generated by revolving the cycloid 
X= a(0-sin®), y =a (1 — cos 8) about the x-axis. 
Solution: The given parametric equations 
of the cycloid are 
x=a(0-sin®), y=a(1—cos®). 
ia (1) 
dx 


—=a(l—cos®@) and Y _asing 
d0 d0 
2 


poe (8) (8) | 


= Va? (l- cos 6)" + a sin? @]=aV[l-2 cosO + cos” @ + sin” 0] 
=av[2(1—cos@)]=avV[2.2 sin? (6/2) | = 2a sin (0/2). ...(2) 
We have y =0 when 1! —- cos @ =0 ie., cos 8 = 1 giving 8 =0 and 27n.When@ =0, x =0 
and when 0 =2n,x=2an. Also y is maximum when cos @=—1 ie¢.,0= 7 and then 
y =2aand x =a n.Thus for one arch of the given curve 0 varies from 0 to 27 and this 
arch is symmetrical about the line x = ax which meets the curve at the point @= 7. 
ds 


The required surface = 2 Io 2ny 6 de 


=4n i a (1 — cos 8). 2a sin (8/2) d®, from (1) and (2) 


=8na° [5 2sin? 8 sin ® do=l6n a2 iy sin? 9 10 
0 2 2 0 2 
/2 
=l6na’ [, sin? t. 2dt, putting = t so that d0 = 2 dt 


ee ee ae 
3.1 3 


Problem 2: Find the area of the surface generated by revolving an arch of the cycloid 
x=a (0+ sin®), y =a (1— cos 0) about the tangent at the vertex. 
Solution: The given parametric equations of 
the cycloid are 
x =a(0+sin®), y=a(1—-cos8). 
(1) 


at _ 4 (1 + cos8) and © =asind 


d0 


pone = [(#)'-(&)" | 


= V [a (1 + cos 9) + @ sine 6] 


Volumes and Surfaces of Solids of Revolution ——— 
(1237 LN 
=aV[1+2cos0+ cos” @ + sin? @]=a.V[2 (1+ cos @)] 
=a.V{2.2 cos? (8/2) } = 2a cos (8/2). vil) 


Also for one arch of the given curve, @ varies from — m to mand this arch is symmetrical 
about the y-axis which meets the at the point 6 = 0. 


The required surface = 2 if 20 yf — 5 8 
=4n [. a(1 — cos 8). 2a cos (6/2) d®, from (1) and (2) 


=8na2 i, 2 sin? © eae © 39 =16na h sin? = ae 
2 2 2 2 


= 16nd (i * sin? tcost.2dt, putting ¢ —=tso that d0 =2 dt 


1 _ 32nd” 
3 


=32na2 i © ae 2 t cos t dt =32na2 - 


Problem 3: The portion between the consecutive cusps of the cycloid x =a (0+ sin®), 
y =a (1+ cos @)is revolved about the x-axis. Prove that the area of the surface so formed is to the 
area of the cycloid as 64:9. 
Solution: The given parametric equations of the 
cycloid are 

=a(0+sin®), y=a(1+ cos®). 


we = ati x cos), @ =-asina 

d0 d0 : 

ds dx)”. (ayy? 2, 2.9 
Hence = ( } + ( } = V[a (1+ cos @)° + a® sin’ 6] 

d0 d0 d0 


=aV[l+2cos0+ cos” @ + sin? 0] 
=aV[2 (1+ cos@)]=aV[2.2 cos” (6/2) ] = 2a cos (6/2) . (2) 


For one arch of the given curve (i.e., for the portion between two successive cusps) @ 
varies from— mto 7 .Also this arch is symmetrical about the y-axis which meets the arch 
at the point where @ = 0. The base of the given cycloid is the axis of x. 

The surface S generated by the revolution of the cycloid about the x-axis 


=2f° an yp © d0= 4n fa a (1+ cos @).2a cos (6/2) d®, 
[ From (1) and (2)| 
=8na’ is 2 cos” 2 cos 5 d= 16a” fs cos? ae 
0 2 2 


/2 
=16na* i. (cos? t).2dt, putting ¢ —=tso that d0=2 dt 


64x02 ; 
3 


32nd. 2 = 
3.1 
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Also the area A of the aa cycloid 


=2 f° y d= 2, a (1+ cos 8). a (1+ cos 8) d0 
de 


an 2 2% 20) 
=2a li (1+ cos 8)" d0 = 2a I, (2 cos > d0 


/2 
= 8a" in cos# d0 = 8a" Io (cos* t).2 dt, putting t= ; 
=162 221. Bu gqg. (4) 
4 2 
Oy 
From (3) and (4), we get the required ratio = 223 ney 
3 na’ 9 


Problem 4: Prove that the surface area of the solid generated by the revolution, about the x-axis 


of the loop of the curve x= Coy =t- ; P is 30. 


Solution: The given equations of the curve are x= . yet- : . .(1) 
dx/dt=2t and dy/dt=1-?. 
Hence ce (#) + (2) [events 0-2? 
dt \|\de dt} | 
=V(40 41-27 + A]=Vl+ PP =(1+2). 2) 


Putting y =0 in (1), we get t — "  =0 which gives t = 0 ort = + V3. For the upper half 
of the loop y is positive see so for a upper half of the loop ¢ varies from 0 to V3. 


‘. The required surface = i. ior y - S dt 


=2n J -2 P04 P)dem anf ere - 50) at 


=2n| > +2 ra |-3*- 
2 6 18 


Problem5: Prove that the surface of the oblate spheroid formed by the revolution of the ellipse of 
the semi-major axis a and eccentricity e is 


2. 
oad o8 we(i* 2) f 
2e Lee 


Solution: [Note : Oblate spheroid is generated by the revolution of the ellipse about its 
minor axis. | 


Volumes and Surfaces of Solids of Revolution 


Let the parametric equations of the ellipse be 
x=acost, y=bsint,where b? =a" (Lae), .(1) 
dx/dt =-—asint and dy/dt=b cost. 


2 2 
es (Si) + (2) = V(a2 sin? t + b? cos? t} 
dt dt dt 


=v{ a sin’ t+ a’ (1 a ad cos” t}=av(l —e” cos’ t ) ver(2) 
The ellipse is symmetrical about both the axes and for the arc of the ellipse lying in the 
first quadrant t varies from 0 to m/2. 


We have to revolve the ellipse about its minor axis which is the y-axis. 


: m/2 ds 
The required surface = 2 J 2n x — dt (Note) 
0 dt 
n /2 2 9 
=4n J acost.aV(l—e* cos t) dt 


/2 
=4 na I, V(l- +e sin? t ) cos t dt 


_ Ana? e 2 2 
== J, via e’) + 2°] dz, 
putting e sint =z so that e cost dt =dz 
2 e 
a [fed -2)+ 2744 5 0 -A log te + Vd-2 +273] 
e {2 2 0 
Qa 2 2. 2 
= [e + (l—e*) log (e +1)- (1 —e*) log V(1- e*)] 
e 
2 
amy e+(1 e”) lo pane 
e V(l- 7) 
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Problems on surfaces of revolution (Polar equations): 


Problem 1: Find the area of the surface of revolution formed by revolving the curve r = 2a cos ® 
about the initial line. 
Solution: The given curve is 

r =2a cos 8, ..(1) 
which is clearly a circle of radius a passing through the pole and having diameter 
through the pole as initial line. At O, r = 0 and so (1) gives 8 = 1/2 at O. 
Differentiating (1) w.r.t 8, we have dr/d®@ = — 2a sin 8. 
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ds 2 e ) 2 
—= fer” + | — 
de de 
= V{ 4a? cos? 64+ 4a? sin? 9} 9= n/2 
=2a V (cos? 0+ sin2 @) = 2a. 
The given curve is revolved about the initial 


line (i.e.,the x-axis) and for the upper half of the 
curve, 0 varies from 0 to 1/2. 


0 


/2 
. The required surface = Io 2n y - 8, 


where y =rsin® 
nm/2 n/2 : 
=2nJ r sin ®. 2a d0 =4an i. 2a cos 0 sin 0 dO, [ From (1)] 


x 7) nr /2 
=8na’ i sin ® cos 0 d0 = 8naz as 
0 


= 8na G ~0)=4na2. 


Problem 2: Find the surface of the solid formed hy the revolution of the cardioid 
r =a (1+ cos ®) about the initial line. (Agra 2003; Purvanchal 2006, 10; Kashi 11) 
Solution: The given curve is 

r=a(l1+cos6). .(1) 
It is symmetrical about the initial line and for the 
upper half of the curve, ® varies from 0 to 7. 
Differentiating (1) w.r.t. 8, we get 

dr/d® = a (—sin®)=-asin®@. 


= Va (1+ cos ey + a sin? 0] 
= a\{[2 (1+ cos6)] =2a cos +6 ees 


The required surface 


= [7 2x y © do, where y=rsin®@ 
0 d0 . 


=|" 2n.rsin®. 2a cos +6 40 
0 2 


=2nfa(l+ cos 6) sin @ cos 0 dO [ From (1)] 


=4nd? in 2 cos? 5 “Asin 5 cos 5 - COS ; d0 


Volumes and Surfaces of Solids of Revolution SS 
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=16na* J * cost y sin 2 d0 
0 2 2 
nr /2 4 r . 8 
=16na’ I (cos’ tsint).2 a a =tso that d0 =2 dt 


n /2 
= 32nd J, cos? tsin t dt 


¢ 31,1. 32ne | 
ae 


= 32na 


Problem 3: The arc of the cardioid r = a (1+ cos ®) included between — 

rotated about the line @=+ m. Find the area of the surface generated. 
2 (Purvanchal 2010) 

Solution: The given cardioid is r = a (1 + cos 8), .(1) 

which is symmetrical about the initial line. 

As proved in problem 2, ds /d@ = 2a cos (6/2). (Prove it here) 

The curve is rotated about the line @ = 1/2 i.e.,the y-axis and for the upper half of the 


cardioid lying in the first quadrant, @ varies from 0 to ; Tt. 


: n /2 ds 
The required surface = J 2n x — d@, (Note) 
0 de 
n/2 (2) 
=4n | r cos @.2a cos — d, [*s x=rcos 6] 
0) 2 
n /2 (-) 
=8na ie a(1+ GOnE) SCO MEGS au [From (1)] 


/2 
=8na° [* 2 cos? (2 2 sin? 5 | cos 5 8 
0 2 2 2 
/2 
=16na2 i, (! sin? ale 2 sin? 5} cos 
0 2 2 


8 
2 
/2 
=16na2 ie (! —3 sin? e +2siné 4 cos i d0. 
0 2 2; 2 


Put sin (8/2) = t so that 5 cos ) d0 = dt. 
Also when 6 =0,t =0 and when @= n/2,t=1/V2. 


1/v2 
The required surface = 16na~ | (d_- SP Or ).2 dt 


; ; 5 1/N2 si ; , 
=32na |\t-t +2- =32ta + 
5 0 V2 2V2 10V2 


_48V2 22 
5 
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Problems on surfaces of revolution formed by rotation about any 

axis: 

Problem 4: A quadrant ofa circle of radius a revolves about its chord. Show that the surface of 
1 


the spindle generated is 2na* V2 (1- ri Tt). 

Solution: Let us take the quadrant of the circle in such a way that it is placed 
symmetrically about the x-axis. The quadrant of the circle subtends an angle m/2 at the 
centre. 

Now draw the figure as in Example 17 by taking 20 = 2/2 and then proceed exactly in 
the same way as in Example 17 by taking a = 1/4. Thus the required result is obtained 
by putting « = 1/4 in the result of Example 17. 


Problem 5: The lemniscate r? = a cos 20revolves about a tangent at the pole. Show that the 
surface of the solid generated is 4na?. (Meerut 2005B; Kumaun 12) 
Solution: The given curve is 

r? =a’ cos 26. sacl) 
Proceeding as in Example 16, we get 


ds /d® = a” |r. 
Putting r =0 in (1), we get cos 20 =0 
iving 20=+—n ie, O=+—T. 
giving 5) 4 


Therefore one loop of the curve lies 


between Q=-in and O=i8. The 


curve consists of two loops and both 


the lines @ = — : mand@ = ; mare tangents at the pole. Let the curve be revolved about 


the line KOK ’ which is a tangent at the pole. 
Take any point P (7,8) on the curve and draw PM perpendicular to the axis of rotation 


KOK‘. Then Z POM =; n+@and PM = OP sin G n+0)=rsin G n+6). 


Also for one loop 8 varies from — : T to : Tq. 


. The required surface = 2 x surface oe by one loop 


n /4 a il a 
=2x Fes 4n = 0). — d®, 
«Joy nfm eG. T+ 0) : 
2 
» 82 pM =rsin( 2 +0) 
de +r 4 
/4 nm /4 
=4na> {" sin (1 m+ 0) d0 = 402 [-cos x +0)| 
-n /4 4 4 — 1/4 


=4na° [0 + 1] =4na". 
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Problem 1: Find the position of the centroid of a semi-circular area. 
Solution: Clearly the C.G. of the semi-circular 
area will lie somewhere on the radius which is 
perpendicular to the bounding diameter. Let the 
distance of the centroid from the centre Obe y. 
Also a sphere will be generated by the rotation of 
the semi-circular area about the bounding 
diameter. 


By Pappus theorem, volume of the solid of 

revolution 0 x 
= area of semi-circle 

x Circumference of the circle generated by the centroid of this area. 


Hence ; na? = 5 na. 2ny , where a is the radius of the semi-circle 
4 na 
a 3 _ 4a 
or a ead 
20 5 na 3% 


Problem 2: Find the volume generated by the revolution of an ellipse having semi-axes a and b 
about a tangent at the vertex. 
Solution: Area of the given ellipse = nab. (1) 
The C.G. of the ellipse will describe a circle of radius a when revolved about the tangent 
at A ora circle of radius ) when revolved about the tangent at B . [See fig. of Example 19] 
Hence the length of the arc described by the C.G. will be 
2n.2ai.e.,4na or 2n.2hie.,4nb. 

By Pappus theorem, the required volume 

(i) when revolved about the tangent at the vertex A = nab .21a = 2n-a’h, 


ii) when revolved about the tangent at the vertex B = nab .2. nb = 2n7ab?. 
(ii) g 


Problem 3: Find by using Pappus theorem the volume of the ring generated by the revolution of 
an ellipse of eccentricity 1/2 about a straight line parallel to the minor axis and situated at a 
distance from the centre equal to three times the major axis. 

Solution: Let a be the semi-major axis of the ellipse. Then its semi-minor axis 


b=av(l—-e2)=av(l aan2. [- e=1/V2] 


Area of the ellipse = mab = na. (a/V2)= na’ /V2. 


Distance of the C.G. of the ellipse from the axis of revolution is= 3 . 2a = 6a ,(given). 
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As the ellipse revolves about the given line its C.G. will describe a circle of radius 6a 
whose perimeter will be =22.6a=12na. 


Now by Pappus theorem, the required volume 
= area of the ellipse x length of the arc described by its C.G. 
= (na? /V2).12na =121n7 a? /V2 


= 6 \2n°a>, where a is the semi-major axis. 


Problem 4: Find the volume of the ring generated by the revolution of the cardioid 

r =a (1+ cos ®) about the line r cos 8+ a =0, given that the centroid of the cardioid is at a 

distance 5a/6 from the origin. 

Solution: The given curve is 
r=a(l+cos6). tL) 

And the given line of rotation is 
rcos8+a=0 

or x+a=0, [% x=rcos0] 

or x=-a. 

By symmetry the centre of gravity Gof the 

cardioid lies on the initial line OX. If Gbe 

the centroid of the area of the cardioid, 

then OG = 5a/6 (given). 

Also GM = the length of the 

perpendicular from G on the line of rotation 

=GO+ OM = (5a/6)+ a=I11a/6. 

Also the area A of the cardioid 


mI] 9 a) 2 
ES 2 a From (1 
ax fi, 57 ip a (1+ cos 0) dB, [ From (1)] 


=a i. (2 cos” 5 oP d0 


M 


/2 
= 8a" Io cos* o do, putting 0/2 = oso that d0 = 2 do 


ee ee 
42 2 2 


By Pappus theorem, the required volume 


=(2n.GM) x A =2n (La/6) x > naz =5 ra, 


Problem 5: A semi-circular bend of lead has a mean radius of 8 inches; the initial diameter of 


the pipe is 4 inches and the thickness of the lead is : inch. Applying the theorem of Pappus and 


Guldin find the volume of the lead and its weight, given that I cubic inch of lead weighs 0.4 lb. 
Solution: Internal diameter of pipe = 4 inches. 


Thickness of metal = 5 inch 
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External diameter of the pipe = 4+ 1 =5 inches. 


Area of lead = 1 52 -47)= In, 
4+ 4 


The centroid of this area is at a distance of 8 inches from the axis of rotation. Therefore 
the length of path traced out by its centroid in describing a semi-circle = 8x inches. 


Volume of the lead = 8n x ; nm =18n2 cu. inch. 


Weight of the pipe = volume x density = 18x? x04 lb. =71.1 Ib. 


Problem 6: State the theorems of Pappus and Guldin. (Meerut 2008) 
Solution: See article 10. 


(iiints to Objective Type Questions 


Multiple Choice Questions 


1. See article 4. 
2. The given parabola is iy =4ax. 


Take an elementary strip PMNQ, where P 
is the point (x, y) and Qis the point 
(x+6x, y+éy). Then 

PM = y 
and MN = ON -OM 

=(x+6x)-—xv=6x. 

Now volume of the elementary disc formed 
by revolving the strip PMNQ about the 


X-axis 


= 1.PM?.MN = 2 y*8x. 
The paraboloid is formed by the revolution 
of the area ODC about x-axis. 
Also for the area ODC, x varies from x =0 to x=h. 


. The required volume 


h 
I hi 
=f tye alte de=ae| S| =2nah’. 
0 0 2 ih, 


See article 6, part (b). 
See Example 16. 


ye 


5. See Example 7. 
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Fill in the Blank(s) 


See article 2, part (a). 
See article 4. 
See article 8. 
See article 7. 


True or False 


See article 4. 
See article 6, part (a). 


Also see remark after article 6. 
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